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CHAPTER  XL 

SYSTEMS  OF  EQUATIONS  OF  THE  FIRST  ORDER  AND  THEIR 
REDUCED  FORMS  IN  THE  VICINITY  OF  SINGULARITIES  OF 
THE  DERIVATIVES. 

145.  IN  most  of  the  preceding  investigations,  the  discussion 
has  been  restricted  to  a  single  equation  of  the  first  order.  It  is 
clear  that  many  of  the  processes,  with  appropriate  modifications 
and  obvious  extensions,  can  be  applied  to  a  system  of  equations  of 
the  first  order :  and  accordingly  it  is  possible,  in  making  such 
applications,  to  deal  more  briefly  both  with  the  explanations  and 
the  details  of  the  processes. 

When  the  number  of  dependent  variables  is  two,  an  ap 
propriate  geometrical  illustration  is  provided  by  the  skew  curves 
in  ordinary  space  which  satisfy  two  differential  equations  of  the 
first  order.  The  full  development  of  this  illustration  requires  the 
restriction  that  the  variables,  dependent  and  independent,  shall 
have  real  values.  As  this  restriction  prevents  the  full  considera 
tion  of  the  functional  relation  between  the  variables,  the  geo 
metrical  mode  of  regarding  the  variables  will  be  adopted  chiefly 
for  purposes  of  illustration :  largely  for  the  same  reason  that,  in 
the  corresponding  problems  involving  only  one  dependent  variable, 
the  geometrical  association  of  plane  curves  with  the  equations  was 
adopted  for  the  subsidiary  purpose  of  illustration. 

The  general  theorem  in  Chap.  II  establishes  the  existence  of 
the  integrals  of  a  system  of  equations  of  the  first  order,  determ 
ined  by  the  condition  that  the  integrals  shall  assume  assigned 
values  when  the  independent  variable  acquires  its  initial  value. 
It  effectively  gives  an  expression  for  the  integral,  in  the  form  of 
power-series  valid  over  a  finite  domain :  there  being  a  precedent 

F.   III.  1 


2  SYSTEM   OF  [145. 

hypothesis  that  the  aggregate  of  values,  assigned  as  initial  values 
to  all  the  variables,  constitutes  an  ordinary  combination  for  the 
functions,  which  are  the  values  of  the  respective  derivatives  as  given 
by  the  differential  equations.  But  if  the  combination  of  initial 
values  should  not  have  the  character  of  an  ordinary  combination 
for  the  functions  in  question,  then  further  investigation  is  required 
in  order  to  afford  knowledge  of  the  integrals  for  values  of  the 
variables  in  the  vicinity  of  such  a  combination. 

146.  Consider,  in  the  first  instance,  a  set  of  equations 
involving  n  —  \  dependent  variables  and  one  independent  variable, 
say  a?1}  a?2,  .  .  .  ,  xn  in  all  ;  and  let  them  be 

dxi  _  dxz          _  docn 
X.l      X.%  Xn 

where,  for  the  present  purpose,  each  of  the  functions  Xi,  X2,  .  .  .  ,  Xn 
vanishes  when  as1  =  0,  #2  =  0,  ...,  xn  =  0.  Let  t  denote  a  new 
parametric  variable,  such  that  the  common  value  of  the  n 

fractions  is 

=  dt 
t  ' 

Taking  only  the  simplest  case,  so  that  in  each  of  the  functions 
X  the  terms  of  lowest  dimensions  which  occur,  when  the  functions 
are  expanded  in  power-series,  are  of  the  first  order,  let 

N 

X8  =  2  a8iXi  +  terms  of  higher  orders. 
1=1 

Change  the  variables  from  x  to  y  by  means  of  the  homogeneous 
linear  substitution 


where  the  ?i2  coefficients  c  are  disposable  constants.     Thus 


n     n 

S  S  Crj  (djiXi  4-  terms  of  higher  order), 


for  all  values  of  r.     If  possible,  let  a  set  of  constants  c  be  chosen 
so  that 


n     n 

2    2 

J-K-1 


2  \CrjXj  ; 


146.]  SIMULTANEOUS   EQUATIONS  3 

this  choice  can  be  made  if  the  constants  c  satisfy  the  equations 

it 

2  C(l=  \Crs, 


for  5=1,  2,  ...,n.     These  n  equations  are  linear  and  homogeneous 

in  order   that  they  may  be 


in   the  n  constants  crl,  cr2,  ...,crn 
consistent,  we  must  have 

A.  =  !  ctn  —  X,         d^i    , 
a.??  —  X, 


a 


0, 


^33  ~~  X, 


an  equation  in  X  of  degree  n. 

The  importance  of  this  equation  does  not  lie  mainly  in  the 
comparative  simplicity  of  the  forms  of  differential  equations  which 
are  suggested  as  possible  equivalents  of  the  original  system,  but  is 
rather  constituted  by  an  invariantive  property  which  it  possesses, 
viz.  whatever  be  the  intermediate  linear  transformations  effected 
upon  the  variables  x,  the  roots  X  of  the  determinantal  equation 
are  entirely  independent  of  those  intermediate  transformations. 
The  formal  proof  of  this  property  is  practically  identical  with  the 
formal  proof  of  the  invariantive  character  of  the  fundamental 
equation  appertaining  to  a  singularity  of  an  ordinary  linear 
equation  of  order  n\  it  is  as  follows*. 

Let  a  new  set  of  variables  be  given  by  the  relations 


where  the  determinant 


lly          12> 
$21,        #22, 


is  different  from  zero ;  and  let  the  new  equations  be 
dzi_dzz_  dzn     dt 


where 


Zg  —  2  bgiZi  +  terms  of  higher  orders. 


*  This  is  similar  to  the  proof  given  by  Hamburger,  Crelle,  t.  LXXVI  (1873),  p.  115, 
for  the  corresponding  result  connected  with  linear  equations. 


INVARIANTIVE   EQUATION 


[146. 


The  corresponding  equation,  for  the  reduction  to  the  simpler  form 
with  a  multiplier  X,  is 


B= 


=0. 


It  is  clear  that  the  highest  term  in  powers  of  X,  viz.  (-X)n,  is  the 
same  in  A  as  in  B. 


We  have 

£ 
P=i 


_  p 

—  £  2,  #TO_p     ,- 
=l 


dt 


Zi  +  terms  of  higher  orders 
=  i  bmi  2  gtgXg  +  terms  of  higher  orders ; 


1=1 

n  n 

V  A    .  V 
•£  °mi  ^ 

f=l         «=1 


whence,  on  equating  to  one  another  the  coefficients  of  the  first 
powers  of  the  variables  x  on  the  two  sides  of  the  equation  thus 
obtained,  we  find 

—fmt>      .  f 


say,  for  all  values  of  m  and  t.     Now 

!    "~X> 

#23, 
731,        #32,        #33, 


22  —  X, 


a 


,-x    ... 


/ll  -  #11  ^»  /12  -  #12^,  /13  —  ffl3\ 
JZl  —  #21^,  J 22  ~~  #22X,  y  23  —  #23 X, 
/31  "~  #31  \  J32  ~~  #32  ^-,  fn  ~~  #33  ^» 
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and 

BT  = 

&n-X,        612    ,        bls    ,     ... 

#11, 

#21, 

#31  ,         ••• 

^21        ,         &22  —  \               ^23       , 

#12, 

#22, 

#32,         .-. 

&31       ,               ^>32       ,         633-^,         •• 

#13, 

#23, 

#33,         .-. 

21  —  #21  X,       y  22  —  #22  X,       /23  ~  #2 


so  that  B  =  A.  The  equation  A  =  0  is  therefore  absolutely 
invariantive  for  all  intermediate  linear  transformations  of  the 
variables. 

The  invariarice  of  this  fundamental  equation  makes  it  possible 
to  construct  a  canonical  equivalent  of  the  original  system  of 
equations. 

147.  If  co  be  a  simple  root  of  this  equation,  some  (or  it  may 
be  any)  n  —  1  of  the  preceding  n  homogeneous  linear  equations 
determine  the  ratios  of  the  n  coefficients  cn,  ...,  crn ;  so  that,  taking 
one  of  the  coefficients  arbitrarily,  say  crr,  the  others  are  known, 
and  the  consequent  value  of  y  is  obtained. 

First,  suppose  that  the  roots  of  the  determinantal  equation  of 
degree  n  are  distinct  from  one  another;  denote  them  by  Xl5  \2,  ..., 
\n,  so  that  each  of  them  is  simple.  After  the  above  explanation, 
each  root  determines  a  substitution  (crj)  and  a  consequent  new 
variable  y\  let  yr  be  the  variable  determined  by  \r,  for  r  =  1,  ...,  n. 
Conversely,  the  variables  x-^,  ...,xn  are  linearly  expressible  in  terms 
of  the  variables  y1}  ...,  yn',  so  that  an  aggregate  of  terms  of  any 
order  in  x  becomes,  after  substitution,  an  aggregate  of  terms  of  the 

same  order  in  y.     Moreover,  the  expression  for  t  ~~  is 

d/t 

-jjZ  =  \ryr  +  terms  of  order  higher  than  the  first  in  x ; 

heuce  after  substitution,  the  system  of  differential  equations  is 
d\     d  dn     dt 


where 


Yr  =  \ryr 


6 


TRANSFORMATION    OF 


and  7jr  is  an  aggregate  of  terms  of  order  higher  than  the  first  in 
the  variables  ylt  ...,  yn. 

This  is  the  canonical  form  when  the  n  roots  of  the  de- 
terminantal  equation  are  distinct. 

Next,  suppose  that  a  root  of  the  determinantal  equation  is 
repeated,  say  A,  =  &>,  and  that  its  multiplicity  is  K.  Then  the 
equations 


are  consistent  with  one  another,  and  they  provide  a  set  of  co 
efficients  c,  though  the  set  may  not  be  uniquely  determined. 
Taking  them  in  some  definite  form,  let  them  be  associated  with  a 
variable  y^\  and  transform  the  variables  from  xlt  xz,  ...,  xn  to 
y1}  %2,  ...,  xn.  The  differential  equations  then  take  the  form 

dy\  i 

t  — y—  =  (Ol/i  +  ?7 1  ) 

dt 
dx  n 

where  ??/,  77,,',  ...,  ifo  are  the  aggregates  of  terms  of  order  higher 
than  the  first  on  the  respective  sides.  The  determinantal  equation 


now  is 


w-X, 


as  the  equation  is  invariantive,  the  root  co  is  of  multiplicity  K,  and 
therefore  the  equation 

fc'-X,        «3/          .-.     =0 


has  the  root  G>  of  multiplicity  K  -  1.     Hence  equations 


j  =  2 


,rj  U£| 


are  consistent  with  one  another;  and  they  provide  a  set  of 
coefficients  c ,  though  the  set  may  not  be  uniquely  determined. 
Taking  them  in  some  definite  form,  let  them  be  associated  with  a 
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variable  y2 ;    and  transform  the  variables  from  #2,  #3,  ...,  xn  to 
2/2,  a%,  •  ",  %n-     The  differential  equations  then  take  the  form 


tdxs  =  Q  5      „  „ 

dt  j=$ 

where  772'',  773",  . . . ,  77^"  are  the  aggregates  of  terms  of  order  higher 
than  the  first  on  the  respective  sides. 

Proceeding  in  this  way,  we  see  that  K  variables  ylt  ...,  yK  can 
be  associated  with  a  root  \  =  a),  of  multiplicity  K  in  the  de- 
terminantal  equation,  in  such  a  way  as  to  replace  K  variables 
#!,  ...,  scKt  and  to  transform  the  original  system  of  differential 
equations  to  the  form 


K 
t  -—  =  ocKiyi 

so  far  as  concerns  the  derivatives  of  the  K  variables  indicated. 

Taking  the  simple  roots  in  turn,  the  transformation  is  effected 
for  a  variable  associated  with  each  of  them ;  and  the  expression 
for  the  corresponding  derivative  is  monomial  in  terms  of  the  first 
order  on  the  right-hand  side.  Taking  the  multiple  roots  of  the 
determinantal  equation  in  turn,  with  each  of  them  is  associated 
a  group  of  variables  in  number  equal  to  the  multiplicity  of  the 
root ;  when  the  transformation  is  effected,  the  expressions  for  the 
derivatives  of  the  corresponding  variables  are  of  the  above  form. 

148.  The  reduction  indicated  is  effective  if,  in  the  expressions 
for  the  regular  functions  Xlt  ...,  Xn,  which  are  valid  in  the 
vicinity  of  0,  0,  . . . ,  0,  a  common  zero  of  all  of  them,  the  terms  of 
the  first  order  occur  in  quite  general  form.  We  shall  not  discuss 
the  case  in  which  the  terms  of  the  first  order  occur  only  in 
specialised  forms :  nor  shall  we  discuss,  for  an  unrestricted  number 
of  variables,  the  case  in  which  the  terms  of  lowest  order  that  occur 
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are  of  dimensions  higher  than  the  first.     For  this  investigation,  it 
will  be  sufficient  to  refer  to  Konigsberger's  treatise  *. 

The  simplest  instance  of  the  preceding  class  of  equations  is 
furnished  by  a  system  of  n  equations  in  n  dependent  variables, 
which  occur  only  linearly  and  homogeneously  in  the  equations. 

When  the  system  is  of  the  form 


dx 


it  can  immediately  be  replaced  by  a  single  linear  equation  of 
order  n.  A  complete  discussion  of  such  an  equation  and  of  the 
properties  of  its  integrals  is  reserved  for  a  separate  section. 

The  next  most  important  instance  is  that  in  which  the  system 
has  the  form 


. 

dx      i 

where  the  coefficients  A%  are  functions  of  x  alone.  An  ample 
discussion  of  the  properties  and  characteristics  of  the  integrals  of 
such  a  system,  leading  to  results  associated  with  the  ordinary 
linear  equation  of  order  n  to  which  reference  has  just  been  made, 
will  be  found  in  various  papers  by  Sauvage  ;  a  general  exposition 
of  the  results  is  given  by  him  in  a  separately  published  volumef. 
Among  these,  the  most  important  are  :  — 

(i)  The  establishment  of  the  existence  of  integrals  of  the 
equation  in  the  vicinity  of  an  ordinary  point  of  the 
coefficients  A  ; 

*  Lehrbuch    der    Theorie    der  Differentialgleichungen    mit   einer  unabhangigen 
Variabeln,  (Leipzig,   Teubner,   1889);    see,  in  particular,  Chapter  v. 

Upon  this  subject,  reference  may  also  be  made  to  the  following  authorities  : 
Picard,  Cours  d'  Analyse,  t.  in,  chap.  i. 
Horn,  Crelle,  t.  cxvi  (1896),  pp.  265—306,  ib.  t.  cxvn  (1897),  pp.  104—128, 

254—266. 

Poincare,  Inaugural  Dissertation,  (1879). 
Bendixson,  Stockh.  Ofv.,  t.  LI  (1894),  pp.  141—151. 
Further  references  will  be  found  in  the  works  quoted. 

t  Theorie  generate  des  sys  femes  d'equations  differentielles  lineaires  et  homogenes, 
(Paris,  Gauthier-Villars,  1895). 

A  memoir  by  Griinfeld,  Wiener  Akad.  DenJcschr.  t.  LIV,  ii  Abth.,  (1888),  pp.  93  — 
104,  in  which  he  follows  the  earlier  work  of  Sauvage,  dispensing  with  the  use  of 
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(ii)     A  proof  that  equations,  which  have  regular*  integrals 
in  the  vicinity  of  x  —  0,  are  of  the  form 


where  ari  is  regular  in  the  vicinity  of  the  point  #  =  0. 
This  is  the  canonical  form  for  such  equations  in  the 
vicinity  of  the  point  x  =  0 ;  and  it  is  the  form  which 
must  be  possessed  by  the  equations  in  the  vicinity  of 
every  non-regular  point  of  the  coefficients  A  ; 

(iii)  The  construction  of  the  solution  when  the  tests  for 
regularity  are  satisfied; 

(iv)  A  generalisation,  to  the  class  of  equations  considered,  of 
the  main  properties  established  by  Fuchs  and  others  for 
the  ordinary  linear  differential  equation  of  the  nth  order. 

The  investigations  will  not  be  repeated  here,  as  they  follow 
somewhat  closely  the  development  of  the  theory  of  ordinary  linear 
equations,  which  the  present  writer  hopes  to  discuss  in  detail  in 
another  volume. 

FORM  OF  EQUATIONS  IN  THE  VICINITY  OF  NON-ORDINARY 
COMBINATIONS  OF  VALUES  FOR  THE  DERIVATIVES. 

149.  In  order  to  give  some  indication  of  the  mode  of  obtaining 
integrals  of  simultaneous  equations,  involving  more  than  one 
dependent  variable,  it  is  desirable  to  shew  how  the  processes, 
applied  in  preceding  chapters  to  the  discussion  of  the  integral  of 
a  single  equation,  can  be  extended  so  as  to  be  effective  for  such 
a  purpose.  Accordingly,  we  shall  discuss  in  some  detail,  though 
without  attempting  the  same  completeness  as  in  the  case  of  a 
single  equation,  the  case  when  the  system  involves  one  independent 
variable  z  and  two  dependent  variables  u  and  v,  and  when  it 

Weierstrass's  theory  of  bilinear  forms,  and  also  a  paper  by  the  same  author, 
Schlomilch's  Zeitschrift,  t.  xxxvi  (1891),  pp.  21 — 33,  may  be  consulted. 

The  form  of  the  equations  which  have  "regular"  integrals,  and  the  characteristics 
of  the  regular  integrals  of  such  equations,  are  discussed  by  Konigsberger  in  his 
treatise  (quoted  p.  8,  note)  pp.  441 — 469:  also  in  two  memoirs  by  Horn,  Math. 
Annalen,  t.  xxxix  (1891),  pp.  391—408,  ib.  t.  XL  (1892),  pp.  527—550. 

Reference  may  also  be  made  to  Picard,  Cours  d1  Analyse,  t.  in,  ch.  i,  n ;  and  to 
Jordan,  Cours  d'Analyse,  t.  in,  ch.  n,  Section  1. 

*  In  the  same  sense  as  in  §  30. 
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therefore  contains  two  independent  equations.  The  general  dis 
cussion  of  Chapter  I  shews  that,  when  the  equations  are  given  in 
the  form 

dv 


fdu    dv 

\dz  '  dz 


\      ,.  ( 

--  >  u>  v>  z  )  =  ° 
J         I 


then,  except  in  the  vicinity  of  what  may  be  called  branch-values 

for  -j-  and  -7-  given  by  these  two  algebraical  equations,  we  may 
dz  dz 

take 

du       ,  dv  . 

-=f(u,v,z),  ft-ff<*9.*). 

as  representing  the  equations.  The  nature  of  the  integrals  in 
the  vicinity  of  any  assigned  values  depends  upon  the  character 
of  the  functions  /  and  g  in  such  a  vicinity. 

Cauchy's  existence-theorem  gives  the  character  of  the  integrals 
of  the  system 

du      „,          .  dv        ,  , 

fa=f(u,v,z),          —  =g(u,v,z)) 

which  are  regular  functions  of  z  —  c  in  the  vicinity  of  c,  and  acquire 
values  a  and  {3  respectively  when  z  =  c :  provided  u  =  a,  v  =  /3,  z  =  c 
are  an  ordinary  combination  of  values  for  the  functions  f  and  g. 
It  therefore  is  necessary  to  discuss  the  character  of  the  integrals 
in  the  vicinity  of  values,  which  constitute  a  non-ordinary  com 
bination  of  those  functions.  For  this  purpose,  we  take  u  -  a., 
v  —  {3,  z  —  c  as  new  variables  and,  assuming  the  corresponding 
transformations  effected,  we  can  consider  0,  0  as  initial  values 
assigned  to  the  dependent  variables,  when  the  independent  variable 
vanishes. 

Now  u  =  0,  v  =  0,  z  =  0,  when  not  an  ordinary  combination  of 
values  for  both  /  and  g,  can  give  rise  to  several  alternatives. 
Denoting 

(i)      an  ordinary  combination  for  one  function  by  0  : 

(ii)  an  accidental  singularity  of  the  first  kind  for  one  function 
by  A: 

(iii)  an  accidental  singularity  of  the  second  kind  for  one 
function  by  A2 : 

(iv)     an  essential  singularity  by  E : 
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then  the  possible  alternatives  are  0,  Al;  0,  A2;  0,E;  A1}  A^ 
Alt  A2;  Alf  E\  A2,  A2;  A2,  E\  E,  E;  where,  for  instance,  0,  At 
signifies  that  the  values  0,  0,  0  constitute  an  ordinary  combination 
for  one  of  the  functions  and  an  accidental  singularity  of  the  first 
kind  for  the  other. 

Of  these,  we  shall  discuss  only  the  combinations  which  are 
free  from  essential  singularities.  All  that  was  said  in  Chapter  vn, 
as  to  the  exiguity  of  results  that  are  obtainable  concerning  an 
equation  the  form  of  which  gives  rise  to  an  essential  singularity, 
applies  with  at  least  equal  force  to  systems  of  equations. 
Accordingly,  we  shall  discuss  only  the  five  (non-  ordinary)  com 
binations  represented  by  0,  A-^;  0,  Az\  Al}  Al;  Alt  Az-,  A.2,  A2, 
taking  them  in  this  order. 


Case  I. 

150.  0,  Al.  Let  the  combination  be  ordinary  for/;  so  that 
f  can  be  expanded  as  a  regular  function  of  u,  v,  z  in  the  vicinity, 
the  appropriate  power-series  being 

/=  /O  +/!**  +/>  +/>  +  —  • 

Let  the  combination  be  an  accidental  singularity  of  the  first  kind 
for  g,  so  that  there  exists  some  power-series  Pl  (u,  v,  z),  regular  in 
the  vicinity,  such  that 

Pl  (u,  v,  z)  g  (u,  v,  z)  —  regular  function  not  vanishing  at  0,  0,  0 

=  1  +  Q  (u,  v,  z), 
say,  where  Q  is  a  regular  function  that  does  vanish  at  0,  0,  0.    Then 

dz_        1 
dv  ~  g  (u,  v,  z) 

P!  (U,  V,  Z} 


l  +  Q(u,  v}  z) 

=  P  (u,  v,  z\ 

where  P  (u,  v,  z)  is  a  regular   function    that  vanishes  at  0,  0.  0. 
Now 

du      ,.  N 

dz=f(u>v>2)> 

and  therefore 
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Thus  the  new  form  of  the  equations  is  such  that  the  values  of 

—  and  —  are  regular  functions  in  the  vicinity  of  the  origin  :  and 
dv  dv 

therefore,  by  Cauchy's  theorem,  regular  integrals  exist,  determined 
uniquely  by  the  condition  that  the  functions  of  v,  which  represent 
the  values  of  z  and  u,  vanish  when  v  =  0. 

The  actual  expansions  depend  upon  the  forms  of  the  functions 
/and  P. 

Taking  the  simplest  case,  let 
/=/  +flU  + 

P  =  au  +  ffv  + 
then 

dz_  =  p       d^ 
dv  dv 

It  is  easy  to  prove  that 


*  +  4  f/o  («  +  *70  +  i/ietf)  +/2/3}  v*  +  .  .  .  . 
From  the  former  of  these,  we  have 


where  jK  (^*)  is  a  regular  function  of  z^  such  that  R  (0)  =  1  ;  and 
then 


/2  * 
where  fif(,a*)  is  a  regular  function  of  ^  such  that  8(0)  =t(g)  /a- 

Clearly  £  =  0  is  a  branch-point  of  algebraical  type,  for  each  of  the 
functions  u  and  v,  in  this  case. 

For  a  less  simple  case,  let 

dz  du  _  f  p 

-=Pm+...,     ~-fnrm  + 

where  Pm  denotes  the  aggregate  of  terms  in  P  of  dimensions  ra  in 
u,  v,  z,  these  being  the  terms  of  lowest  dimension  that  occur  ;  and 
fn  similarly  denotes  the  aggregate  of  terms  in  /of  dimensions  n  in 
u,  v,  z,  these  also  being  the  terms  of  lowest  dimension  that  occur  ; 


150.]  SINGULARITIES  13 

and  assume  that  the  term  vm  occurs  in  Pm:  and  that  the  term 
vn  occurs  in  fn.     Then 

Z 

so  that 


where  R  and  S  denote  regular  functions  of  their  arguments,  these 
functions  not  vanishing  with  z.  The  point  z  =  0  clearly  is  an 
algebraical  critical  point  for  u  arid  v. 

If  a  term  in  v  alone  should  not  occur  in  Pm,  or  if  a  term  in  v 
alone  should  not  occur  in  fn,  then  the  dimension  of  the  lowest 
terms  of  z  and  u  in  powers  of  v  is  not  obvious  upon  inspection  :  it 
may  be  obtainable  by  means  of  a  space-diagram  (§  157). 

Case  II. 

151.  0,  A<L.  Let  the  combination  be  ordinary  for  /,  so  that 
the  function  can  be  expanded  in  the  form 


in  the  vicinity  of  0,  0,  0.  Let  the  combination  be  an  accidental 
singularity  of  the  second  kind  for  g,  so  that  regular  functions 
P1  (u,  v,  z),  P2  (X  v,  z)  exist,  such  that 

Pl  (u,  v,  z)  g  (u,  v,  z)  =  P2  O,  v,  z), 
both  the  functions  P1?  P2  vanishing  at  0,  0,  0. 
In  the  simplest  case  of  all,  we  have 

P2  (u,  v,  z)  =  au  +  b'v  +  c'z  +  .  .  .  , 
Pj  (u,  v,  z)  =  au  +bv  +  cz  +  .  .  .  ; 

and  the  initial  conditions  are  that  the  integrals  u  and  v  are  to 
vanish  with  z.  The  equations  thus  are 

-/.+/!«  + 


dz      au  +  bv  +  cz  +  . . . ' 

Now  as  the   integrals   u  and  v  are  to  vanish  with  z,  the   most 
important  term  in  the  power-series,  which  represent  them  in  the 
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immediate  vicinity  of  the  origin — supposing  such  power-series 
possible — must  be  some  positive  power  of  z.  In  the  case  when 
the  coefficients  are  quite  general,  it  is  clear  that,  both  for  u  and 
for  v,  this  power  is  the  first,  so  that  we  may  write 

u  =  pz  +  . . . ,     v  =  az  +  . . . , 

when  the  unexpressed  terms  have  their  modulus  small  compared 
with  |  z  in  the  immediate  vicinity  of  the  origin.  Substituting  and 
taking  account  of  terms  of  lowest  order  in 

du      „      ,. 

1  .dv_, 

"''dz 

we  have 

P=/.. 

(ap  +  ba  +  c)  cr  =  a'p  4-  b'a  +  c', 
so  that  o-  is  a  root  of  the  equation 

ba2  +  o-(af0  +  c-  bf)  -  (a'/0  +  c')  =  0. 

Accordingly,  new  variables  U  and  V  are  introduced,  denned  by  the 
equations 

u  =  z  (p  +  U),     v  =  z(<r+V), 

where  U  and  V  are  to  vanish  with  z :  and  then 

z =  —  £7 +  02  + terms  of  second  and  higher  orders  in  U,  V,  z, 

dz 

fJV 

z  av-  =  (a!  -  aa)  U  +  (b'  -  ap  -  c)  V  +  (3z  +  ... . 
dz 

Taking  a  less  simple  case,  let  the  terms  of  lowest  order  in  the 
expression  for  y  in  the  immediate  vicinity  of  the  combination  0,  0,  0 
be  of  dimension  I,  so  that  we  can  take 

du     /  •  -K          \i 

—  =  (-xjw,  v,  z)1  +  . . .  ; 

and  similarly  suppose  Px  and  P2  to  be  such  that  we  can  take 
dv  _  (-X-Jw,  v,  z)m  4-  . . . 

both  u  and  v  vanishing  with  z :  where  I,  m,  n  ^  1. 

If  m^n,  then  in  the  expansion  of  u  the  most  important  term 
is  a  constant  multiple  of  zl+1 ;  and  in  the  expansion  of  v  the  most 
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important  term  is  a  constant  multiple  of  zm~n+l.  New  dependent 
variables,  defined  by  the  relations 

u  =  (p  +  U)  zl+\ 

V=((T+V)  j2m~n+\ 

are  introduced,  p  and  a  being  determined  so  as  to  annihilate  the 
lowest  terms  in  the  equation,  and  U  and  V  being  subject  to  the 
condition  of  vanishing  with  z  ;  and  the  reduced  form  is 

dU 


where  a  =  0  if  I  >  1,  and  k  =  0  if  m  >  n. 

If  m  <  n,  the  determination  of  the  orders  of  the  lowest  terms 
can  be  effected  by  means  of  a  space-diagram  (§  157). 

Case  III. 

152.  Alf  A±.    This  case  can  be  included,  by  transformation  of 
the  variables,  in  preceding  cases.     The  form  being 

du      „  dv 

-=f(u,V,Z),      ft-  g  (*.*,*), 

where  the  functions  f  and  g  are  such  that  their  reciprocals  are 
finite  at  0,  0,  0,  then 

dz  1 

-j-  —  £l  -----  \  =  F  (U,  V,  2), 

du     f(u,  v,  z) 

dv      a  (u,  v,  2}      ~  ,          . 
T  =  f,          (  =  G(u,v,  z). 
du    f(u,  v,  z) 

For  the  function  F,  the  combination  0,  0,  0  is  ordinary:  for  the 
function  Gy  it  either  is  ordinary,  or  is  accidental  of  the  first  kind, 
or  is  accidental  of  the  second  kind.  The  respective  possibilities 
have  been  dealt  with  ;  and  the  inversion  of  the  series  in  the 
respective  cases  leads  to  the  corresponding  results. 

Case  IV. 

153.  Alf  A2.     The  form  of  the  equations  is 

dv  M  V 
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where   both   the    functions  g^  and  g2  vanish  at  0,  0,  0,  and  the 
reciprocal  of  /  is  finite  there.     Then 

dz  1 


du     f(u,v,z) 
dv  a,  (u 


F(u,v,z\ 

It       *\ 

=  G(u,v,z). 


~i  —  —    ~r  \  /  \ 

du     j-  (u,  v,  z)  g2  (u,  v,  z) 

The  combination  is  ordinary  for  the  function  F]  it  is  either 
ordinary,  or  accidental  of  the  first  kind,  or  accidental  of  the 
second  kind,  for  the  function  G.  Hence  the  equations  now  are 
of  one  of  the  types  already  discussed. 

As  an  example,  take  the  equations 

du  _  1  +  positive  powers 
dz        au  +  bv  -f  cz  +  .  .  . 

dv      a"u  +  b"v  +  c"z  +  .  .  . 


dz        an  4-  bv  +  cz  +  ... 
so  that 

—  -  =  au  +  bv  +  cz  4-  hit2  +  kuv  +  luz  +  mu3  -f  .  •  •  » 
du 

'-  =  a"u  +  6"y  +  c"z  +  h"u?  +  k"uv  +  ^'^  +  m'^^3  +  .  .  .  , 
du 

the  unexpressed  terms  being  of  an  order  that  is  easily  seen  from 
the  analysis  to  be  higher  in  powers  of  small  quantities  than  those 
which  are  retained.  As  both  the  functions  on  the  right-hand  side 
have  0,  0,  0  for  an  ordinary  combination,  there  exist  integrals  of 
the  equations  which  are  regular  functions  of  u  vanishing  with  z. 
Moreover,  the  slightest  inspection  shews  that  each  of  these  integral 
functions,  when  expressed  as  a  power-series  in  u,  begins  with  a 
term  in  u*  ;  so  that,  if 


z  =  A  o  u2  +  B0u3  +  C0u*  +  .  .  .  , 
then 


0  =  Jfc  +  -J  (a"b  +  oc),     S,  =  ±h"  -f  J  (a"W  +  ac"} 
C,  =  J  [m"  +  V'B,  4-  c"BQ  +  k"A,  +  I"  A*}, 

j  +  IA0}  ; 
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and  so  on.     Reversing  the  series  between  u  and  z,  we  have 


a 

where  P  (z%)  is  a  regular  power-series  of  sfr,  that  does  not  vanish 
with  z\  and  then,  substituting  this  value  in  the  series  for  v,  we 
have 


where  Q(jfi)  is  a  regular  power-series  of  sfr,  that  does  not  vanish 
with  z.  Thus  z  =  0  is  a  simple  branch-point  of  the  integral 
functions  determined  by  the  particular  differential  equations. 

Case  V. 

154.  A2,  A2.  Passing  now  to  the  case  in  which  the  com 
bination  0,  0,  0  is  an  accidental  singularity  of  the  second  kind  for 
each  of  the  functions  f  and  g,  so  that  each  of  them  is  expressible 
in  the  form  of  quotients  of  regular  power-series  which  vanish  at 
0,  0,  0,  we  shall  restrict  ourselves  to  the  case  in  which  the 
denominator  in  the  two  quotients  is  the  same*,  so  that  we  can 
take 


where  P,  Q,  R  are  regular  functions  of  their  arguments  and  vanish 
with  u,  v,  z. 

To  obtain  a  more  useful  representation  of  these  fractions,  we 
use  Weierstrass's  theorem  (Note,  Chap,  i)  on  the  expression  for  a 
regular  function  of  any  number  of  variables  in  the  immediate 
vicinity  of  a  zero  ;  we  apply  it  to  each  of  the  functions  P,  Q,  R  in 
succession. 

We  begin  with  the  function  R  (u,  v,  z). 

First,  if  R(u,Q,Q)  does  not  vanish  for  all  values  of  u,  let 
Cu*  be  the  lowest  power  of  u  in  its  expression;  then  we  know 
that  R  (u,  v,  z)  can  be  expressed  in  the  form 

ru*-1  +  r~2  +  .  .  .  +  r    eG  (u'  r>  2) 


*  The  alternative  possibility,  viz.  that  each  quotient  has  its  own  denominator 
without  reference  to  any  other,  is  discussed  in  Konigsberger's  treatise  (cited  in  §  1), 
pp.  353  et  seq.  The  hypothesis  in  the  text  is  adopted,  partly  in  connection  with  the 
reduction  of  a  system  of  equations  to  a  canonical  form  as  in  §  5,  partly  as  exhibiting 
an  adequate  illustration  of  the  method  of  dealing  with  other  cases. 

F.   III.  2 
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where  G  is  a  regular  function  vanishing  with  u,  v,  z\  and  where 
rl}  r2,  ...,  r^  are  regular  functions  of  v  and  z,  which  vanish  with  v 
arid  z. 

Secondly,  if  R(u,  0,  0)  does  vanish  identically,  but  either 
-R(0,  v,  0)  or  ^(0,0,^)  does  not  vanish  identically,  then  there  is 
a  corresponding  expression  for  R  (u,  v,  z)  either  in  powers  of  v  or 
in  powers  of  z  for  the  respective  cases,  the  coefficients  of  powers 
of  v  or  of  powers  of  z  being  of  the  same  character  as  rx  ,  .  .  .  ,  rM  in 
the  preceding  case. 

Thirdly,  if  R  (u,  0,  0),  R  (0,  v,  0),  R  (0,  0,  z)  all  vanish  identically, 
(as  would,  for  instance,  be  the  case  with  a  function  equal  to 
uv  +  vz  +  zu,  or  with  any  function  every  term  in  the  regular 
expansion  of  which  contains  powers  of  not  fewer  than  two  of  the 
variables),  then  new  variables  f,  77,  f  are  introduced,  denned  by  the 
relations 

(u,v,  z)  =  (  alt     615     Cijf,^,  £)» 


as,      s,     c2 

where  the  constants  a,  b,  c  are  subject  solely  to  restrictions  of 
inequality 


R(alt  a2,  a3)^0. 

If  R'  (%,  77,  f)  be  the  transformed  equivalent  of  R(u,v,z\  the 
properties  of  the  transformation  are  such  that  -R'(f,  0,  0)  is  not 
identically  zero.  Let  C'%1*  be  the  lowest  power  of  f  in  R'  (£,  0,  0); 
then,  as  before,  it  is  possible  to  obtain  an  expression  for  R'  (f,  77,  f), 
that  is,  for  R  (u,  v,  z},  in  the  form 

R  (U)  v,  z)  =  (C'%*  +  r/f  "-1  +  .  .  .  +  r/)  *  *  ^  v>  ^  , 

where  r/,  .  .  .  ,  r/  are  regular  functions  of  77  and  f,  which  vanish 
when  ?;  =  0,  f  =  0. 

Similarly,  the  expressions  for  P  (u,  v,  z)  and  Q  (u,  v,  z)  can  be 
transformed.  If  P  (u,  0,  0)  and  Q  (u,  0,  0)  do  not  vanish  identically, 
then  no  transformation  to  the  new  variables  £,  rj,  f  is  necessary. 
If  P  (u,  0,  0)  vanish  identically,  the  sole  additional  restriction  of 
inequality  is  that 
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and  if  Q  (u,  0,  0)  vanish  identically,  the  sole  additional  restriction 
of  inequality  is  that 


If   then   no   one    of    the   quantities   R  (u,  0,  0),   P  (u,  0,  0), 
Q  (u,  0,  0)  should  vanish,  we  have 

f(U)  Vt  z}  =  Cl  - 


g  (u,  v,z)  =  C2  »+  ?_±--  •!     *  v> 

2  U*  +  W-1  +  ...  +  ? 


where  the  functions  Hl  and  H2  are  regular  functions  of  u,  v,  z\ 
and  the  coefficients  p,  q,  r  are  regular  functions  of  v  and  £,  which 
vanish  when  i;  =  0,  z  =  0. 

155.  Now  the  objects  of  our  discussion  are  the  construction 
of  the  conditions  of  existence,  and  the  determination  of  the  forms, 
of  integrals  of  the  equations  which  vanish  when  z  =  0  :  so  that  u 
and  v  vanish  with  z.  If  there  are  integrals  which  are  regular 
functions  of  z  or  are  quasi-regular  functions,  e.g.  such  as  are 
regular  functions  of  a  fractional  power  of  z,  then  some  information 
as  to  the  integrals  will  be  furnished  when  the  leading  terms  are 
known.  These  terms  will  be  of  the  form 

u  =  OLZ?,     v  =  fix*, 

where  p  and  a  (which  will  be  found  to  be  real  quantities  in  the 
simpler  cases)  have  their  real  parts  positive,  arid  a  and  ft  are 
non-vanishing  constants.  If  such  leading  terms  can  once  be 
obtained,  then  the  equations  will  be  transformed  by  the  sub 
stitutions 

U  =  (OL+  U)z't     v  =  (@+V)z", 

where  the  new  dependent  variables  U  and  V  must  vanish  with  z  ; 
and  the  solution  of  the  equations  will  then  depend  upon  the 
quantities  U  and  V. 

In  order  to  obtain  these  leading  terms,  it  is  necessary  to 
consider  the  terms  in  the  numerator  and  the  denominator  of  f 
and  of  gy  which  are  of  lowest  order  in  the  variables.  In  any 
coefficient,  such  as  pK,  these  are  obtainable  by  another  application 
of  Weierstrass's  theorem.  Thus  pK  is  an  analytical  function  of  v 

2—2 
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and  z,  which  vanishes  when  v  =  0  and  z  =  0 ;  and  therefore,  as  in 
§  35,  it  is  of  the  form 

R      S         ,         x     G  (v,  z) 

v  Kz  KqK(v,  2)e          ' 

where  G1  is  a  regular  function  of  v  and  z,  the  integers  RK  and  8K  are 
positive  integers  (including  zero),  and  where 


the  coefficients  Qlt  ...,  Qm  being  analytical  functions  of  z  which 
vanish  with  z.  Let 

where  Qi  (z)  is  a  regular  function  of  z  such  that  Q/  (0)  is  not  zero 
and  rii  is  an  integer ;  then  clearly  the  most  important  terms  in  pK 
for  our  purpose  are 

7=0 

because  all  other  neglected  terms  have  their  moduli  small  com 
pared  with  the  moduli  of  one  or  more  of  the  retained  terms. 
Similarly  as  regards  the  other  coefficients  p ;  and  also  as  regards 
the  coefficients  r  and  q. 

Consequently,  we  have  expressions  of  the  form 


where  the  denominator  and  each  of  the  numerators  possess  terms 
in  u  alone  independent  of  v  and  z,  and  may  possess  terms  in  each  of 
the  three  variables  alone  :  and  the  functions  F  and  G  are  regular. 

If,  however,  any  one,  or  any  two,  or  all  three,  of  the  quantities 
R  (u,  0,  0),  P  (u,  0, 0),  Q  (u,  0,  0)  should  vanish  identically,  then  the 
variables  f,  ?;,  fare  introduced,  subject  to  the  restrictions  indicated 
before  :  and  we  obtain  expressions  of  the  form 

V  IT'          tm^n^p    i 
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of  the  same  general  type  as  in  the  last  case.  When  re-transforma 
tion  to  the  variables  u,  v,  z  is  effected  upon  these  expressions  as 
in  §  37,  the  ultimate  forms  are 


where  M,  N,  P,  A,  13,  C  are  integers,  positive  or  negative  or  zero; 
arid  the  other  functions  that  occur  have  the  same  general  signifi 
cance  as  before. 

The  expressions  for  f  and  g,  substituted  in  the  differential 
equations,  lead  to  forms  of  the  latter  that  are  convenient  for  our 
immediate  purpose. 

If  however  the  re-transformation  does  not  lead  to  forms  of 
this  type,  as  would  be  the  case  were  the  original  numerator  or 
denominator  of  such  a  form  as  uv  +  vz  +  zu  or  u2v  +  v*z  +  z'*u  or 
the  like,  then  we  proceed  as  follows.  We  have 

(?>  V,  ?)  =  (  A,     BI,     0,  $>,  v,  z}, 
1,,     A,     C, 
13,     Ba,     C3 

where  the  matrix  (A1}  B2,  G5)  is  the  inverse  of  (al}  b2,  c3);  and 
then 

M    du      p  dv      ~ 
d£         l  dz        3  dz        1 
d£       .   du      j.  dv       ~ 
3  dz        3  dz 


and  similarly 


The  functions  P,  Q,  R,  when  expressed  in  terms  of  f,  77,  f,  possess 
terms  involving  one  variable  only  :  thus  the  reduction  to  the 
preceding  form  is  possible,  the  variables  u,  v,  z  being  replaced  by 

ft  n,  ?. 
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156.     Consider,  therefore,  the  equations  in  the  form 


so  that  M,  N,  P,  A,  B,  C  are  all  assumed  to  be  zero.     To  obtain 
the  leading  terms  in  u  and  v,  we  substitute 

u  =  azp      v  = 


where  a.,  j3,  p,  cr  are  to  be  determined  ;  the  condition,  leading 
to  the  desired  determination,  is  that  the  adopted  substitutions 
make  the  lowest  terms  on  both  sides  of  each  equation  cancel  one 

another.     Owing  to  the  fact  that  the  coefficient  of  ^—  in  the  first 

Ci  1) 

equation  is  the  same  as  that  of  -7-  in  the  second,  the  lowest  terms 

on  the  left-hand  side  in  the  first  and  the  lowest  terms  on  the  left- 
hand  side  in  the  second  arise  from  the  same  group  of  terms  in  that 
coefficient  :  the  order  in  the  first  is  p  —  a  greater  than  the  order 
in  the  second. 

Suppose  that  the  term 

on  the  left-hand  sides,  and  that  the  terms 

Kmnpumvnzv,     K^nu»vvz« 
on  the  right-hand  sides,  are  terms  which,  for  the  substitutions 

u  =  0.2?,     v  —  ftz", 

give  powers  of  z  at  least  as  low  as  all  others,  and  that  they  lead  to 
equal  terms  in  lowest  powers  of  z  on  the  two  sides.  In  order  that 
the  indices  of  these  lowest  terms  may  be  the  same  on  the  two  sides, 
we  must  have 

pa  +  o-b  +  c  +  p  -  1  =  pm  +  cm  +  p] 

r  > 

pa  +  ab  +  c  +  cr  —  1  =  pp  +  crv  +TT) 
and  therefore 


=  p  (p  +  I)  +  <rv  +  7T  + 

=  N, 
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say.     In  order  that  the  coefficients  of  the  terms  on  the  two  sides 
may  be  the  same,  we  must  have 


where  F0,  G0  are  the  values  of  eF(0'°>(>),  eG(0'°'0)  respectively:  and 
in  the  various  summations  those  coefficients  are  included,  which 
belong  to  the  terms  that  give  rise  to  the  lowest  indices  of  z  after 
the  substitutions  are  made. 

The  quantity  N,  being  p  +  1  greater  than  the  index  of  the 
lowest  power  in  the  first  equation  and  cr  +  1  greater  than  the 
index  of  the  lowest  power  in  the  second  equation,  (which  two 
excesses  are  independent  of  the  indices  of  terms  in  the  numerators 
and  the  denominator  of  f  and  g),  is  smaller  for  the  substitution 
adopted  than  is  the  corresponding  quantity  N  deduced  from  other 
terms  in  the  equation. 

SPACE-DIAGRAMS. 

157.  To  determine  the  quantities  p  and  a,  we  construct  an 
obvious  generalisation*  of  the  Puiseux  diagram  which  was  used 
in  the  corresponding  determination  when  there  is  only  a  single 
dependent  variable  (§§  39  —  42). 

We  take,  in  ordinary  three-dimensional  space,  three  perpend 
icular  axes  OU,  OF,  OZ.  Referred  to  these  axes,  we  mark  all 
the  points 

a  +  1,    6  +  1,   c 

associated  with  the  common  denominator  of  /and  g:  all  the  points 

m,   n  +  1,  p  +  1 

rj  ni 

associated  with  the  numerator  of  /,  being  the  expression  for  -y-  ; 

and  all  the  points 

//>+!,    v,   TT  +  1 

*  This  is  not  adopted  by  Konigsberger  (I.e.,  §  1)  p.  354,  in  the  case  of  n 
dependent  variables  :  the  corresponding  diagram  would  then  exist  in  a  space  of 
n  +  1  dimensions.  The  first  occasion  on  which  use  was  made  of  the  generalisation 
of  the  Puiseux  diagram  to  space  of  three  dimensions,  corresponding  to  the  case  of 
two  dependent  variables,  appears  to  be  in  Goursat's  preliminary  propositions  in  the 
discussion  of  the  singular  solutions  of  simultaneous  equations,  Amer.  Journ.  Math., 
t.  xi  (1889),  p.  341. 
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associated  with  the  numerator  of  g,  being  the  expression  for  -y-  . 

Through  the  origin  draw  a  line  in  the  octant  of  space  where  all 
these  points  are  marked  ;  let  its  polar  coordinates  be  0,  its 
inclination  to  the  positive  direction  of  the  axis  OZ,  and  <f>,  its 
azimuth  in  the  positive  direction  from  the  plane  of  UZ:  and  let 

p  =  tan  6  cos  (£,     a  =  tan  6  sin  <f>, 

so  that  p  and  cr  are  positive  quantities.  Then  any  plane  perpend 
icular  to  this  line  is 


the  value  of  ©  depending  upon  the  distance  from  the  origin. 
ID  connection  with  the  substitution 

U  —  OL2P,       V  =  /Bz", 

take  a  plane,  determined  by  p  and  a  as  coordinates  of  direction 
and  passing  through  the  point  a  -f  1,  b  +  1,  c  ;  its  equation  is 


p  U  +  ay  +  Z  =  p  (a  +  1)  +  a-  (b  +  1)  +  c 


It  passes  also  through  the  point  m,  /i  +  1,  p  +  1  ;  through  the 
point  fj,  +  1,  Z/,  TT  +  1  ;  and  through  all  points  associated  with 
terms  that,  for  the  adopted  substitution,  give  rise  to  the  lowest 
powers  of  z  in  the  differential  equations.  The  perpendicular  from 
the  origin  upon  this  plane  is 


since  the  value  of  N  is  a  minimum,  this  quantity  is  less  than  the 
perpendicular  from  the  origin  upon  a  parallel  plane  through  any 
of  the  other  points  in  the  tableau.  If  a  surface  consisting  of 
portions  of  planes  can  be  constructed,  so  that  it  is  always  convex 
to  the  origin,  and  such  that  between  the  three  coordinate  planes 
and  this  surface  no  point  of  the  triple  system  in  the  tableau  is 
enclosed,  then  each  of  the  various  plane  portions  of  the  surface 
determines  quantities  p  and  a  that  are  positive.  Each  such 
portion  furnishes  the  orders  of  the  associable  substitution. 

The  process  of  obtaining  these  planes  is  similar  to  that  adopted 
for  obtaining  the  broken  line  in  the   Puiseux  diagram.     When 
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points  occur  lying  in  the  three  coordinate  planes,  some  of  them 
on  the  axes  of  reference,  it  is  convenient  to  construct  in  each  of 
the  coordinate  planes  the  broken  line  as  for  a  Puiseux  diagram  in 
that  plane.  When  there  are  no  points  in  the  tableau  lying  in  the 
coordinate  planes,  it  is  convenient  to  select  the  point  or  points  of 
lowest  ^-ordinate  :  if  there  be  several,  through  them  draw  a  plane, 
which  is  parallel  to  the  U-V  plane,  and  in  it  construct  the  broken 
line  as  for  a  Puiseux  diagram  in  that  plane. 

Through  the  initial  point,  if  there  be  only  one  point  of  lowest 
Z'-ordinate,  take  a  plane  parallel  to  the  U-V  plane:  through 
each  portion  of  the  broken  line  in  the  plane  of  points  of  lowest 
^-ordinates,  if  there  be  more  than  one  point  in  this  plane,  take 
the  plane  parallel  to  the  U-  V  plane.  Round  the  point,  or  round 
each  portion  of  the  broken  line,  as  the  case  may  be,  cause  the 
plane  to  turn  towards  coincidence  with  the  U-Z  plane  or  the 
V-Z  plane :  and  let  it  continue  to  turn,  until  it  meets  one  point 
or  more  than  one  point  in  the  space-tableau.  In  each  such 
position,  construct  a  broken  line  as  for  a  Puiseux  diagram  in 
that  position  of  the  plane  among  the  points  which  it  contains: 
and  round  each  portion  of  the  broken  line  let  the  plane  be  turned 
in  succession,  until  it  meets  other  points  in  the  space-tableau.  Let 
the  operation  be  continued,  until  the  portions  of  broken  line  (if 
any)  in  the  U-Z  plane  are  made  to  lie  in  the  moving  plane  in 
one  or  more  than  one  of  its  positions  :  and  so  also  with  the 
portions  of  broken  line  (if  any)  in  the  V-Z  plane. 

It  is  clear  that  each  portion  of  the  broken  surface  thus 
constructed  satisfies  the  conditions  as  to  (i)  the  respective 
minimum  values  of  N,  (ii)  the  positiveness  in  sign  of  the 
quantities  p  and  a. 

Further,  it  should  be  remarked  that  the  description  of  the 
construction  is  applicable,  not  solely  to  the  case  immediately 
under  consideration  when  M,  N,  P,  A,  B,  C,  all  are  zero,  but  also 
to  other  cases  when  several  of  them  can  differ  from  zero  :  and 
even  in  the  cases  when  several  of  them  are  negative,  it  can  be 
applied  if,  instead  of  beginning  with  the  coordinate  planes,  we 
take  planes  parallel  to  them  through  the  points  of  smallest 
ordinates.  Also,  it  may  happen  that  the  broken  line  in  one 
of  the  coordinate  planes  does  not  find  itself  subjected  to  pass 
through  a  point  on  an  axis  of  coordinates  in  the  plane:  thus 


26 


SPACE-DIAGRAMS 


[157. 


for  the  tableau  of  points  a  +  l,b  +  l,c,  all  the  points  for  which 
c  is  zero  lie  off  the  axis  of  U  and  the  axis  of  F. 

Now  take  a  portion  of  a  plane  containing  three  points  such  as 
a  +  l}  b  +  ly  c:  ra,  n  +  1,  p  +  1:  /*  +  !,  v,  vr  +  l:  its  angular 
coordinates  p  and  cr  are  given  by  the  equations 


6  +  1,      c    ,  1 
n+1,  p+1,  1 

V      ,    7T+1,    1 

c    ,  a  +  1,  1 

- 
p  +  1,      ra    ,  1 

7T  +  1,    yU,+  l,    1 

a  +  1,  6  +  1,  1 
ra    ,  n  +  1,  1 

fJL+1,          V       ,     1 

Each  of  the  denominators  is  a  determinant  of  integers  and  there 
fore  each  itself  is  an  integer ;  let  any  factor  common  to  all  three 
denominator-values  be  removed,  so  that  we  have  (say) 

6  4> 


where  6,  $,  ty  are  integers  having  no  factor  common  to  all  three. 
Then  we  change  the  variables  by  the  substitutions 


where  a  and  ft  are  constants,  and  the  quantities   U  and    V  are 
required  to  vanish  with  z  and  therefore  with  t. 


REDUCED  FORM  OF  THE  EQUATION  IN  CASE  V. 

158.  In  order  to  obtain  the  explicit  expression  of  the  reduced 
typical  forms,  at  least  in  the  more  important  instances,  we  shall 
assume  that  the  factors  ep,  eG  are  absorbed  into  the  other  parts 
of  the  expressions  on  the  right-hand  sides  of  the  equations — an 
assumption  that  does  not  affect  any  of  the  results  thus  far 
obtained  :  consequently  the  equations  may  be  taken  in  the  form 

.  du 
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When  the  preceding  substitutions  are  effected,  these  equations 
become 


tS9  (u,,  vlt  t)]  *Mr-t-«r 

where  $1}  $2,  $3  are  regular  functions  of  ul}  vly  t.  On  removing 
the  common  power  of  t  from  the  respective  sides  of  these  equations, 
they  become 


(^i,OK 

respectively. 

The  variables  u±  and  vl  are  required  to  be  distinct  from  zero 
when  t  =  0  ;  their  values  are  a  and  ft  respectively  when  t  =  0.  (If 
they  were  expressible  as  power-series  in  t,  representing  regular 
functions,  the  series  would  have  a.  and  ft  as  the  initial  terms.) 
Hence,  taking  t  =  0  in  the  above  differential  equations,  a  and  ft 
are  determined  by  the  two  algebraical  equations 


G  (a,  ft)  =  eaL^Ka^a"^  -  ^2Kmnpcim/3n  =  0 
H(a,  /3)  =  WZKatcOiW  -  t2AV«^"  =  0. 


simultaneous  solutions   of  these   equations  —  the  solutions  giving 
values  different  from  zero  —  are  suitable  values  of  a  and  /3. 

Let  a  and  /3  represent  a  simultaneous  solution  of  these 
equations  :  the  character  of  a  and  /3,  in  regard  to  multiplicity, 
may  be  illustrated  by  reference  to  the  theory  of  plane  curves. 
The  equations  G  (a,  £)  =  0,  H  '(a,  /3)  =  0  may  be  taken  as  re 
presenting  two  plane  curves  :  a,  ft  will  then  denote  the  coordinates 
of  a  point  of  intersection.  If  it  be  an  ordinary  point  on  each 
curve,  then  the  order  of  the  roots  is  simple  when  the  curves  have 
distinct  tangents  at  the  common  point;  it  is  duplex  when  the 
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curves,  having  a  common  tangent  at  the  point,  have  different 
curvatures  :  and  so  on.  If  the  point  be  a  multiple  point  on  either 
curve  or  on  both,  the  order  of  occurrence  of  the  roots  is  determined 
(by  the  known  results  obtained  for  the  intersections  of  curves) 
according  to  the  character  of  the  multiple  points. 

159.     Taking  as  the  first  case  that  in  which  a,  ft  is  an  ordinary 
point  on  each  curve,  let 

u,  =  a  +  U,     Vl  =  (3+V, 

where  U  and  V  (if  they  exist)  are  functions  of  t  that  vanish  with 
t  ;  then  the  coefficient  of  t  —^  is 

2Kabcaaj3b  +  R(U,  7,0, 

where  R  (  U,  V,  t)  is  a  regular  function  that  vanishes  with  U, 
V,  t.  Let  all  the  terms  in  the  first  equation,  other  than  those 

which  involve  t  -^  ,  be  transferred  to  the  right-hand  side  ;  their 
dt 

aggregate  is 

SO         SG  U"V»^^0_ 

7     ~  Y~  * 


where  S  is  a  regular  function  of  its  arguments.    Thus  the  equation 


f     4dU  . 
for  t  -j-  is 
dt 


dG      ydG  _tS(U   V 

-u-y~'"       ( 


= 


dt  2Kabcaa{3b  +  R(U,  V,t) 

dV 

and  similarly  the  equation  for  t  -  ,-  is 


- 

~ 


dt  ~  2Kabe**Pb  +  K(U,  7,0 

Suppose  that  a.  and  /3  are  such  as  to  make 


and  let  its  value  be  A,  which  is  a  constant  :  then  in  the  func 
tions  on  the  right-hand  side,  the  denominator  does  not  vanish 
when  U=0,  7=0,  Z  =  0;  and  consequently  the  functions  can  be 
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expanded  as  regular  power-series  in  U,  V,  t,  so  that  the  equations 
become 


t  +  e2(u,  v, t) 

UjU 

where  01  and  02  are  regular  functions  of  U,  V,  t  in  the  form  of 
power-series,  the  lowest  terms  being  of  dimensions  at  least  two, 
and  the  values  of  the  coefficients  K  and  X  being 

dG\  _dH 

da  |  da. 

dH 

3=~8#~ 

This  form  will  be  regarded  as  the  typical  reduced  form :  and 
in  this  form,  the  quantities  ^  and  Xj  do  not  both  vanish,  and 
also  the  quantities  K2  and  X2  do  not  both  vanish.  Manifestly  the 
reduction  is  effective  provided  that  A  does  not  vanish. 

If,  however,  while  A  does  not  vanish,  K:  and  Xa  both  vanish,  or 
KZ  and  X2  both  vanish,  or  both  pairs  vanish,  then  the  equation  for 

t  — 7— ,  or  the   equation   for  t—j-,  or  both  equations,  will  have  a 
dt  Cut 

different  form. 

Accordingly,  as  our  second  case,  suppose  that  the  lowest  deriva 
tives  of  G  with  regard  to  u^  and  vlt  which  do  not  vanish  for  the 

values  of  a.,  ft,  are  of  order  M±  where  Ml  ^  2.  The  equation  for  t  -j- 
then  is 


where  ®j  is  a  regular  function  of  t  vanishing  with  t,  U,  V,  the 
lowest  term  in  ©j  involving  t  alone  being  of  index  ^  2,  and  the 
dimensions  of  the  lowest  terms  in  @x  independent  of  t  being  of 
order  >  Ml. 

As  a  third  case,  let  the  lowest  derivatives  of  H  with  regard  to  ^ 
and  vlt  which  do  not  vanish  at  a,  (3,  be  of  order  M2  where  M2  ^  2  ;. 

dV 
the  equation  for  t  —  =—  is 

Cbv 
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where  ®2  is  a  regular  function  of  t  vanishing  with  t,  U,  V,  the 
lowest  term  in  <*)2  involving  t  alone  being  of  index  ^  2,  and  the 
dimensions  of  the  lowest  terms  in  ®2  independent  of  t  being  of 
order  >  Mz. 

Similarly  for  a  fourth  case,  viz.  that  in  which  the  conditions 
for  both  the  second  and  the  third  cases  are  satisfied,  the  corre 
sponding  change  occurs  in  both  equations.  All  the  instances  can 
be  included  in  the  form 


where  ©x  and  <H)2  are  regular  functions  in  which  the  lowest  power 
of  t  has  its  index  ^  2,  and  the  terms  of  lowest  order  in  U  and  7 
independent  oft  are  of  dimensions  >  Mlt  >  M2,  respectively. 

For  the  first  case  of  all,  M^I,  M,=  l;  for  the  second  case, 
^^2,  Jfa  =  l;  for  the  third  case,  M^l.M^l]  for  the  fourth 
case,  k^2,  M*>Z. 


160. 


If  however  A  be  zero,  that  is,  if  ul  =  a,vl  =  {3  make 


vanish,  then  the  preceding  form  does  not  arise  as  the  resulting 
type.  The  coefficient  of  t^£  in  the  equations,  before  the  sub 
stitutions  ^=a+  U,  V!=0+  V  are  made,  is  ,' 


Let 


Ci  II 

then,  since  .F=0,  the  value  of  the  coefficient  of  t  ~  after  the 
transformations  have  been  made  is 


where  M9>1,  ®3  is  a  regular  function  vanishing  with  U,  F,  t 
in  which  the  lowest  power  of  t  has  its  index  ^  2,  and  the  terms  of 
lowest  order  in  U  and  F  independent  of  t  are  of  dimensions  >M>. 
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The  equations  thus  become 


dt 


The  simplest  case  is  manifestly  that  which  is  given  by 


161.  As  already  indicated,  we  are  limiting  our  detailed  in 
vestigations  to  the  case  when  the  number  of  dependent  variables 
is  two.  The  perfectly  general  character  of  the  last  result  in 
dicates  what  the  corresponding  form  is  when  the  number  of 
dependent  variables  is  n. 

Let  the  equations  be 


for  r=l,  2,  ...,  n  ;  determine  quantities  /JLI,  /^2,  ...,  ynn  by  the 
process  (either  geometrically  or  analytically  completed)  used  to 
determine  p  and  cr  in  the  preceding  case,  and  suppose  that  they 
are  expressed  in  the  form 

/3 

f*s  =  ~,  (s  =  l,  ...,n), 

where  the  integers  Olt  ...,  0n>  ty  have  no  factor  common  to  all. 
Let 

Fr  («!,  .  .  •  ,  On)  =  ^ 


for  T  =  1,  .  .  .  ,  n  ;  and  let 

G=G(*lt  ...,  an) 
Then  let 

3  =  £*,       Ur  =  («r  +   ^/r)  t?r,  (r  =  1, 

where  the  ?i  quantities  a  are  determined  by  the  n  equations 

F      ...«  -a 
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Then  the  equations  for  the  quantities  U  are 


dUr_ 

t  dt  -' 


for  r  =  1,  .  .  .  ,  n.     In  obtaining  this  result,  the  conditions  are  :  — 

(i)     the  derivatives  of  Fr  with  regard  to  alf  ...,  an  of  lowest 
order  which   do   not    vanish    are   of  order  Mr,  so  that 


(ii)     the  derivatives  of  G  with  regard  to  «i  ,  .  .  .  ,  an  of  lowest 
order  which  do  not  vanish  are  of  order  M.     If  M  =  0,  the 

fractions  for  t—r-^  can  be  at  once  expressed  as  regular 

Cvv 

functions  of  J7i,  ...,  Untt\  if  M  >0,  further  transforma 
tions  are  necessary  ; 

(iii)  the  functions  ®r  are  regular  ;  the  lowest  power  of  t  alone 
occurring  in  them  has  its  index  >  1  :  and  the  lowest 
terms  in  the  variables  U  independent  of  t  are  of  dimen 
sions  >Mr.  Likewise  for  the  function  O. 


REMAINING  FORMS. 

162.     Thus  far  we  have  discussed  only  the  case  in  which  the 
values  of  p  and  cr,  being  the  orders  of  the  leading  terms  of  u  and  v 

'  du        ,  dv 

in  powers  of  2,  arose  from  terms  in  the  numerators  ot  -p  and  ^ 

and  from  terms  in  their  common  denominator.  It  might,  of  course, 
happen  for  particular  cases  that  values  of  p  and  a  were  provided 
through  the  denominator  alone;  in  which  case  the  left-hand  side  of 
the  preceding  equations  would  be  replaced  by 


in  the  appropriate  reduced  forms.     It  might  happen  that  values 
of  p  and  o-  were  provided  by  the  denominator  and  by  only  one  of 

the  numerators  and  not  by  the  other,  say  by  that  of  ^  but  not  by 
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that  of  ^;   in  which  case  the  left-hand  sides  of  the  preceding 
equations  would  be  replaced  by 

dU  dV 

tfo*  ~JT>  (*^l)j 

\AJif  (A/U 

in  the  appropriate  reduced  forms. 

Similarly  for  other  possible  combinations :  we  use  the  general 
method  adopted  for  the  preceding  cases,  in  the  succession  which 
corresponds  to  that  considered  (Chapter  v)  for  a  single  equation. 

Again,  the  preceding  reductions  are  effective  for  the  forms 
indicated  at  the  beginning  of  §  156;  but  these  forms  are  only 
particular  cases  of  the  most  general  form  given  in  §  155. 

Without  entering  into  the  full  discussion  of  all  the  alternatives 
connected  with 


A  K  c    <.iV7r  .. 

—  =  UA  VBZC        *   -  r  —  -  -  G  (u> 
dz 


that  can  arise  according  as  the  integers  M,  N,  P,  A,  B,  C  are 
positive,  zero,  or  negative  in  all  the  possible  combinations,  we 
shall  merely  indicate  the  initial  stage.  The  detailed  develop 
ment  bears  the  same  broad  relation  to  the  development  in  the 
case  when  all  these  integers  are  zero  as,  in  the  case  of  a 
single  equation,  does  the  detailed  development  (§§  50—58)  bear 
to  the  development  when  the  corresponding  integers  are  zero 
(§§  43—46). 

If  for  sufficiently  small  values  of  \z\y  the  leading  terms  in  u 
and  v  are 


and  if  the  lowest  powers  of  z  for  these  substitutions  spring  from 
the  denominator  and  both  the  numerators,  say  from  terms 


C  7T  1lrnVn7'P  W 

>       -f*-mnpa     v    *    I       -ft-p 

then,  as  before,  we  have 

P  —  1  +  a/>  4-  fro-  +  c  =  Mp  +  No-  +  P  +  mp  +  ncr  -\-p, 

a-  -  1  4-  ap  4-  ba  +  c  =  Ap  +  Bcr  +  C  +  pp  +  va  +  TT, 
F.  m.  3 
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that  is, 


Taking  the  same  three  axes  as  before,  and  referring  points  to  them 
as  axes  of  reference,  we  mark  all  the  points 

a  +  1,     6  +  1,     c, 

associated  with  the  common  denominator  for  the  various  values  of 
a,  b,  c  ;   all  the  points 

m  +  M,     n+l+N,    p  +  I  +  P, 

associated   with  the   numerator  of  -7-  for  the   various  values  of 

dz 

m,  n,  p;   and  all  the  points 

ft  +  1+4,        V+B,        7T+1  +  0, 

associated  with  the  numerator  of  -y-  for  the  various  values  of  ft,  v,  TT. 

With  all  the  points  of  this  tableau,  and  by  means  of  planes,  we 
construct  the  same  configuration  as  in  the  case  when  M,  N,  P, 
A,  B,  C  all  are  zero.  Then  those  plane  portions  of  the  broken 
surface  thus  constructed,  which  give  positive  values  for  their 
angular  coordinates  p  and  cr,  correspond  to  appropriate  values  of 
leading  terms  in  u  and  v  ;  and  they  lead,  by  corresponding  analysis, 
similar  to  that  in  the  preceding  instance,  to  the  reduced  typical 
forms. 

As  in  the  case,  when  M,  N,  P,  A,  B,  C  all  are  zero,  it  may  be 
necessary  to  take  account  of  instances  in  which  terms  of  the  lowest 
order  for  an  appropriate  substitution  arise  out  of  the  numerators 
only,  and  not  from  the  common  denominator:  similarly,  also  for 
the  other  possible  combinations  for  the  source  of  terms  of  the 
lowest  orders. 

Many  of  these  forms  are  evidently  only  reduced  in  part  to  typical 
forms.  The  further  reduction  can  be  carried  out  by  a  repetition 
of  the  process  adopted  for  the  change  from  the  original  form  to 
the  form  which  has  already  been  obtained  :  but  as  regards  general 
investigations,  the  process  merely  leads  to  an  accumulation  of 
analytical  forms  of  no  special  value  for  the  present  purpose.  The 
actual  details  of  such  reductions  in  the  case  of  a  single  equation, 
for  sub-reduced  forms,  were  exhibited  for  one  case  in  Ex.  5,  §  60  : 
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the  corresponding  process  can  be  carried  out  for  the  cases  that 
have  arisen  in  connection  with  a  system  of  two  equations. 

Some  particular  examples  of  the  general  process  will  now  be 
considered. 

163.     Ex.  1.     Consider  the  equations 

du  _  a'u  +  b'v  +  c'z  -j-  higher  powers 

dz       au  +  bv  +  cz  +  higher  powers 

dv  __  a"u  +  b"v  +  c"z  +  higher  powers 

dz        au  +  bv  +  cz-\-  higher  powers    , 
The  points  in  the  tableau  that  need  to  be  taken  into  account  are  the  three 
points  :  (2,  2,  1)  from  the  common  denominator,  (1,  2,  2)  from  the  numerator 

of  ^-,  and  (2,  1,  2)  from  the  numerator  of  -=-  •    and  no  others.     A  plane 

through  them  is 

U+V+Z=5, 

that  is,  we  have  p  =  l,  <r  =  l  ;   and  therefore  —  no  transformation  of  the  de 
pendent  variable  being  necessary—  the  substitutions  are 

u  =  ulz,     v  =  v1z. 
The  equations  for  u^  and  vt  become 


b'vl  +  zQ(u1,  vlt  z)} 
-  u^  {c  +  ait!  +  bvj_  +  zP  (u^  ,  vl  ,  z}}, 
{c"  +  a"ul  +  b"vl+zR(ul,  vlt  z)} 

-vl{c  +  au±  +  bv1  +  zP  (HI  ,  ^  ,  z)}. 

Let  a,  j3  be  the  respective  values  of  ult  vlt  when  z  =  0  ;  then 
c'  +  a  a  +  b'P      c"  +  a"  a  +  b"@ 


Denoting  the  common  value  of  the  three  expressions  by  0,  we  have 
c—0,        a    ,        b 
c'    ,     a'  —  0,        b' 
c"    ,       a"   ,     b"-0 

a  cubic  which  in  general  has  three  roots  distinct  from  one  another.     In 
connection  with  a  root  0  =  $,  we  have 


which  determine  a  and  jB  uniquely  unless 


with  this  exclusive  condition,  each  root  3  gives  a  determination  of  a  and  /3. 
Hence,  writing 

ul  =  a+U9     Vl  =  fB+V, 

3—2 
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for  any  such  determination,  we  have 

dU_  (a'-aa-S}  U+  (b'  -  ba)  V+  term  in  z + zPl  ( U,  F,  g) 

U,  F,  z) 


=    {(a'-aa-$}U+(b'-ba)V+yz} 

»J 


dz 


V,  z} 


where  Rl  and  R2  are  regular  functions  of  their  arguments. 

This  reduction  is  satisfactory  unless  £  =  0:  and  this  can  happen  only  when 


If  however  this  determinant  does  vanish,  then  the  forms  of  the  equations  are 
dU _  a1'U+b1'V-^-cl'z  +  'higher  powers 
dz  ~  a1C7+blV+clz  +  higher  powers  ' 

d  V     a/' U+  bj"  F+  c-^'z  +  higher  powers 
dz  ~    a^U+b^  F+  q z  +  higher  powers 
Ex.  2.     Consider  the  equations 

du     a!  u  +  b'v -\-cz-\- ... 
Zdz  = 

dv 

z~r  - 
dz 

which  represent  the  simplest  of  the  incompletely  reduced  forms  in  §  160,  and 
also  the  special  unreduced  form  in  the  last  example  when  $  is  zero. 

Proceeding  as  by  the  general  method,  and  in  the  first  place  assuming  the 
possibility  of  terms  of  the  lowest  order  arising  from  both  the  numerators  and 
from  the  common  denominator,  we  have  J/  =  0,  N=0,  P=  -1,  ^4=0,  B=0y 
C=  —  1 :  the  points  to  be  taken  account  of  in  the  tableau  are  (2,  2, 1),  (1,  2, 1), 
(2,  1,  1):  so  that  the  plane  pU+vV+Z=N  is  Z=l,  that  is,  p  =  0,  o-  =  0. 
This  shews  that  no  substitution  of  the  required  type  exists  in  connection  with 
the  assumption  that  terms  of  the  lowest  order  arise  from  the  denominator 
and  the  numerators  simultaneously  :  a  result  that  is  sufficiently  obvious  from 
independent  inspection  of  the  equation.  In  fact,  the  equations  can  be 
satisfied  (if  at  all)  only  by  values  of  u  and  v,  which  make  the  terms  of  lowest 
order  in  the  numerators  vanish,  without  at  the  same  time  making  the  terms 
of  that  order  vanish  in  the  denominator. 

Accordingly,  we  take  two  new  variables  U  and  F,  vanishing  with  z,  such 

that 

a'u  +  b'v  +c'z  =  Uz, 

and  therefore 

z 


au  +  bv  +  cz  •• 


db"-a"V 


a', 
a", 
a, 


c'-U 
c"-V 
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a  result  which  satisfies  the  first  condition  if  the  determinant  (a'b"c}  does  not 
vanish  :  this  will  be  assumed.  Now  with  these  values 

du  =  Uz+z2Q1  (  U,  F,  z]      U+zS1(U,  V,z] 

Z  dz       Kz  +  z3>(l\  V,z)  ~  K+$(U,  F,  z)  ' 

dv  =  Vz+z2Q2(U,  F,  g)      V+ze2(U,  F,  z} 

dz       Kz  +  z$(  U,  V,  z}         K+&  (  U,  F,  z)  ' 

where  Q1  and  02  are  regular  functions  of  their  arguments,  which  do  not  necess 
arily  vanish  when  £7=0,  7=0,  2=0;  3>  is  a  regular  function  of  its  arguments, 
which  does  vanish  when  £7=0,  F=0,  2  =  0  ;  and  K  is  not  zero.  Hence 

dv 


ndU      „  .  du 

z2  --  +zU=  c'z  +  a'z  -- 


- 
dz 


-j- 
dz 


-j- 
dz 


_ 


V,  z}} 


and  therefore 


22    ,-  =  -^ 


-    V+c^z+  higher  powers  ; 


and  similarly,       2'2"^"" =  ~jr  & +T?  V -\-c\z-\-  higher  powers  ; 

the  value  of  K  being 

a',      &',      c'   IH-     a',      b' 

a",     b",     c"  a",     b" 

a,       b,      c 
The  equations  are  now  in  their  reduced  typical  forms. 

Ex.  3.     Obtain  typical  reduced  forms  for  the  sets  of  equations  :  — 

du  _    av2  -f-  bz2    \ 

dv        a'u2  -f  b'z2   I 
dz  ~  au  +  fiv  +  yz) 

du      au3  +  av3  +  K3z3 


dv 
dz 


CU  +  C'V  +  K 


v,  z)2 


zdu  =  (a,  b,  c, /,  g, 

Z  dz  ~         (a,  3,  ylu,  v,  z] 
dv      (a',  b',  c',  /',  g',  h'\u,  V,  z)2\  ' 
dz  (o,  /3,  y\u,  v,  z) 

du     aua  +  a'va 

z  —r  =  — 
dz       rlly  j_ 


dz 
du 


dv  _  au  +  @v  +  yz  I  ' 
~dz  ~a'u+pv+yz) 
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Ex.  4.     As  an  indication  of  another  method  of  proceeding,  consider  the 
equations  of  the  first  example  in  the  specially  simple  case 
du     a'u  +  b'v  +  c'z        dv      a"u  +  b"v  +  c"z 


dz       au  +  bv  +  cz  '      dz         au  +  bv  +  cz 
Introduce  a  new  variable  £,  such  that 

du       .       ,.        , 
=  au  +  b  v  +  cz, 


<& 

d$ 

Let  wlt  Wfr  wz  be  the  roots  of  the  cubic 

a'-w,        b'    ,       c' 
a"  ,     b"  —  w,       c" 
a    ,         b     ,     c-w 
which  is  the  cubic  that  occurs  in  the  earlier  reduction.     Then  the  most 
general  solution  of  the  equations  is 


where  the  ratios  of  quantities  A^B^Ci  associated  with  wt  are  determined  by 
any  two  of  the  equations 


Now  in  place  of  £  introduce  a  variable  77,  such  that 


so  that  the  form  of  the  equations  is 

du  ,,        ,     \ 

w^-—~  =  au  +  b  v  +  c z 
dij 

Wir)^=a"u  +  b»v  +  c"z 

dz 

w-%  TI  —  =  CLU  -\-  bv  -f-  cz 
dtj 

then  each  of  the  quantities  u,  v,  z  is  expressible  in  the  form 
where 
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This  method  can  be  applied  also  when  the  expressions  for  -7-  and  -=-  have 

the  fuller  generality  as  in  Ex.  1  :  and  then  77  is  a  parametric  quantity  in  terms 
of  which  u,  v,  z  are  expressible.  The  most  useful  application  arises  when 
u,  v,  z,  rj,  A,  fj.  all  are  real  ;  the  differential  equations  are  then  equations  of 
skew  curves  in  ordinary  space  of  three  dimensions.  This  application  will, 
however,  not  be  developed  here,  largely  for  the  reasons  that  led  to  the 
omission  of  the  corresponding  application  in  connection  with  a  single 
equation*. 

Ex.  5.     It  might  prove  of  some  interest  to  examine  in  detail  one  special 
instance  of  the  general  case  considered  in  this  chapter,  viz.  that  in  which  the 

equation  is  one  of  the  second  order,  and  of  such  a  form  as  to  give  ^-f  explicitly 

in  terms  of  #,  y,  p.  Taking  y  and  p  as  dependent  variables  :  assigning  the 
condition  that  y  (though  not'  necessarily  p)  vanishes  with  x  and,  as  an  alterna 
tive,  that  y  and  p  vanish  with  x\  it  would  be  necessary  to  obtain  the  various 
reduced  forms  for  the  equation 


for  values  of  the  variables  in  the  vicinity  of  every  non-  ordinary  combination 

(*»y»p)' 

See,  in  this  connection,  Chapter  xiv. 

*  See  Ex.  1,  §  60  ;  and  the  footnote  at  the  beginning  of  Chapter  vni. 


CHAPTER  XII. 

THE   INTEGRALS  OF  THE  REDUCED   FORMS  OF   A    SYSTEM    OF 
EQUATIONS,  CHIEFLY  OF  TWO  DEPENDENT  VARIABLES*. 

164.  BEFORE  proceeding  to  the  establishment  of  the  integrals 
of  the  typical  reduced  forms  of  the  equations,  an  indication  of 
some  of  their  properties  can  be  obtained  from  the  discussion  of 
a  simple  case  which  can  be  solved  in  finite  terms.  Take  the 
equations 


where   m   and  n  are  positive  integers.     Let  z  =  e^,  and  denote 
-TT,  by  D  ;  the  equations  are 


and  therefore 

{(D  -  a,)  (D  -  ft)  -  «2ft}  U  =  71  (m  -  ft)  em<  +  72ft<K; 
and  similarly 

{(D  -  oO  (D  -  ft)  -  «,&}  F  -  7l«2e^  +  72  (72  -  a,)  0*. 


*  In  order  to  avoid  prolixity  of  formula,  the  investigations  are  confined  almost 
entirely  to  the  case  when  the  system  of  ordinary  equations  involves  only  two 
dependent  variables  :  the  appropriate  generalisation  to  the  case  of  n  dependent 
variables  is  stated  in  §  187  without  proof,  because  the  proof  is  sufficiently  indicated 
for  the  case  n  =  2.  Some  references  are  given  in  the  course  of  the  chapter  :  a  more 
general  reference  is  due  to  Konigsberger's  treatise  (cited  p.  8),  ch.  v,  where  a 
number  of  memoirs  are  quoted  in  the  preface  ;  and  to  part  of  a  memoir  by  Goursat, 
Amer.  Journ.  Math.,  t.  xi  (1889),  pp.  329-372.  See  also  a  memoir  by  the  author 
in  the  Stokes  Jubilee  volume  (1899)  of  the  Camb.  Phil.  Trans.,  t.  xvm,  pp.  35-90. 
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Let  f  j  and  £2  be  the  roots  of  the  quadratic 


then 

u==  7i  (^  -  ft)  72ft 


(m  -  oO  (m  -  ft)  -  a2ft  (w  -  oO  (n  -  ft)  -  a2ft 


(m  -  «!>  (m  -  ft)  -  a2ft  (TI  -  cO  (n  -  ft)  -  a,jft 


A  A 

which,  on  the  substitution  of  z  for  e^  give  the  solution  of  the 
original  equations.  The  quantities  P  and  Q  are  arbitrary 
constants. 

Hence  also  the  solution  of  the  equations 
dU 


is  given  by 


(S  -«!>(*-  ft) 


ft  ft  (5  -  «!>  (6-  -  ft)  -  «2ft 

where  fx  and  fa  are  the  roots  of  the  quadratic 


and  P,  Q  are  arbitrary  constants. 

The   solution  thus  obtained  is  the  complete  solution  :   it  is 
satisfactory  and  definite,  provided 

(i)     neither  root  of  the  quadratic  is  a  positive  integer  ;  and 
(ii)     the  roots  of  the  quadratic  are  unequal. 

It  is  clear  that  the  power-series  in  the  expressions  for  V  and  F 
converge  when  the  power-series  in  the  expressions  for  z  -r—  and 

dV 
z~r-  converge. 
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The  solution  obtained  ceases  to  be  satisfactory,  as  regards  form 
and  completeness,  if  the  conditions  specified  are  not  satisfied. 
Corresponding  to  this  alternative,  there  are  four  subsidiary 
cases,  viz. 

I.     When  f  j  =  K,  an  integer,  and  f2  is  not  an  integer  : 
II.     When  f  !  =  K,  an  integer,  and  £2  =  X,  another  integer: 

III.  When  fx  =  f2,  the  common  value  6  not  being  an  integer  : 

IV.  When  £  =  f2,  the  common  value  $•  being  an  integer  : 
the  integers  in  each  case  being  positive. 

Case  I.  It  is  clear  that  the  terms  in  U  and  V  which  involve 
z^  will  be  unaffected  by  the  hypothesis,  as  will  also  all  the  terms 
involving  powers  of  z  in  the  two  summations  other  than  the 
/eth  power.  We  have,  on  taking  s  =  tc  +  A  (A  being  an  in 
finitesimal  real  quantity), 

z*  =  z*(l  +  A  logs  +  ...), 
(s-*l)(8-fo-**&  =  (8-K)(8-&)  =  &(*-&  +  &), 

so  that  the  term  in  U  in  the  summation  gives  rise  (i)  to  a  term 
in  s*  with  a  coefficient  which,  though  infinite  in  the  limit  when 
A  =  0,  can  be  absorbed  in  the  coefficient  of  Pz^,  that  is,  of  Pz*  : 
and  likewise  for  the  term  in  V;  (ii)  to  a  term 


in  £7,  and  to  a  term 

a^+O^a^^ 

*  -  6 

in  F;  and  (iii)  to  terms  which  vanish  in  the  limit  when  A  =  0. 
To  determine  more  precisely  the  relation  of  the  arbitrary 
coefficients  of  2*  in  U  and  V  respectively,  we  take 


+  —    K-V"   l6*  z*  lo£ z 
=  ^l  Q*  +  y  (s  ^/l^^g; 

+  g26<c  +  (/C-«1)^    ^log^ 


y, 
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where  the  term  corresponding  to  s  =  K  is  omitted  from  the  summa 
tion  2'.  Substituting  these  values,  we  find  that  both  equations 
are  identically  satisfied  if 


These  equations  are  consistent  with  one  another  ;   and  therefore 
we  may  take 


where  $  is  an  arbitrary  constant.  When  these  values  of  P±  and 
P2  are  substituted,  the  resulting  expressions  give  the  values  of 
the  integrals. 

Case  II.  It  is  clear  that  the  terms  in  U  and  F,  which  arise 
through  the  summation  for  various  values  of  s,  are  unaffected  by 
the  hypothesis  except  the  two  which  involve  the  fckh  power  and 
the  Xth  power  of  z  respectively.  Proceeding  as  in  the  last  case, 
we  find 


*-  «0  (*-&)-«,  A         l 

[{(AT  -  &)  6.  +  &e;}  ^  -  {(X  - 


0 

+  ^2" 


-  a       € 


where  the  summation  in  2"  extends  to  all  values  of  s  except  only 
K  and  X;  where  Px  and  P2,  Ql  and  (J2,  are  connected  by  the 
respective  relations 

'    '  '    —  K 


and  £f  and  T  are  arbitrary  constants. 

Case  III.     This  is  the   customary  case  that  occurs  in  con 
nection   with    the   complementary  function   in  the  solution  of  a 
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linear  equation  when  the  roots  of  the  critical  equation  are  equal. 
The  solution  is  easily  proved  to  be 

rr         ^          (S-&K  +  /W  A~      e,  .    MR  -A)     e} 

U  =  2,  -.  --  r-p  -  5-r  --  -Q-  zs  +  Ap^sr  log  z  +  —  -^  —      —  £e 

(5  -  «!>  (5  -  /9o)  -  0,01  0  -   «! 


(5  -  aO  (s  -  /92)  - 

where  J.  and  R  are  arbitrary  constants,  0  is  the  (repeated)  root  of 
the  quadratic 


the  summations  in   U  and  V  are  for  all  values  of  5,  and  0  is  not 
an  integer. 

Case  IV.  This  case  differs  from  the  last  in  the  fact  that  0  is 
an  integer  S-,  so  that  the  form  ceases  to  be  satisfactory  for  the 
term  in  the  summation  for  which  s  =  S-.  To  obtain  a  suggestion 
as  to  the  form,  take 

s  =  ^  +  A, 
where  A  ultimately  will  be  made  zero  ;  then 


A2 
Consequently  we  assume 


where  the  summation  in  S7  is  for  all  values  of  s  except  only  s  =  S-. 
In  order  that  the  equations  may  be  identically  satisfied,  we  must 
have 
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where  A  and  Kz  are  arbitrary  constants.  When  these  values  of 
Hlt  H2,  K^  are  inserted  in  the  expressions  for  U  and  V,  the 
resulting  forms  are  the  integrals  for  the  case  when  the  quadratic 
has  the  integer  S-  for  a  repeated  root. 

Note.  It  may  be  pointed  out  that,  if  the  method  of  §  146  had 
been  adopted  so  as  to  introduce  a  new  variable  f,  the  equations 
would  have  been 

dU 


dz 

d% 
the  critical  cubic  is 


*i  —  &>> 


=  0, 


«2     ,     $5  -  o>,        72 
0     ,          0,1-a) 
the  roots  of  which  are  o)  =  1  and  the  roots  of  the  quadratic 

/     i\  ( &  x\ n  /Q  n 

which  is  the  critical  quadratic  of  the  preceding  method. 

165.     When  it  is  necessary  to  consider  the  character  of  in 
tegrals  of  the  equations 


~ 
dV 


which    vanish   when   t  =  0,   the   preceding   example   gives    some 
indications  of  results  to  be  obtained.     The  equation 


which  is  of  importance,  will  be  called  the  critical  quadratic.  The 
following  theorems  are  suggested  (though  of  course  not  with 
adequate  justification  of  the  conditions): 

(i)  If  the  roots  fx  and  £2  of  the  critical  quadratic  be  neither 
of  them  a  positive  integer,  then  integrals  U  and  V  of  the 
equations  exist,  which  vanish  at  t  =  0  and  are  regular  functions 
of  t. 
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(This  is  suggested  by  taking  P  =  0,  Q  =  0  in  the  solution  of 
the  unconditioned  form  of  the  example,  and  by  taking  A  =  0, 
£  =  0  in  Case  III) 

(ii)  If  the  real  part  of  one  of  the  roots,  say  f1}  be  positive, 
neither  fx  nor  f2  being  a  positive  integer,  then  integrals  U  and  V 
of  the  equations  may  exist,  which  vanish  at  t  =  0  and,  though  not 
regular  functions  of  t,  are  regular  functions  of  t  and  fa. 

Similarly  if  the  real  part  of  f2  be  positive,  though  neither  fx 
nor  f2  is  a  positive  integer,  integrals  may  exist,  which  are  regular 
functions  of  t  and  $*  and  vanish  with  t. 

And  if  the  real  parts  of  both  fj  and  f2  be  positive,  though 
neither  fx  nor  f2  is  a  positive  integer,  integrals  may  exist,  which 
are  regular  functions  of  t,  &,  tf*  and  vanish  with  t. 

(Manifestly  limitations  must  be  introduced,  so  as  to  take 
account  of  the  possibility  that  fz  and  f2  may  be  commensurable 
positive  quantities  in  the  respective  cases,  and  of  the  possibility 
that  f  j  —  f2  mav  be  an  integer,  including  zero.) 

(iii)  If  the  real  part  of  each  of  the  roots  f  j  and  f2  be  negative, 
then  the  regular  integrals  are  the  only  integrals  of  the  equation 
which  exist,  subject  to  the  condition  of  vanishing  with  t. 

(iv)  If  one  root  (but  not  the  other  root)  of  the  quadratic 
be  an  integer,  and  if  its  value  be  K,  then  no  regular  integrals 
of  the  equations  exist  vanishing  with  t,  unless  the  coefficients  in 
#1  ( U,  V,  t)  and  #2  ( U,  V,  t)  satisfy  certain  conditions.  If  however 
these  conditions  are  satisfied,  then  there  can  be  an  infinitude  of 
regular  integrals  vanishing  with  t. 

If  either  (or  both)  of  the  roots  of  the  quadratic  be  a  positive 
integer,  then  integrals  of  the  equation  may  exist,  which  vanish 
with  t  and  are  regular  functions  of  t  and  t  log  t. 

To  the  consideration  of  these  theorems  we  now  proceed*, 
taking  account  of  the  successive  different  general  cases  that  can 
arise  owing  to  the  various  possibilities  of  the  form  of  the  roots  of 

*  The  first  of  them  was  enunciated  by  Picard,  Comptes  Rendus,  t.  LXXXVII  (1878), 

pp.  430 432,  743 — 745  ;  it  is  developed,  further  than  his  earliest  enunciation,  in  his 

Cours  cCAnalyse,  t.  in,  ch.  i.  See  also  Goursat,  Amer.  Journ.  Math.,  t.  xi  (1889), 
p.  335. 

The  third  was  enunciated  by  Goursat  in  the  memoir  just  quoted  (p.  342) ;  and  a 
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the  critical  quadratic.  For  this  purpose,  the  method  given  by 
Jordan,  for  the  corresponding  case  of  a  single  equation  and  used 
in  §  71,  is  adapted  to  the  system  of  two  equations.  The  various 
cases  are : — 

I.  The  quadratic  has  unequal  roots : — 

(a)  neither  root  being  a  positive  integer : 

(b)  one  root  being  a  positive  integer,  the  other  not : 

(c)  both  roots  being  positive  integers. 

II.  The  quadratic  has  equal  roots : — 

(a)  the  (repeated)  root  not  being  a  positive  integer : 

(b)  the  (repeated)  root  being  a  positive  integer. 

It  should  be  added  that  a  further  assumption  will  be  made  for  the 
present  purpose,  viz.  that  the  critical  quadratic  has  not  a  zero-root. 
As  a  matter  of  fact,  the  existence  of  a  zero-root  would  imply  (as 
for  a  single  equation  of  the  first  order)  that  the  reduced  form  of 
the  system  belongs  (§§  159,  160)  to  a  type  different  from  that  here 
considered. 

166.     It  is  convenient  to  transform  the  variables.     When  the 
roots  of  the  critical  quadratic 


very  special  case  of  one  of  the  portions  of  the  second  is  remarked  by  him  in  the 

form 

du     1  \ 


dv 


which  are  satisfied  by  u  =  z*,  v  =  z^. 

A  considerable  portion  of  Chapter  v  of  Konigsberger's  treatise,  already  fre 
quently  cited,  is  devoted  to  the  corresponding  discussion  for  n  equations.  Some 
difficulties,  as  regards  adequacy  of  proof  of  the  theorems,  independently  of  the 
general  statement,  prevent  me  from  thinking  the  investigation  entirely  satisfactory. 
An  example,  illustrating  the  general  result  for  n  =  2,  and  differing  from  Konigs 
berger's  implied  form  of  integral,  is  given  subsequently  (§  176,  Ex.  2). 

Some  papers  by  Horn,  Crelle,  t.  cxvi  (1896),  pp.  265—306,  ib.  t.  cxvn  (1897), 
pp.  104—128,  254—266,  may  also  be  consulted;  further  references  will  be  found 
in  them. 
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are  unequal,  say  £  and  £2>  we  introduce  new  variables  u  and  v, 
such  that 


where       (ai  -  f  0  X  +  «2/u  =  0)          (^  -  f  2)  V  4-  a,//  =  0 


the  ratios  X  :  //,  and  X7 :  ///  are  unequal,  and  consequently  the  new 
variables  u,  v  are  distinct.  The  equations  become 

t<fa=tu+<L  ,     v  tf 
dt 

.  dv  .   ,          ,s 

t  -j-  =  q^V  +  <p2  (w>  ^>  ^) 

where  </>l5  c/>2  are  regular  functions  of  their  arguments  and  vanish 
with  them  ;  except  for  a  term  in  f,  they  have  all  their  terms  of 
the  second  or  higher  orders  in  u,  v,  t  combined. 

When  the  roots  of  the  critical  quadratic  are  equal,  having  a 
value  f,  say,  we  introduce  a  new  variable  u  such  that 


where  (a,  -  f  )  X  +  o^  =  0,     &X  +  (&-£)/*=  0. 

Then  we  have 


>,F,e), 

say. 

It  therefore  appears  that  the  equations,  corresponding  to  the 
cases  I  (a),  I  (6),  I  (c),  are 

da  __  ,.          ,    , 

^.  ,     v 

where    ^   and    £2   are   unequal   to    one   another:    and   that   the 
equations,  corresponding  to  the  cases  II  (a),  II  (6),  are 
dn 

Ct/M/  c+  ,          |         / 


i   /         .\ 
-r  +  ^(u,  v,  t) 
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In  both  forms,  the  functions  fa  and  fa  are  regular  functions  of 
their  arguments  and  vanish  with  them  ;  and  the  only  term  of  the 
first  order  in  fa  and  fa  is  possibly  a  term  in  t.  For  both  forms, 
the  initial  conditions  are  that  u  =  0,  v  =  0.  when  t  =  0. 

For  brevity,  integrals,  which  are  regular  functions  of  t,  will 
be  called  regular  integrals :  and  integrals,  which  are  not  regular 
functions  of  t,  but  are  regular  functions  of  quantities  that  them 
selves  are  not  regular  in  t,  will  be  called  non-regular  integrals. 
The  results  are  obtained  for  the  transformed  equations  in  u  and  v ; 
since  U  and  V  are  linear  homogeneous  combinations  of  u  and  v, 
the  results  apply  to  the  original  equations.  We  shall  first  discuss 
the  regular  integrals  for  all  the  cases  in  turn ;  afterwards,  the 
non-regular  integrals. 


REGULAR  INTEGRALS. 

CASE  I  (a) :   the  critical  quadratic  has  unequal  roots,  neither 
being  a  positive  integer. 

167.     If  the  equations 

t-T7  =  ^u-\-fa  (u,  v,  t),       t~jf~  %*v  +  $2 (w>  v>  t), 

possess  regular  integrals  vanishing  with  t,  these  integrals  must 
have  the  form 

00  00 

,,,  ~*>     n    +n  t\ V    A    tn 

u  —  z<  ani  ,       v —  z,  oni  . 

n=\  »=1 

That  they  may  have  significance,  the  power-series  must  converge ; 
that  they  may  be  solutions,  they  must  satisfy  the  equations 
identically. 

Accordingly,    substituting    the    expressions    and    comparing 
coefficients  of  tn,  we  have 

(n-  ?i)an=/n,     (n-^2)bn  =  gn) 

where  fn  and  gn  are  the  coefficients  of  tn  in  fa  and  fa  respectively 
after  the  expressions  for  u  and  v  are  substituted.  From  the  forms 
of  fa  and  fa,  it  is  clear  that  fn  and  gn  are  linear  combinations  of 
the  coefficients  of  fa  and  fa,  that  they  are  rational  integral  combi 
nations  of  the  coefficients  alt  a2,  ...,  61,  6a,  ...,  and  that  they 
contain  no  coefficient  a  after  an_j  and  no  coefficient  b  after  bn^  in 

F.   III.  4 
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the  respective  sets.  Since  neither  £  nor  f2  is  a  positive  integer, 
the  equations  can  be  solved  in  succession  for  increasing  values  of 
n,  so  as  to  determine  formal  expressions  for  all  the  coefficients. 
In  particular,  an  and  bn  are  obtained  each  of  them  as  sums  of 
quotients  ;  the  numerators  of  these  quotients  are  rational  integral 
functions  of  the  coefficients  in  fa  and  fa,  and  the  denominators 
are  products  of  powers  of  the  quantities 


1-ft,    2-  £„...,     ft-1-6,     »-&. 

To  discuss  the  convergence  of  the  power-series,  we  introduce 
an  associated  set  of  dominant  equations.  The  functions  fa  and  fa 
are  regular  in  the  vicinity  of  u  =  0,  v  =  0,  t  =  0  ;  let  their  domain 
of  existence  include  a  region  1  1  \  <  r,  u\^.p,  v  \  ^  p"  :  of  the  two 
quantities  p  and  p",  let  p  denote  the  smaller,  so  that  fa  and  fa 
are  certainly  regular  in  a  region  \t\^r,  u  ^p,  \v\^.p.  Within 
that  region,  let  M'  denote  the  greatest  value  of  |  fa  |,  and  M"  the 
greatest  value  of  |  fa  \  :  of  the  two  quantities  M'  and  M",  let  M 
denote  the  larger,  so  that 


\fa 

within  the  region  specified,  and  M  is  a  finite  magnitude.  Then  if 
ftp  and  gijk  are  the  coefficients  of  ulvHk  in  fa  and  fa  respectively, 
it  is  known*  that 

,  M  M 


Further,  no  one  of  the  quantities  m  —  ^ ,  m  — '  f 2  vanishes  for 
integer  values  of  m;  there  is  therefore  a  least  (and  non-zero) 
value  of  m  —  f a  | ,  m  —  f 2 1 ,  for  the  various  values  of  m ;  let  it  be 
denoted  by  e. 

Now  consider  the  equations 


T/i.  Fns.,  §  22. 
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where  the  triple  summation  is  for  integer  values  of  i,  j,  k  such 
that  i  +  j  +  k  ^  2,     Clearly  X  =  Y  ;  and  each  of  them  is  given  by 


* 


/o 
and  therefore 


M        „/,      Z\2 


l_i          *        P 
r 

In  this  cubic  equation,  the  term  independent  of  X  vanishes  when 
t  =  0 ;  and  the  term  involving  the  first  power  does  not  vanish, 
because  e  is  not  zero.  Hence  when  t  =  0,  the  cubic  equation  has 
one  root  and  only  one  root  which  vanishes.  It  therefore  follows, 
from  the  continuity  of  roots  of  an  algebraical  equation,  that  the 
cubic  has  one  root,  which  vanishes  with  t,  and  which  is  a  regular 
function  of  t  for  values  of  t  \  less  than  the  least  modulus  of  a  root 
of  the  discriminant,  that  is,  for  a  finite  range.  To  obtain  the 
expansion  of  this  root  as  a  regular  function,  it  is  sufficient  to 
determine  the  coefficients  in  the  power-series 

X  =  Alt  +  A2t*+  ...  +Antn+  ..., 
so  that  the  equation 

r        ~i~l"k  Pi*ji'* 

is  identically  satisfied ;  because  the  root  which  vanishes  with  t  is 
the  only  root  of  the  cubic  of  that  type,  and  the  series  for  X  is 
known  to  converge  within  the  finite  range  indicated.  Clearly  we 
have 


where  Fn  is  the  coefficient  of  tn  on  the  right-hand  side  of  the 
equation  for  eX.  This  relation  can  be  used  for  successive  values 
of  n,  so  as  to  give  values  of  A^,  ...,  An-lt  When  these  values  are 
substituted  in  Fn,  the  ultimate  formal  expression  obtained  for  Fn 
is  the  quotient,  by  a  power  of  e,  of  an  expression  which  is  rational 

and  integral  in  the  coefficients  -rr-,  , 

pi+jrk 

4—2 
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Comparing  the  quantities  \fn  and  Fn,  we  note  that  a  quantity 
greater  than  \fn\  is  obtained  when  in  its  numerator  every  term  is 
replaced  by  its  modulus;  that  this  greater  quantity  is  further 
increased  when  the  modulus  of  the  coefficient  of  u{vjtk  in  fa  or  in 

</>2  is  replaced  by  -1+3-*  ;  an<i  tnat  *his  increased  quantity  is  still 

further  appreciated  when  every  factor  of  the  type  |w  —  ?|  in 
the  denominator  is  replaced  by  €.  But,  on  comparing  the  two 
coefficients  an  and  An,  it  is  clear  that  these  three  changes  turn 
fn  into  Fn\  accordingly 

I/TI 

Similarly  for  gn  and  FH)  so  that 

\9n 

Also 

|n-£|>€,     |n-fti^ 

hence 

an\<An,    \bn\<An. 

The  series 


converges  within  a  finite  region  round  £  =  0;   therefore  also  the 

"  +  a3t3  4-  ..., 


series 


converge  within  that  region. 

Hence  the  differential  equations  possess  regular  integrals  which 
vanish  with  t.  It  is  not  difficult  to  prove,  as  in  §  12  or  in  §  13, 
that  they  are  the  only  regular  integrals  which  vanish  with  t. 

CASE  I  (6) :  the  critical  quadratic  has  unequal  roots,  one  of  which 
is  a  positive  integer  and  the  other  of  which  is  not  a  positive 
integer. 

168.     The  equations  may  be  taken  in  the  form 

jn,  \ 

0(u,v,t)\ 


168.]  INTEGRALS  53 

where  m  is  a  positive  integer,  f  is  not  a  positive  integer,  6  and  <£ 
are  regular  functions  of  their  arguments,  which  vanish  with  ut  v,  t, 
and  contain  no  terms  of  dimensions  lower  than  2. 

If  regular  solutions  exist,  which  vanish  with  t,  we  can  take 
u  =  t(\  +  MJ),     v  = 

choosing  the  constants  \  and  p  so  that  ^  and  Vi  vanish  with  t. 
Then  t2  is  a  factor  of  6  and  $  after  this  substitution  is  made,  say 

0 (u,  v,  t)  =  W <X,  vl9  t),     </> (u,  v,  t)  =  V# (u,,  vltt)-9 

but  #/  and  <£/  do  not  necessarily  vanish  when  t,  ul}  v1  vanish. 
The  equations  for  the  new  variables  are 

(m  -  1 )  Ul  +  tO,f  (u,  ,vltt)' 

(?-lK  +  ^i>i,^  t) 

Now  as  ul}  V-L  are  regular  functions  of  t,  the  expressions  on  the 
left-hand  side  vanish  when  t  =  0 ;  hence 


If  0/  (0,  0,  0)  =  «!,     (£/ (0,  0,  0)  =  &,  the  equations  are 

*  J!1=o- 


*  +  *  +  *<*,  *.3| 


where  0:  and  0!  are  regular  functions  of  their  arguments,  which 
vanish  when  u,  =  0,  v,  =  0,  t  =  0.  The  equations  are,  in  form,  the 
same  as  before,  except  that  the  coefficients  of  the  first  power  of 
the  dependent  variables  on  the  right-hand  side  have  been  reduced 
by  unity  ;  and  the  relation  between  the  two  sets  of  dependent 
variables  is 


It  is  manifest  that  the  equations  in  Ui  and  v-^  can  be  subjected 
to  a  similar  transformation  with  a  corresponding  result  ;  and  that, 
as  m  is  a  positive  integer  while  f  is  not,  the  process  can  be  carried 
out  m  —  1  times,  but  not  more.  Denoting  the  dependent  variables 
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by  u't  v'  after  all  these  transformations  have  been  effected,  we  have 
equations  in  the  form 


h(u',v',t)} 


- 
at 


where  K,  =  f  —  m  +  1,  is  not  a  positive  integer;  h,  k  are  regular 
functions  of  their  arguments,  which  vanish  with  t  and  contain  no 
terms  of  order  less  than  2.  The  relation  between  the  variables 
u,  v  and  u',  v  is  of  the  form 

U  =  Pm-i  +  tm~lu',       V  =  Qm^  +  r-V, 

where  Pm_!  and  Qm-i  are  algebraical  polynomials  of  degree  m  -  1 
vanishing  with  t  ;  and  u'  =  0,  v'  =  0  when  t  =  0.  The  coefficients 
a  and  b  are  rational  integral  functions  of  the  original  coefficients. 

The  equations  can  possess  regular  integrals  only  if  a  is  zero. 
For  regular  integrals  must  be  of  the  form 

u  =  pd  +  p.2t*  +  .  .  .  ,     v'  =  qj  +  <?2£2  •*•«..; 

substituting  these,  remembering  that  /i  and  k  are  then  of  the 
second  order  at  least  in  t,  and  equating  coefficients  of  t  in  the  first 
of  the  equations,  we  must  have 

Pi  =  pi  +  a, 
which  is  possible,  for  non-infinite  values  of  plt  only  if  a  is  zero. 

Suppose  now  that  a  is  zero.     Since  u'  and  v'  ('if  they  exist  as 
regular  functions  of  t)  vanish  with  t,  we  can  assume 


the  sole  transferred  condition  being  that  ^  and  ^  are  regular 
functions  of  t,  which  now  need  not  necessarily  vanish  with  t. 
We  have 

t*2g  =  h(tr,lf  trj,,  t^&Hfa,  V2,  t), 
at 

p  ^1  =  (K  -  1)  trj2  +  bt  +  k  (ti,lt  trj2,  t) 
=  (*-!)  trj.2  +  bt  +  t"K  (77!,  T;,,  t), 
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where  H  and  K  are  regular  functions  of  their  arguments.  The 
second  equation  shews  that,  when  t  —  0,  then  (K  —  1)  772  +  b  —  0  ; 
accordingly  taking 


we  have  f2  vanishing  when  £  =  0.  As  regards  %,  there  is,  as  yet, 
no  restriction  upon  its  value  when  t  =  0  ;  denoting  it  by  A  , 
we  take 

?7i  =  ^+?i, 

where  £  vanishes  when  t  =  0.  Both  £  and  f2  are  regular  functions 
of  t.  When  the  values  are  substituted,  A  remains  undetermined 
by  the  equations  ;  and  therefore  an  arbitrary  (finite)  value  can  be 
assigned  to  A.  The  equations  for  £  and  £"2  now  are 


with  the  condition  that  £  and  f2  must  be  regular  functions  of  t 
vanishing  with  t. 

Let  them,  if  they  exist,  be  denoted  by 


n=l  n=l 

substituting  in  the  equations  which  must  be  satisfied  identically, 
and  equating  coefficients,  we  have  relations 

nan=fn,     (n-tc  +  l)bn=gn, 
similar  to  those  in  the  Case  I  (a). 

These  equations  are  treated  in  the  same  way  as  in  the 
Case  I  (a).  Since  K  is  not  a  positive  integer,  no  one  of  the 
coefficients  of  bn  vanishes;  and  thence  it  is  easy  to  see  that  the 
whole  of  the  treatment  in  I  (a)  subsequent  to  the  corresponding 
stage  can,  with  only  slight  changes  in  the  analysis,  be  applied  to 
the  present  case.  It  leads  to  the  result  that  the  power-series 
for  &  and  £>  converge  for  a  finite  region  round  £  =  0;  and 
from  the  form  of  the  equations  for  £  and  £>,  it  is  clear  that 
the  coefficients  in  the  power-series  will  involve  the  arbitrary 
constant  A. 

Hence  it  follows  that,  unless  the  condition  represented  by  a  =  0 
be  satisfied,  the  equations  do  not  possess  regular  integrals  vanishing 
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with  t  =  0.  If  that  condition  be  satisfied,  the  equations  possess 
regular  integrals  vanishing  with  t  =  0  and  involving  an  arbitrary 
constant  :  in  other  words,  they  possess  a  single  infinitude  of  regular 
integrals  vanishing  with  t  —  0. 

The  condition,  represented  by  a  —  0,  can  be  obtained  from  the 
original  equations 

t  -77  =  mu  -f  at  +  6  (u,  v,  t) 

t^=fr  +  ft  +  <l>  (u,  v,  t) 

as  follows.     Let 


m-\ 

v=2 
P=i 

substitute  in  the  equations,  and  determine  (by  comparison  of  the 
coefficients)  the  values  of  flt  ...,/,»_,,  glt  ...,  gm-\-  Then  the 
condition  is  that  the  coefficient  of  tm  in 

in—  1  m—  1 


shall  be  zero.     This  statement  can  be  easily  verified. 
Ex.     To  obtain  the  regular  integrals  of 


where 

^  =  («,  6,  c,/,  ^  hlt19  t,,  O2,        ^2=«  6' 

the  integrals  being  required  to  vanish  with  t,  let 


then 

(n-l)pn  =  coefficient  of  tn  in  0lt 


Then  pl  is  undetermined  by  these  equations  :  let  its  value  be  J,  where  A 
is  arbitrary  :  also 

ki=H 

so  that  <    =  6. 
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Next,  we  have 


=  (a,  b,  c,f,g,  h\  A,  <9,  I)2, 


Next,  we  have 

2jo3  =  coefficient  of  t3  in  (a,  b,  c,f,  g,  hl 


and  so  on. 


CASE  I  (c) :    the  critical  quadratic  has  unequal  roots,  both 
of  which  are  positive  integers. 

169.     Let  m  and  n  be  the  two  unequal  roots,  of  which  m  is  the 
smaller,  so  that  the  equations  may  be  taken  in  the  form 

t  -j-  =  mu  +  at  +  6 (u,  v,  t) 
at 

t  -r  =  nv  +  Sft  +  6  (u,  v,  t) 
at 

These  equations  can  be  transformed,  as  in  the  Case  I  (b),  by  ra  —  1 
substitutions  in  turn ;  and  ultimately  they  acquire  the  form 

,  du'         ,  7  ,  ,     ,   .v 

~dt  =  U  +at  +  'l\u>  v>  0 


at 

where  K,  =  n  —  m+  1,  is  a  positive  integer  greater  than  unity,  u 
and  v  are  regular  functions  of  t  vanishing  when  £  =  0,  and  the 
functions  7i,  k  have  the  same  signification  as  in  Case  I  (6). 

If  the  equations  possess  regular  solutions,  the  latter  must  be 
of  the  form 

u'=  2»i#,     w'=  2  qtf\ 

1=1  z=i 

substituting  these  values  and  equating  coefficients,  we  have 

Pi  =  Pi  +  «,     ?i  =  *?!  +  b, 
(I  -l)pl  =  coefficient  of  t1  in  h  (u'y  v',  t), 
(I  —  K)  qi  =  t1  m  k  (u,  v'y  t). 
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It  is  clear  that,  if  a  is  different  from  zero,  the  equation  cannot 
be  satisfied  ;  and  therefore,  as  one  condition  for  the  possession  of 
regular  integrals,  a  must  be  zero.  Assuming  this  satisfied,  we  see 
that  pj^  is  left  undetermined  :  let  a  value  a,  provisionally  arbitrary, 
be  assigned  to  it. 

Solving  now  the  remaining  equations  for  the  values  /  =  1,  2,  ..., 
K  —  1  in  successive  sets,  each  set  being  associated  with  one  value 
of  I,  we  have  the  values  of  pl,  ...,jj/c_1,  qlf  ...,  qK-i',  all  these  in 
general  involve  a.  In  order  that  qK  may  have  a  finite  value,  so 
that  (I  —  K)  qi  vanishes  for  I  =  K,  we  must  have  the  coefficient  of 
t*  in  k  (u,  v,  t)  zero.  When  this  is  the  case,  the  value  of  qK  is 
undetermined  ;  let  a  value  @,  provisionally  arbitrary,  be  assigned 
to  it.  For  the  remaining  values  of  I,  the  equations  determine 
formal  expressions  for  the  remaining  coefficients,  involving  a  and 
/3  :  and  no  further  formal  conditions  need  be  imposed.  When  the 
values  of  plt  ...,_pjc_1,  qlt  ...,  <?K-I  are  inserted  in  k  (uf,  v',  t),  the 
coefficient  of  t*  in  that  quantity  may  be  an  identical  zero  ;  in  that 
case,  the  functions  u  t  v  involve  two  arbitrary  constants  a  and  /3,  so 
that,  if  the  functions  actually  exist,  there  is  a  double  infinitude  of 
regular  solutions  vanishing  with  t.  Or  the  coefficient  may  be  zero, 
only  if  some  relation  among  the  constants  of  the  original  equations 
be  satisfied  ;  if  the  relation  is  not  satisfied,  there  are  no  regular 
integrals  of  the  original  equations  vanishing  with  t  :  if  the  relation 
is  satisfied,  there  is  a  double  infinitude  of  regular  integrals.  Or  the 
coefficient  may  be  zero,  only  if  some  relation  among  the  constants 
of  the  original  equations  and  a.  be  satisfied;  this  relation  is  to 
be  regarded  as  determining  a,  and  then  for  each  value  of  a 
so  determined,  there  is  a  single  infinitude  of  regular  solutions 
vanishing  with  t. 

These  results  are  stated  on  the  assumption  that  the  power- 
series,  as  obtained  with  the  coefficients  p  and  q,  converge  :  the 
assumption  can  be  justified  as  follows.  Let 


BK_,  =  qj'+  qj*  4-  .  .  .  +  q*-J«-\ 

the  coefficients  p  and  q  being  known  ;  if  functions  u'  and  v'  exist 
of  the  specified  form,  we  can  assume 
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where   Uf  and  V  are  regular  functions  of  t  that  vanish  with  t. 
Thus,  assuming  a  =  0,  we  have 


=  AK_,  +  t*-i  kr'+  /i  (^  +  Z*-1  U'y  BK_,  +  F-1  V,  i). 
Now  the  quantity 


is  equal  to  the  aggregate  of  the  terms  involving  t,  t2,  .  .  .  ,  t"~l  in 


Also  in  h(u',v',  t),  there  are  no  terms  of  dimensions  lower  than  2  ; 
so  that,  in 

h  (AK_,  +  r-*U',  BK_,  +  t*-*V,  t)  -  h  (AK_l}  BK_l}  t), 

the  coefficients  of  tK~lU',  t*~lV  are  of  dimension  at  least  unity,  and 
therefore  this  expression  may  be  taken  as  equal  to 

tr+H^U'.V.t), 

where  ^  is  a  regular  function  of  its  arguments,  which  vanishes 
with  them  and  contains  no  terms  of  dimension  lower  than  two. 
Also  let  the  terms  in  h  (AK_ltBK^lt  t),  of  order  higher  than  K  —  1,  be 

cKt*  +  cK+ltK+i+...; 
then 


and  therefore 


on  absorbing  the  other  powers  of  t  into  ^  and  denoting  by  H  the 
new  function  which  has  the  same  character  as  Hl.     Similarly 

dV 
ta^=Vr  +  bKt  +  K(Uf,  V't  t), 

where  the  terms  in  k(AK-lt  BK-i,  t),  of  order  higher  than  K  —  1,  are 


and  K  is  a  function  of  the  same  character  as  H. 

As  A:  is  a  positive  integer  >1,  2  —  K  is  not  a  positive  integer 
^  1.  Thus  the  coefficient  of  V  is  not  a  positive  integer,  while 
the  coefficient  of  V  is  unity  ;  and  thus  the  two  equations  for  U' 
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and  V  are  a  particular  instance  of  the  general  form  discussed 
in  1(6).  There  is  no  regular  integral  vanishing  with  t,  unless 
&K  =  0;  the  significance  of  this  condition,  either  as  an  identity, 
or  as  a  relation  among  the  constants  of  the  original  equations, 
or  as  an  equation  determining  a,  has  already  been  discussed. 
Assuming  the  condition  bK  =  0  satisfied,  it  is  known  from  the 
preceding  result  that  the  equations  in  U'  and  V  possess  regular 
integrals,  which  vanish  with  t  and  involve  an  arbitrary  constant 
that  does  not  appear  in  the  differential  equations.  The  inferences 
stated  earlier  are  therefore  established. 

It  appears,  from  the  investigation,  that  two  conditions  must 
be  satisfied  to  allow  the  possession  of  regular  integrals:  one  of 
them  is  a  relation  among  the  constants  of  the  equation  repre 
sented  by  a  =  0:  the  other  of  them  is  the  relation  represented 
by  bK  =  Q.  To  obtain  them  directly  from  the  original  forms,  we 
can  proceed  as  follows.  Let 


1=1 

be  substituted  in  the  original  equations:  and  determine  p1}  ..., 
Pm-i,  $1,  •••>  qm-i-  The  first  condition  is  that  the  coefficient 
of  tm  in 

(•m-l  m-l  \ 

2Plt',      ^qit1,  t) 
l=i  1=1 

shall  vanish.  Take  pm  =  a ;  and  then  from  the  original  equations 
determine  pm+l,  ...,  pn-i,  qm>  •••»  qn-i-  The  second  condition  is 
that  the  coefficient  of  tn  in 


n-I 


<l>  (  2  Pltl,      2  qit1,  t 
\i=i  l=i 

shall  vanish.     It  is  not  difficult  to  verify  these  statements. 

Summarising  the  results,  it  appears  that,  unless  one  condition 
be  satisfied,  the  equations  possess  no  regular  integrals  vanishing 
with  t.  When  the  condition  is  satisfied,  another  relation  must  be 
satisfied.  If  this  relation  determines  a  parameter,  the  equations 
possess  a  single  infinitude  of  regular  integrals  ;  if  it  involves  only 
the  constants  in  the  differential  equations,  then,  when  it  is  not 
satisfied,  there  are  no  regular  integrals  vanishing  with  t:  and, 
when  it  is  satisfied,  there  is  a  double  infinitude  of  such  integrals. 
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Ex.     Consider  the  equations 


If  they  possess  regular  solutions  that  vanish  with  t,  the  expressions  for  the 
solutions  must  be  of  the  form 


where  A  is  initially  an  arbitrary  quantity.     Substituting,  the  first  equation 
becomes 

...  =  £  (a,  b,  c,f,  g,  h\A,  qlt  1)* 


and  the  second 

,  I)2 


Hence 

?i  =  ^5 

^2  =  (a,  6,  c,/,  ^,  AJJ,  ^,  I)2, 

^,1)2; 

y,  SP,  ^)3; 

and  in  order  that  qz  may  be  finite,  so  that  the  coefficient  of  tz  must  vanish  on 
both  sides  of  the  second  equation,  we  must  have 


Since  jt?2  and  <?2  are  quadratic  in  A,  this  is  a  cubic  equation  in  general;  and 
therefore,  in  general,  there  are  three  values  of  A.  But  for  special  relations 
among  the  coefficients,  the  degree  of  the  equation  in  A  may  be  less  than  3 ; 
for  instance,  if 

2a'(a-A')-a'  =  0, 

the  term  in  A3  disappears,  and  so  for  the  other  terms. 

If  the  equation  is  evanescent,  then  ^1  remains  arbitrary  ;  but  if  it  involves 
A,  then  A  is  thereby  a  determinate  constant.  In  either  case,  q3  is  not 
determinate;  we  can  assign  an  arbitrary  value  B  to  qs.  The  remaining 
coefficients  p4,  </4;  p^,  q-0;  ...  involve  B.  In  the  former  case,  there  is  a  double 
infinitude  of  solutions ;  they  involve  the  arbitrary  constants  A  and  B,  and 
are  regular  functions  of  t  which  vanish  with  t.  In  the  latter  case,  there  is  a 
single  infinitude  of  such  solutions :  they  involve  the  arbitrary  constant  B. 

If  the  equation  does  not  involve  A  and  is  not  evanescent,  then  no  regular 
solutions  exist  which  vanish  with  t. 
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CASE  II  (a) :    the  critical  quadratic  has  equal  roots, 
not  a  positive  integer. 

170.     The  equations  are 
.  du 


X         ' 

+  fa(U,  V,  t) 

I 


dv  _ 
*dt- 

where  £  is  not  a  positive  integer;    the  functions  fa  and  fa  are 
regular  and  (with  the  possible  exception  of  a  term  in  t)  contain 
no  terms  of  order  lower  than  2.     If  they  possess  regular  integrals 
vanishing  with  t,  these  must  have  the  forms 
u  =  2  pntn,     v=2  qntn. 

Substituting  these  expressions  and  equating  coefficients,  we  find 

(n  —  % )  qn  =  gn  +  fcpn  J  ' 

where  fn  and  gn  are  the  coefficients  of  tn  in  fa  and  fa  respectively, 
when  the  series  for  u  and  v  are  substituted.  It  is  clear  that  fn 
and  gn  are  linear  in  the  coefficients  of  fa  and  fa,  that  they  are 
polynomials  in  plt  p2,  ...,  ql}  q*,  ...,  and  that  they  contain  no 
coefficient  p  or  q  in  the  succession  later  than  pn^  and  qn^. 
As  f  is  not  an  integer,  the  foregoing  equations,  taken  for 
successive  values  of  ?i,  determine  formal  expressions  for  the 
whole  set  of  coefficients  p  and  q\  in  particular,  pn  and  qn  are 
obtained  as  sums  of  quotients,  the  numerators  of  which  are 
integral  functions  of  the  coefficients  in  fa  and  fa,  and  the 
denominators  of  which  are  products  of  powers  of  the  quantities 

To  discuss  the  convergence  of  the  power-series  for  u  and  v 
with  these  coefficients,  we  introduce  an  associated  set  of  dominant 
equations.  Let  a  common  region  of  existence  of  fa  and  fa  be 
determined  by  the  range 

\t 


within  this  region  let  the  greatest  value  of  |  fa  \  be  M,  and  that  of 
be  N,  so  that  within  the  region 
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M  and  N  denoting  finite  magnitudes.  Also,  let  e  denote  the 
smallest  value  of  |  m  —  £  [  for  values  of  the  integer  m  ;  and  let 
=  c.  Then  we  consider  the  dominant  equations  given  by 

e*«~i 

r 


eY  =  cX  +  -  1  +  222 


where  the  summations  on  the  right-hand   side  are  for  integer 
values  of  i,  j,  k  such  that  i+j  +  k^2. 

The  general  course  of  the  argument  is  similar  to  that  in  I  (a). 
In  the  first  place,  X  and  F  can  be  determined  by  the  simultaneous 
equations 

M }f_^Lx-^Y 

~\T  -*••  ~\T  -^*         T7"  ^»*        -i 


From  these  we  have 


so  that 

when  this  value  is  substituted  for  F  in  either  equation,  say  in  the 
first,  we  have 

M  ,  N  ,  cM\  v/,      X\  i,      X  fN 

1 1 I  A 


e  +  -  +  —  +  —  }X     1  --  —    a  -  -     Tr  +  ~ 
p       o-       o-e  /       \          pj  (         a  \M      e 

.  JL-M  (\-2\\\ -Z(*  4 
~l_t          (        pJ\        <r\M 
r 

a  cubic  equation  in  X.  The  term  independent  of  X  vanishes 
when  t  =  0 ;  and  the  term  involving  the  first  power  of  X  does 
not  vanish  when  t  =  0,  because  e  is  not  zero.  Hence  the  cubic  has 
one  (and  only  one)  root  vanishing  when  t  =  0. 

It  follows,  as  before,  that  this  root  of  the  cubic  can  be  expressed 
as  a  regular  function  of  t  in  the  form  of  a  power-series,  which 
converges  absolutely  for  values  of  1 1  less  than  the  least  modulus 
of  a  root  of  the  discriminant,  that  is,  for  a  finite  range.  When  the 
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power-series  for  X  has  been  obtained,  the  power-series   for 
is  given  by 


say 


In  the  second  place  it  can,  as  before,  be  shewn  that  the 
analysis,  effective  for  the  determination  of  pn  and  qn  in  connection 
with  the  original  equations,  is  effective  for  the  determination  of 
Pn  and  Qn  in  connection  with  the  dominant  equations  by  merely 
making  literal  changes,  and  that  these  literal  changes  are  such  as 
to  give 

\pn\<Pn>    qn\<Qn- 

for  all  values  of  n.     It  therefore  follows  that  the  series 


converge  within  a  finite  region  round  t  —  0.  Consequently  the 
equations  possess  regular  integrals  vanishing  with  t :  and  it  is 
not  difficult  to  prove  that  these  regular  integrals  are  unique  as 
regular  integrals  with  the  assigned  conditions. 

CASE  II  (b) :   when  the  critical  quadratic  has  equal  roots,  the 
repeated  root  being  a  positive  integer. 

171.     The  equations  are 

e  o,  v,  t)       1 


at 

t-^=icu  +  mv  +  fit  +  4>(u,  v,  t) 

where  m  is  a  positive  integer.  The  functions  0  and  <f>  are  regular ; 
they  vanish  with  u,  v,  t,  and  contain  no  terms  of  dimensions 
lower  than  2. 

We  transform  the  equations  as  in  I  (b)  by  successive  substitu 
tions,  each  of  which  leads  to  new  equations  of  a  similar  form  with 
a  diminution  by  one  unit  in  the  coefficients  of  u  and  of  v  after 
each  operation.  We  take 

v  =  t 
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choosing  \  and  /u  so  that  u-^  and  ^  vanish  with  t :  then  u^  and  v1 
are  regular  functions  of  t,  if  the  equations  possess  regular  integrals. 
To  secure  this  form  of  transformation,  we  must  have 


so  that 

K.OL  R 

L '  (m-1)2     m  —  1  ' 

and  the  new  equations  are 


A  similar  transformation  can  be  effected  upon  this  pair,  with 
a  similar  result ;  and  the  process  can  be  carried  out  m—l  times 
in  all,  leading  to  equations 

du' 

t  -£.  =  u  +  at  +  h  (uf,  v',  t) 

t  ~  =  KU  +  v'  +  bt  +  k  (u,  v',  t) 

where  h,  k  are  regular  functions,  which  vanish  with  u,  v',  t,  and 
contain  no  terms  of  dimensions  lower  than  2 ;  also  u'y  v'  are  to 
vanish  with  t. 

There  are  two  sub-cases  to  be  considered,  according  as  K  is 
zero  or  K  is  different  from  zero. 

First,  let  K  be  0 ;  so  that  the  equations  are 

t  C-j-  =  u'  +  at  -f  h  (u,  v',  t) 

\ 

dv 

t  -T-  =  v'  +  bt  +  k  (u,  v,  t) 


dt 

It  is  easy  to  see,  by  substituting  expressions  of  the  form 

vf  =    j  +    .t*  +  ... 


that  the  equations  cannot  possess  regular  integrals  vanishing  with 
t  unless 

a  =  0,     6  =  0. 


F.  in. 
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Assume,  therefore,  that  a  =  0,  b  =  0.    If  the  equations  then  possess 
regular  integrals  vanishing  with  t,  we  can  take 


where  now  the  only  transferred  condition  to  be  imposed  upon  U' 
and  V  is  that  they  are  to  be  regular  functions  of  t.  Substituting 
these  values,  we  find 

=  h  (tU'}  tV,  t)  =  VH(W,  V,  t), 

=  k  (tUf,  tV,  t)  =  t*K(U't  V,  t}, 
u-i/ 

so  that 

dt  dt 

where  H  and  K  are  regular  functions  of  their  arguments.  To 
these  equations,  Cauchy's  general  existence-theorem  can  be 
applied ;  it  shews  that  they  possess  integrals,  which  are  regular 
functions  of  t  and  assume  assigned  (arbitrary)  values  when  t  =  0. 
Accordingly,  the  equations  in  u'  and  v',  in  the  case  when  the  con 
ditions  a  =  0,  6  =  0  are  satisfied  and  when  the  constant  K  is  zero, 
possess  a  double  infinitude  of  regular  integrals  which  vanish  when 

Secondly,  let  K  be  different  from  zero.    If  regular  integrals 
exist,  they  are  expressible  in  the  form 


substituting  these,  and  taking  account  of  the  fir,st  power  of  t  on 
the  two  sides  of  both  equations,  we  have 

al  =  al  +  a,         6j  =  ical  +  bl  +  b. 
Hence  we  must  have  a  =  0;  then  6X  is  undetermined,  and 

b 

»>  =  --«> 

a  finite  quantity  because  K  is  riot  zero. 

Assuming  that  the  condition  a  =  0  is  satisfied,  and  assigning  an 
arbitrary  value  A  to  6,  ,  let 

772), 
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so  that  77!  and  rj.2  are  to  be  regular  functions  of  t  vanishing  with  t  • 
the  equations  for  %  and  rj2  are 


-ftff  (%,%,*), 


that  is,  they  are 


where  H,  K  are  regular  functions  of  their  arguments  and  involve 
the  arbitrary  constant  A. 

These  equations  are  now  the  same  as  in  the  Case  II  (a)  when 
f  is  made  zero.  Accordingly,  all  the  analysis  of  that  earlier 
discussion  applies,  when  in  it  e  is  taken  equal  to  unity.  The 
equations  in  77!  and  773  possess  regular  integrals  vanishing  with  t, 
and  their  expression  involves  A,  the  arbitrary  constant;  and 
therefore  the  original  equations  in  u  and  v  possess  no  regular 
integrals  vanishing  with  t,  unless  the  condition  represented  by  a  =  0 
be  satisfied  ;  but  if  that  condition  be  satisfied,  they  possess  a  simple 
infinitude  of  regular  integrals  vanishing  with  t. 

The  conditions  represented  by  a  =  0  and  b  =  0  in  the  sub-case 
when  K  is  zero,  and  the  condition  represented  by  a  =  0  in  the 
sub-case  when  K  is  different  from  zero,  can  be  expressed  as  before. 
For  the  former  sub-case,  we  determine  coefficients  a  and  b,  so  that 


satisfy  the  equations 

.du  n ,         ,. 

tTt=mu  +  at  +  6(u,v,t) 

t  -j-  =  mv  +  @t  +  <f>  (u,  v,  t) 

5—2 
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the  conditions  are  that  the  coefficient  of  tm  in 

/»l-l  JH-l  \ 

at  +  6(   2  ait1.      2  bit1,     t } , 
\i=i  1=1  I 

and  the  same  coefficient  in 

('TO  — 1  TO  — 1  \ 

2  a^1,      2  bit1,    tj , 

shall  vanish.     For  the  latter  sub-case,  we  determine  the  2(m  —  1) 
coefficients  in  u  and  v  so  that  the  equations 

t-T7  =  niu  +  at  +  0  (u,  v,  t) 

at  / 

are  satisfied;  and  the  single  condition  is  that  the  coefficient  of 
tm  in 

(TO— 1  m-1 

2  ait1,  2  bit1,    t 

,1=1  1=1 
shall  vanish. 

This  completes  the  discussion  of  the  regular  integrals  vanishing 
with  t,  with  the  respective  results  as  enunciated  in  the  various 
cases. 

Note.  Now  that  the  possession  of  regular  integrals,  either  unconditionally 
or  conditionally,  is  established  in  the  several  cases,  it  is  unnecessary  to- 
transform  a  system 

^  ~T  —( 
dV_ 

in  the  manner  adopted  in  the  general  investigation.     Because  the  regular 
integrals  vanish  with  t,  they  have  the  forms 


when  the  coefficients  are  obtained  by  means  of  the  condition  that  U  and  V 
satisfy  the  equations  identically,  the  resulting  power-series  are  known  to 
converge.  Now  noting  that  ^  and  £2  are  regular  functions  of  their  arguments, 
which  contain  no  terms  of  dimensions  lower  than  two,  and  denoting  by  ijn  and 
£n  the  coefficients  of  tn  in  31  and  S2  respectively  after  substitution  is  made  for 
£7  and  V,  we  have  (for 


3- 


171.]  NON-KEGULAR   INTEGRALS  69 

where  t]n  and  £n  involve  no  coefficients  k  and  I  except  &1?  ...,  ^n_j,  ^,  ...,  ln-i> 
To  determine  &x  and  llt  we  have 


,  _-2i        i2       7  _2i         -i2 

1-     ~"     '    1-       WO 


so  that 


where  $  (w)  denotes 

(»-4)(ft-A)-flfe0p 

When  these  values  of  k-±  and  Zt  are  substituted  in  rj2  and  £2,  the  values  of 
and  ^  are 


and  so  on,  for  the  coefficients  in  succession. 


NON-REGULAR  INTEGRALS. 

172.     It  has  been  seen  that,  either  in  general  or  subject  to 
certain  conditions,  the  equations 


,  ...  =  0,(U,  V,  g) 

possess   regular  integrals   which  vanish   with  t  :    and   these   are 
unique  as  regular  integrals.     Denoting  them  by  ult  vlt  let 


so  that,  if  functions  x  and  y  exist,  different  from  constant  zero, 
they  are  non-regular  functions  of  t ;  and  they  must  vanish  with  t 
because  U,  ult  V,  vl  all  vanish  with  t.  Then 

dx 


=2  i 


are  equations  to  determine  x  and  y.  On  the  right-hand  sides 
there  are  no  terms  involving  t  alone  ;  the  only  terms  of  the  first 
order  are  a^x  +  fay,  a.2oc  +  ftay  respectively  ;  and  the  coefficients  of 
the  other  powers  of  x  and  y  are  functions  of  t  and  of  u^  v1}  that  is, 
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after  substitution  of  the  values  of  ulj  vlt  these  coefficients  are 
regular  functions  of  t.  Hence  we  may  take  the  equations  in 
the  form 

dx 

,  y,  t) 


4  y,t) 

where  ^  and  S-2  are  regular  functions  of  x,  y,  t,  which  vanish  when 
x  =  0,  y  —  0,  and  contain  no  terms  of  dimensions  lower  than  2 
in  x,  y,  and  t.  The  dependent  variables  x  and  y,  if  they  exist  as 
other  than  zero  constants  (which  manifestly  satisfy  the  equations), 
are  to  be  non-regular  functions  of  t  which  vanish  when  t  =  0. 

It  is  convenient  to  transform  the  equations  by  linear  changes 
of  the  dependent  variables,  as  was  done  in  the  discussion  of  regular 
integrals  :  the  new  forms  depending  upon  the  roots  of  the  critical 
quadratic 


When  the  roots  of  the  quadratic  are  unequal,  say  ft  and  ft,  we 
take  new  variables 

where 

h  —  ft)  X  +  Ct2fJ,  =  Q{  («!  —  ft)  X'  +  OL.2fJLf  =  01   . 

L-few'-or 


0)  («i 

0)  f       AX' 

the  equations  become 


where  the  regular  functions  ^  and  c/>2  vanish  when  ^  =  0,  ^  =  0, 
and  contain  no  terms  in  tl}  t2,  t  of  dimensions  lower  than  2. 

When  the  roots  of  the  quadratic  are  equal,  the  common  value 
being  f,  the  corresponding  forms  are 

*^;=ft  +  &  (*!,<*,  0 

^2  =  ^1  +  ^2  +  ^(^,  «a, 

at 
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with  the  same  characteristic  properties  of  the  functions  </>j  and  </>2 
as  in  the  former  case ;  here  tz  =  y  and  tl  =  \x  +  py>  where 

(ai-?)X  +  «2/*  =  0,         &X +  (&-?)  A*  =  0, 
and  the  constant  K  is  given  by  K\  =  a2- 

We  proceed  to  deal  with  the  various  alternative  cases,  as  for 
the  regular  integrals.  For  those  instances  of  the  original  equations, 
which  do  not  possess  regular  integrals  because  the  appropriate 
condition  is  not  satisfied,  it  will  be  necessary  to  return  to  those 
original  equations  for  the  discussion  of  the  non-regular  integrals. 

Some  indication  of  the  character  of  the  solutions  may  be  derived  from  the 
consideration  of  two  simple  examples,  one  of  each  form. 

A  simple  example  of  the  case,  when  the  roots  of  the  critical  quadratic  are 
unequal,  is 


integrals  (if  they  exist)  are  required  which  vanish  when  t  =  0.  The  solution  of 
these  equations,  which  are  linear,  can  be  made  to  depend  upon  that  of  a  linear 
equation  of  the  second  order  having  t  =  0  for  a  singularity  :  it  appears  that  the 
integrals  are  normal  in  the  vicinity  of  £  =  0.  Their  full  expression  is 


2(3-p)      2.4(3-p)(5-p) 

_6_       x  *2 

~^ 


where  p  =  X-/j,  :  in  order  that  the  solution  may  be  satisfactory,  it  is  manifest 
that  p  may  not  be  an  integer,  positive  or  negative.  For  the  present  purpose, 
the  general  integrals  must  be  chosen  so  that  they  vanish  with  t  ;  and  conse 
quently  the  most  important  terms  in  the  immediate  vicinity  of  t  =  0  are 


1+P 
the  quantities  A  and  B  being  arbitrary. 

If  the  real  part  of  X  and  the  real  part  of  ^  be  both  positive,  then,  when  the 
variable  t  approaches  its  origin,  not  making  an  infinite  number  of  circuits 
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round  that  origin,  ^  and  t2  ultimately  vanish  when  t  =  0  -,  that  is,  as  X  and  /j. 
are  not  integers,  there  is  a  double  infinitude  of  non-regular  integrals  vanishing 
with  t. 

If  the  real  part  of  X  be  positive  and  the  real  part  of  ^  be  negative,  then, 
when  t  tends  to  zero  as  before,  t2  can  tend  to  zero  only  if  B  be  zero  :  and  if 
.5  =  0,  then  ^  and  t2  ultimately  vanish  when  t  =  0  ;  that  is,  there  is  a  single 
infinitude  of  non-regular  integrals  vanishing  with  t. 

Similarly,  if  the  real  part  of  X  be  negative  and  the  real  part  of  /u,  be 
positive,  there  is  a  single  infinitude  of  non-regular  integrals  vanishing 
with  t. 

If  both  the  real  part  of  X  and  the  real  part  of  p  be  negative,  then  ^  and  t2 
vanish  with  t  only  if  .4  =  0,  B=0:  that  is,  non-regular  integrals  vanishing 
with  t  do  not  then  exist.  This  last  result  is  in  accordance  with  Goursat's 
result  already  quoted  (§  165,  note). 

It  will  be  noticed  that  the  parts  depending  upon  ZA  alone,  when  they  exist, 
are  of  the  form 


where  pl  is  an  arbitrary  finite  quantity,  and  p2  is  zero,  when  t  =  0  ;  and  that  the 
parts  depending  upon  t^  alone,  when  they  exist,  are  of  the  form 


where  <r2  is  another  arbitrary  finite  quantity,  and  o^  is  zero,  when  t  =  0.  These 
particular  results  are  general  and,  in  this  form,  can  be  established  by  an 
appropriate  modification  of  Goursat's  argument.  They  are  included  in  the 
more  general  theorems  that  will  be  considered  immediately. 

A  simple  example  of  the  case,  when  the  roots  of  the  critical  quadratic  are 
equal,  is 


integrals  (if  they  exist)  are  required  which  vanish  when  t  =  Q.  The  solution 
of  these  equations  can,  as  for  the  preceding  example,  be  made  to  depend  upon 
the  solution  of  a  linear  equation  of  the  second  order,  having  £=0  for  a  singu 
larity  ;  and  their  expressions  can  be  obtained  in  the  form 


When  the  real  part  of  X  is  positive,  these  integrals  vanish  with  t  ;  and  there 
is  a  double  infinitude  of  them.  When  the  real  part  of  X  is  negative,  then  it  is. 
necessary  that  A  and  B  both  vanish  :  that  is,  the  integrals  do  not  exist  if  they 
are  to  vanish  with  t. 

When  B  is  zero,  then  the  integrals  become  of  the  form 


*!*"*  Pll 


=t  P2J 
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where  p2  is  an  arbitrary  finite  quantity  and  p1  is  zero,  when  Z  =  0.  This  result 
is  general.  There  is  no  corresponding  simple  inference  from  the  parts  that 
depend  solely  upon  B  :  the  complication  is  caused  by  the  term  <t1  in  the 
second  equation. 

The  special  results  here  obtained  are  included  in  the  theorems  relating  to 
the  equations  in  their  general  form  :  they  suggest  that  integrals  exist  which 
are  regular  functions  of  t,  t\  and  tK  log  t,  when  the  real  part  of  X  is  positive. 


CASE  I  (a)  :    the  critical  quadratic  has  unequal  roots, 
neither  of  them  being  a  positive  integer. 

173.  It  has  been  proved  that  the  original  equations  in  this 
case  possess  regular  integrals  vanishing  with  t  :  and  therefore,  in 
order  to  consider  the  non-regular  integrals  (if  any)  that  vanish 
with  t,  we  transform  the  equations  as  in  §  172,  and  we  study  the 
derived  system 


*3£"£* 

where  fa  and  (/>2  are  regular  functions  of  their  arguments,  which 
vanish  when  ^  =  0,  £2  =  0,  and  contain  no  terms  of  dimensions  less 
than  two  in  tlt  t2,  t.  The  integrals  ^  and  t2  are  to  be  non-regular 
functions  of  t,  and  they  are  required  to  vanish  with  t. 

The  main  theorem  is  as  follows  :  — 

When  the  roots  of  the  critical  quadratic  ^  and  f2  have  their 
real  parts  positive,  and  are  such  that  no  one  of  the  quantities 


vanishes  for  positive  integer  values  of\,  /JL,  v  such  that  X  +  //,  +  v  ^  2, 
then  the  equations  possess  a  double  infinitude  of  non-regtdar  integrals, 
which  vanish*  with  t,  these  integrals  being  regular  functions  oft,  fa,  fa. 

Immediate  corollaries,  when  once  this  theorem  is  established, 
are  as  follows  : — 

If  the  real  part  of  &  be  positive  and  that  of  &  be  negative, 
there  is  only  a  single  infinitude  of  non-regular  integrals  vanishing 
with  t:  they  are  regular  functions  oft  and  fa. 

It  is  unnecessary  here  to  discuss  the  path  of  approach  of  t  to  its  origin,  in 
order  to  secure  that  &  and  &  vanish  at  the  origin;  for  it  practically  would  be  a 
repetition  of  the  corresponding  discussion  in  §  Go. 
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Likewise,  if  the  real  part  of  £2  be  positive  and  that  of  fx  be 
negative,  there  is  only  a  single  infinitude  of  non-regular  integrals 
vanishing  with  t  :  they  are  regular  functions  of  t  and  fa. 

If  the  real  part  both  of  fx  and  of  f2  be  negative,  there  are 
no  non-regular  integrals  of  the  equations  that  vanish  with  t. 

These  results  will  be  found  sufficiently  obvious  after  the 
establishment  of  the  main  theorem. 

174.  In  discussing  the  equations,  it  will  be  convenient  to 
replace  fa  and  fa  by  new  variables,  say 

fa=Zl}       fa  =  Z2, 

so  that,  by  the  general  theorem,  regular  functions  of  zl,  z2,  t  are 
to  be  established  as  solutions  of  the  equations.  Accordingly, 
regarding  ^  and  t2  as  functions  of  these  three  arguments,  assume 


where  the  summation  is  for  all  positive  (and  zero)  values  of  the 
integers  m,  n,  p,  with  the  conventions 

am  =  0,     6000  =  0. 
Moreover 

d         3  a       fc       8 

*a-,'»+6ftR+falRi 

Hence  the  differential  equations  are 


} • 

dt2  fit,  dt.2 

Substituting   the   assumed  values   of  ^   and   t2,  and  afterwards 
equating  coefficients  of  z^z^t?,  we  have 

{(m  —  1)  f  i  4-  n%2  +  p}  amnp  =  a'm 

{mfi  +  (n  —  1)  £2  +  P}  bmnp  =  P'mnp. 

where  afmnp  is  a  rational  function  of  the  coefficients  in  fa,  of  those 
coefficients  am'ny  in  ^i  f°r  which 

?/i'  ^  m,   w'  <  ?i,  p'  ^  p,   m'  +  n  +  p'  <  m  +  n  +p, 
and  of  the  coefficients  6wW  in  t,  with  the  same  restrictions :  and 
likewise  for  fimnp  in  relation  to  fa. 
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As  there  is  no  term  in  fa(tlt  t2,  t)  of  dimension  unity  in  t}  tif  t2, 
there  can  be  no  term  of  dimension  unity  in  zl,  z2,  t  after  sub 
stitution  of  the  values  of  ti  and  U :  hence 

{(m  -  1)  £  +  wf s  +  p}  amnp  =  0, 
when  m  +  n+p=*1i.     Accordingly 

a010  =  0,     a001  =  0 ; 

but  there  is  no  limitation  upon  a100,  so  that  it  can  be  taken 
arbitrarily :  we  assume 

Ow  =  A. 
For  similar  reasons 

{m&  +  (ff -!)&+?}  ft.* -0, 

when  m  4-  n  +  p  =  1 ;  and  we  infer  that 

6100  =  0,     60oi  =  0,     &oio  =  B, 
where  B  is  arbitrary. 

Suppose  now  that  no  one  of  the  quantities 

(m  -  1)  £  4-  wft  +  p,     raft  +  (n  -  1)  &  +p, 
for  positive  integer  values  of  m,  n,  p  such  that 

m  +  n  +p  ^  2, 
vanishes.     Then  when  the  equations 

{(m  -  1)  £  +  ?if 3  +  p}  amnp  =  a!mnp 
(mfi  +  (n  -  1)  f2  +  jt}}  6m?i^  =  #'mn 

are  solved  in  groups  for  the  same  value  of  m  +  n  +  p,  and  in 
successive  groups  for  increasing  values  of  m  +  n+p  beginning 
with  2,  they  lead  to  results  of  the  form 

ttmnp  =  &mnp  >       Umnp  ==  Pmnp  > 

where  amnp,  j3mnp  ar©  rational  integral  functions  of  the  coefficients 
that  occur  in  fa  and  (/>2,  these  functions  being  divided  by  a  product 
of  factors  of  the  forms 

(m  —  1)  fj  -f  ngo  +  p,     m^  +  (n  —  1)  f  2  +  p,  for  m  +  n  +  p^2. 

It  has  been  seen  that  a001  =  0,  6001  =  0 :  we  easily  see  that 
awp  =  0,  &oop  =  0,  for  all  values  of  p.  For  every  term  in  fa  (t\,  t2)  t) 
and  every  term  in  fa(tl}  t2,  t)  involve  tlt  or  t2,  or  both:  and  the 
equations  for  aoop,  bwp  are 

(p  -  fj)  amp  =  Awp,     (p  -  f2)  &00^  =  500^, 
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where  Awp,  Bwp  are  integral  functions  of  the  coefficients  in  fa  and 
fa,  and  of  coefficients  aoop<,  bOQp'  such  that  p'  <  p,  these  integral 
functions  being  divided  by  factors  of  the  form  p'  —  flf  p'  —  £>.  No 
term  occurs  either  in  Awp,  Bwp  independent  of  a00^,  bwp>,  because 
there  is  no  term  in  fa  or  in  fa  independent  of  ^  and  tz.  Hence  if 
all  the  coefficients  awp>,  bwp>  vanish  when  p'  <  p,  then  aoop,  600^  also 
vanish.  But  am  =  0,  6001  =  0  :  hence  a002  =  0,  6002  =  0  :  and  so  on 
with  the  whole  series. 

Consequently  in  the  expressions  for  ^  and  £2,  there  occur  no 
terms  that  involve  t  alone  without  either  zlt  or  zz,  or  zl  and  z2: 
which  is  therefore  one  general  characteristic  of  the  non-regular 
integrals  if  they  exist. 

From  ti  and  £2,  let  all  the  terms  which  do  not.  involve  z2  be 
gathered  together.  By  what  has  just  been  proved,  there  are  no 
terms  which  involve  t  alone  :  hence  the  aggregates  of  the  selected 
terms  contain  zl  as  a  factor,  and  the  aggregates  of  the  remainders 
contain  z^  as  a  factor,  so  that  we  can  write 


where  p  and  r  are  regular  functions  of  t  and  zlt  which  will  be 
proved  to  be  such  that  p  =  A,  r  =  0,  when  t  =  0,  A  being  an 
arbitrary  constant:  and  ®lt  ©2  are  regular  functions  of  t,  zlt  z2, 
which  will  be  proved  to  be  such  that  ®j  =  0,  ®2  =  B,  when  t  =  0, 
B  being  an  arbitrary  constant. 

The  first  stage  of  the  proof  will  establish  the  existence  of  the 
parts  z-Lp,  ZiT.  the  second  stage  will  establish  the  existence  of 
the  parts  z^,  £2©2.  It  may  be  added  that,  had  it  been  deemed 
desirable,  a  selection  from  ^  and  tz  of  all  the  terms  which  do  not 
involve  zl  might  first  have  been  made:  the  forms  of  ^  and  t2  would 
then  have  been 


where  pl  =  0,  rx  =  B,  when  t  =  0,  and  plt  rx  are  regular  functions  of 
t  and  z2  :  also  ^  =  A,  W,,=  0,  when  t  =  0,  and  ¥1}  ^3  are  regular 
functions  of  t,  zl}  z2.  Further,  it  will  be  seen  from  the  forms  of 
the  functions  that  p,  r,  ^,  ^2  all  vanish  when  A  =  0  :  and  that 
^n  ©2>  pi,  Ti  all  vanish  when  B  =  0. 
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175.     It  is   clear  that,  if  the   equations  under  consideration 
possess  integrals  of  the  form 

ti  =  pZi,       t.2=TZ1, 

where  p  and  r  are  to  be  regular  functions  of  z  and  zlt  then,  taking 
account  of  the  forms  of  <f>i  and  </>2,  the  quantities  p  and  r  must 
satisfy  the  equations 


The  functions  ^,  \|r.2  are  regular  in  their  arguments:  both  of 
them  vanish  when  p  =  0,  r  =  0  :  in  each  of  them,  every  term, 
which  is  of  dimensions  X  in  p  and  r  combined,  possesses  a  factor 
z^~l  :  and  no  term  is  of  dimensions  less  than  two  in  p,  r,  t  com 
bined.  Because  p  and  r  are  to  be  regular  functions  of  t  and  slt 
they  will  be  expressible  in  the  forms 

p  =  SSfc,™*!"^,     T  =  ^lmnz,mtn  ' 

substituting  these  values  and  equating  coefficients  on  the  two 
sides  of  both  equations,  we  find 


+  m^)kmn  =  k'mn\ 
£  -  f2}  lmn  =  l'mn  )  ' 


{n  +  (ra  +  1)  £ 

where  k'mn  and  /'mn  are  linear  in  the  coefficients  of  ^frL  and  ty2 
respectively,  and  are  rational  integral  functions  of  those  coefficients 
km'ri,  Im'ri  in  p  and  T,  for  which  m'  ^  m,  ?i'  ^  n,  m  +n  <m  +  n. 

From  the  forms  of  the  functions  ^  and  •\/r2,  we  have  ^00  =  0, 
roo  =  0.  Hence  when  m  =  0,  ?z  =  0,  the  first  of  the  coefficient- 
equations  leaves  kw  undetermined  :  we  therefore  make  it  an 
arbitrary  (finite)  quantity  A  :  the  second  of  the  coefficient- 
equations  gives  ^00  =  0,  for  f  x  and  ^2  are  unequal. 

Since  no  one  of  the  quantities 

(m  -  1)  £  +  nfo  +p,     m^  +  (n  -  1)  &  +  jp 

vanishes  for  integer  values  of  m,  n,  p  such  that  m+  n  +  p^  2.  it 
follows  that  no  one  of  the  quantities 

71  +  Wlfj,       71  +  (m  +  1)  fi  —  f2 

vanishes  for  integer  values  of  m  and  n  such  that  ra  +  n^l. 
Hence  when  the  coefficient-equations  for  k  and  I  are  solved  in 
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groups  for  the  same  value  of  m  +  n,  and  in  successive  groups  for 
increasing  values  of  m  +  n  beginning  with  1,  they  lead  to  results 
of  the  form 

kmn  ==  ^/mn)       t"mn  =  ^mn> 

where  the  quantities  7  and  X  are  integral  functions  of  the 
coefficients  that  occur  in  ^  and  >Jr2,  each  divided  by  a  product 
of  factors  of  the  forms 


Moreover  each  of  the  coefficients  k  and  I,  thus  determined, 
contains  A  as  a  factor. 

It  now  is  necessary  to  prove  that  the  series  for  p  and  T,  the 
formal  expressions  of  which  have  been  deduced,  are  converging 
series.  For  this  purpose,  we  construct  dominant  equations  as 
follows. 

Let  a  region  of  common  existence  of  the  functions  fa  and  fa 
be  denned  by  the  ranges  1  1  \  ^  r,  \  z^  \  <  r1}  p  ^  a,  r  ^  ft  :  so  that 
fa  and  fa  ar©  regular  functions  of  their  arguments  within  these 
ranges.  In  this  region,  let  M1  be  the  greatest  value  of  |  ^  ,  and 
M.2  the  greatest  value  of  |  fa  :  let  M  denote  the  greater  of  the 
two  quantities  M^  and  M2.  Further,  since  the  quantities  n  +  m^, 
,l  +  (m_l_l)  £_  £2)  do  not  vanish  for  integer  values  of  m  and  n 
such  that  m  +  n  ^  1,  there  must  be  a  least  value  for  the  moduli  of 
the  quantities  for  the  various  combinations  of  m  and  n\  let  this 
value  be  77,  so  that 

|  n  +  wf  j  ,  ^  rj,     \n+  (m  +  1)  £  -  ?2  1  <  *?> 

in  all  instances.    Also  let  |  A  \  =  A'.    Then  the  dominant  equations 
are  chosen  to  be  ,-f 


r 


Clearly  P-A'  =  T:    their  common  values  are  given  as  the 
roots  of  the  cubic  equation 


A1        (I         1        *z>\_ 
--  r  -L    --  r  --—a  —  „  o  „  a       * 
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When  t  =  0  and  ^  =  0,  the  term  in  this  equation  independent  of 
T  vanishes  :  but  the  term  in  the  first  power  of  T  does  not  vanish 
because  rj  is  not  zero.  Hence  there  is  one  root,  and  only  one  root, 
of  the  cubic  equation  which  vanishes  when  t  =  0  and  ^  =  0  ;  it  is 
a  regular  function  of  t  and  z±  in  the  immediate  vicinity  of  t  —  0, 
over  a  region  which  is  not  infinitesimal.  Actually  solving  the 
equation  for  this  root,  we  find 

MA'  ft      A'     \ 

T  =  --    -  H  --  zl  )  +  higher  powers  of  t  and  zl  ; 
rj^a  \r      ^a     / 

and  then 

MA'  ft      A'     \ 
r  =  A  H  ---    -  H  --  #1  1  4-  higher  powers  of  t  and  ^  . 

1 


Now  knowing  that  such  a  solution  of  the  dominant  equations 
exists,  we  can  obtain  its  formal  expression  otherwise.     Let 


T=       22v^nr 

substitute  these  values  in  the  dominant  equations,  expand  their 
right-hand  sides  in  the  form  of  regular  series,  and  equate  coefficients 
of  z±mtn  on  the  two  sides.  We  find 

r-  JT' 
mn  —  •*•*-  mn> 

say.  Instead  of  actually  evaluating  K'mnt  the  analysis  used  to 
determine  ymn  can  be  adopted.  To  this  end,  construct  the  value 
°f  7?nn  and,  in  its  expression,  effect  the  following  changes  in 
succession  :  — 

i.     Replace  every  modulus  of  a  sum  by  the  sum  of  the 

moduli  of  its  terms  : 
ii.     Replace  each  denominator-factor 

l^  +  mfj    and  \n  4-  (m  +  !)£  —  £2    by  77  : 
iii.     Replace  the  coefficients  of  p^r^z^t^  in  fa  and  fa  by 
lf-r-am»£Wlr1J>lf'fc,  for  all  values  of  mlt  nly  p1}  q1: 

iv.     Replace    A\  by  -A". 

The  final  expression,  so  modified,  is  K'mn.  But  the  effect,  upon 
the  initial  expression  for  ymn\,  of  each  of  these  changes  is  to 
appreciate  the  value  :  hence,  taking  the  cumulative  result,  we 
have 

|  ^/mn    "^  •"-  mil* 

Similarly 

I  ""mn  \  <  •*-  mn' 
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But  the  series 

A' +  22*1*1??** 

converges  for  a  finite  region  round  the  origin  £  =  0;    hence  the 


series 


r= 


likewise  converge  :  that  is  to  say,  the  formal  expressions  p  and 
r  have  significance,  being  regular  functions  of  zl  and  t.  The 
equations  accordingly  have  integrals 

tl  —  P21>       t*  =  TZi, 

of  the  characteristics  indicated. 

This  completes  the  first  stage  of  the  proof. 

176.     For  the  second  stage,  let 

t^pz.  +  T^     *2=T^+T8; 
the  equations  for  Tl  and  T2  are 

=  £2\  +  &  (pz,  +  Tlt  rz,  +  r2,  t)  -  &  (pzlt  rzl}  t) 


after  substitution  for  p  and  r.  Here  fa  and  ^2  are  regular 
functions  of  their  arguments  and  vanish  when  Tl  =  0,  T2  =  0  ;  they 
contain  no  terms  of  aggregate  dimensions  lower  than  2  in  Tlt  T2, 
zlt  t.  In  accordance  with  the  statement  in  §  174,  it  has  to  be 
proved  that  these  equations  possess  solutions  of  tbe  form 

T^ZA,   ra  =  *2es> 

where  ®l  and  ®2  are  regular  functions  of  t,  zlt  2,  :  it  will  appear 
that  ©2  =  5  (an  arbitrary  constant)  and  @x  =  0,  when  t  =  0. 
Substituting  these  values  for  T,  and  T2,  we  find 


•t+**S+^  -/,(«,,  e,,,,,,,,  o 

the  functions  /  and  /,  are  regular  in  their  arguments,  every  term 
involves  ®!  or  ®2  or  both,  and  a  term  involving  ®x  and  ®2  in  tne 
form  ©©*1  nas  also  a  factor  ^2A+'A"1. 
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If  quantities  ®1}  ®2  exist,  which  are  regular  functions  of  t,  zlt 
z2,  and  satisfy  these  equations,  the  substitution  of  expressions  of 
the  form 

zizw,    e2 


in  these  equations  must  lead  to  identities.     Accordingly,  equating 
coefficients  of  z^z^f1  on  the  two  sides  of  both  equations,  we  have 


1)  fa}  Plmn  =  Tr'l 

(n  +  Zfj  +  mf2)  qlmn  =  K'lmn, 

where  ir'lmn,  /c'lmn  are  linear  functions  of  the  coefficients  in  /x  and 
/2>  and  are  integral  functions  of  the  coefficients  pi'm'H>  and  qi>m'n>, 
such  that 

I'  3:1,    mr  ^  m,    71'  <  TI,    Z'  +  m'  +  n'  <  1  +  m  +  n. 
Owing  to  the  forms  of  /j  and/2,  we  have 

TT'OOO  =  0,     /e'ooo  =  0. 
Hence  pm  =  0,  and  qm  is  left  undetermined  ;  we  take 

?ooo  =  B, 

where  B  is  an  arbitrary  constant.  Moreover,  no  one  of  the 
quantities 

n+(l-l)&  +  mfa,     U  +  1&  +  (m  -  1)  &, 

vanishes  for  values  of  I,  m,  n,  such  that  n  +  I  +  m  >  2  ;  hence  in 
the  equations  for  pZmn,  ^mn,  no  one  of  the  coefficients  of  pimn,  qlmn 
vanishes  when  n+l+m^l.  The  equations  can  therefore  be  solved 
for  all  the  coefficients  p  and  q  after  pm,  qm.  They  are  most 
conveniently  solved  in  groups  for  the  same  value  of  n  +  1  +  m,  and 
in  succeeding  groups  for  increasing  values  of  n  +  I  +  m,  beginning 
with  1  ;  the  results  are 

Plmn  =  T^lnm  >      qimn  ==  f^lmn  > 

where  7rlmn)  rclmn  are  sums  of  integral  functions  of  the  coefficients 
in/j  and/2,  each  divided  by  products  of  factors  of  the  types 

n  +  (I  -  1)  f  !  +  (m  +  1)  fa,     n  +  Z&  +  wfa. 

Expressions  are  thus  obtained  as  formal  solutions  of  the 
equations  :  it  is  necessary  to  establish  the  convergence  of  the 
infinite  series.  As  before,  we  construct  dominant  equations  for 
this  purpose,  as  follows. 

F.  in.  6 
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Let  a  common  region  of  existence  of  the  functions  /i  and  /2, 
which  are  regular  in  their  arguments,  be  defined  by  the  ranges 

\t\^.r,       Zi\^.pi,     l^aj^pii      l^il^0"!*      I  ®2    ^  o"2 : 
and  within  this  region,  let  N  denote  the  maximum  value  of  |/i 
and  |/2|,  so  that  N  is  a  finite  quantity.     Also  let  77  denote  the 
least  among  the  values  of 


for  the  various  combinations  of  the  integers  I,  m,  n  such  that 
I  +  m  +  n  ^  1 ;  and  let  |  B  \  =  B'.  Then  the  dominant  equations 
to  be  considered  are 


Pi/  \         P20V  V         P20V 

N 


i-iHi-5 

\        r. 


The  common  values  of  Oj  and  <E>2  —  5'  are  determined  as  roots  of 
the  cubic  equation 


r  - 

J 


h 


Pa/ 

When  ^  =  0,  ^  =  0,  ^2  =  0,  the  term  in  this  equation  independent 
of  4>j  vanishes:  but  the  term  in  the  first  power  of  4>j  does  not 
then  vanish,  because  77  is  different  from  zero.  Hence  there  is  one 
root,  and  only  one  root,  of  the  cubic  which  vanishes  when  t  =  0, 
z^  =  0,  z2  =  0:  and  it  is  a  regular  function  of  t,  zlf  z»,  in  the 
immediate  vicinity*  of  £  =  0.  Actually  solving  the  equation  for 
this  root,  we  find 


=  +    i  +  +  terms  of  hi  her  orders  . 

- 

and  then  we 


NB'  ft     z^       2  e,.  ,          , 

c|>2  =  B  -\  --  (-  +  —+—  -  )  +  terms  of  higher  orders. 

T        pl 


*  It  remains  a  regular  function,  so  long  as  \t\  is  less  than  the  least  of  the 
moduli  of  the  roots  of  the  discriminant  of  the  cubic. 
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As  in  the  preceding  stage  of  proof  of  the  main  theorem,  we 
can  obtain  the  expression  of  these  particular  quantities  ^  and  <I>2 
otherwise.  Knowing  that  ^  and  <£2  -  B',  equal  to  one  another, 
are  regular  functions  of  t,  zlt  z2,  let 


substitute  in  the  dominant  equations,  expand  the  right-hand  side 
in  the  form  of  regular  series,  and  equate  the  coefficients  of  z1lz^fltn 
on  the  two  sides.  We  find 

•Limn  =  "|mn« 

But  instead  of  actually  deriving  Himn  from  the  equations  so 
obtained,  we  can  utilise  the  analysis  that  leads  to  the  quantities 
•nw,  Kimn,  as  follows.  Construct  |  TTimn  and,  in  its  analytical 
expression,  effect  the  following  changes  in  succession  :  — 

i.     Replace  every  modulus  of  a  sum  by  the  sum  of  the 
moduli  of  the  terms  : 

ii.     Replace  each  denominator-factor 

and  \n  +  l^  +  m^2    by?;: 


iii.     Replace  the  coefficient  of  B1m*®am»#1a«,2ran»#p  in  /x  and  /2 
by  N-T-  o-^o-J^p^p^rP,  for  all  values  of  ml}  ra2,  nlt  n2)  p  : 

iv.     Replace  \B\  by  B'. 

The  final  expression,  after  all  these  modifications  have  been  made, 
is  liimn-  But  the  effect,  upon  the  initial  expression  for  |  7rZmn  ,  of 
each  of  the  modifications  is  to  appreciate  the  value  ;  hence  taking 
the  cumulative  effect,  we  have 


Similarly  |  Kimn  \  <  Ulmn. 

Now  the  series  for  <X>2,  when  Pimn  is  replaced  by  IIiwlw,  con 
verges  for  a  finite  region  round  the  origin  ;   hence  the  series 


also  converge  for  that  region.     Consequently  the  modified  equa 
tions  have  integrals  of  the  character 


6—2 
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and  therefore  the  original  equations  have  integrals 


where  p  and  r  are  regular  functions  of  t  and  z1:  and  @15  ®2  are 

regular  functions  of 

t,  2l,  z2. 

This   completes   the   proof  of    the   main    theorem    with   the 
specified  conditions. 

Ex.  1.     Consider  the  equations 
dx 


where  $i»  $2,  $3  are  regular  functions  of  z  which  do  not  vanish  with  z,  their 
expansions  being 

Qi 
for  i=  1,  2,  3. 

The  critical  quadratic  is 

(l 

Let  the  roots  of  this  quadratic  be  ^  and  £2  :  and  assume  that  neither  £x  nor  £2 
is  an  integer,  that  £t  —  £2  ig  n°t  zero  nor  an  integer,  and  that  the  real  parts  of 
£x  and  |2  are  positive.  The  further  conditions  in  the  theorem  are  that 


do  not  vanish  for  positive  integer  values  of  X,  /LI,  i/,  such  that 


these  also  will  be  assumed  to  be  satisfied.  (The  final  result  shews  that,  for  this 
particular  set  of  equations,  they  cease  to  provide  conditions  additional  to  those 
specified  :  though  they  are  necessary  for  the  general  case.) 

It  happens  that,  owing  to  the  form  of  the  equations,  the  integrals  can  be 
obtained  so  as  to  shew  explicitly  the  double  infinitude  of  non-regular  solutions. 

Take 

z  du 

X  —  --       ; 

u  dz 
then  the  first  equation  gives 

dx 

y  =  z  -, 
dz 


When  these  values  are  substituted  in  the  second  equation  and  the  result  is 
reduced,  it  is  found  that  u  is  to  be  determined  so  as  to  satisfy 

a  linear  equation. 
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What  is  desired  is  the  expression  of  the  values  of  x  and  y  in  the  vicinity 
of  2  =  0;  accordingly,  the  value  of  u  in  that  vicinity  must  be  obtained.  The 
fundamental  determining  equation  for  z=0  is 

m  (m  -  1)  (m  -  2)  +  (2  -  q2]  m  (m  -  1)  -  q^n  =  0, 
of  which  one  root  is  m  =  0,  and  the  other  two  roots  are  given  by 
m2- 


that  is,  the  three  roots  are  0,  glt  £2.  Having  regard  to  the  limitations  which 
have  been  imposed  upon  £x  and  £2,  we  infer  from  the  ordinary  theory  of  linear 
differential  equations  that  three  linearly  independent  solutions  of  the  equation 
in  u  are  provided  by 

.<?0,    2^,     2%2, 

where  6r0,  Cf19  <72  are  regular  functions  of  2,  which  do  not  vanish  when  2=0 
and  can  be  constructed  in  the  usual  manner;  and  consequently  that  its 
complete  solution  is  given  by 


where  A,  B,  C  are  arbitrary  constants.     Hence  x  and  y  are 


respectively.  These  integrals  clearly  vanish  when  2  =  0:  and  they  constitute 
a  double  infinitude  of  solutions,  for  they  contain  the  two  ratios  of  the 
arbitrary  constants. 

When  .5=0,  (7=0,  the  solutions  are  regular  functions;  with  the  assumed 
properties  of  £  and  £2)  they  are  the  only  regular  functions  when  A  is  not  zero. 

When  A  =  0,  C=0,  the  expressions  become  regular  functions,  and  they  are 
solutions  of  the  equations;  but  they  do  not  vanish  when  2=0,  and  therefore 
they  do  riot  satisfy  the  conditions.  Similarly  for  the  solutions  that  arise  from 
the  assumptions  A—0,  £=0. 

The  solutions,  corresponding  to  the  values  pz1  and  TZI  in  the  text  for  the 
modified  variables  in  §  173,  are  easily  seen  to  be  given  by 

dG 


, 

oi+     --- 

**     ~ 


where 
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Similarly,  for  the  solutions  corresponding  to  the  values  z.2Q1  and  2202  of  the 
last  set  of  dependent  variables  in  §  173,  we  have 


dz 


dz 


29e9=- 


.         „    B     T     C 
where  K  =-r,  L=-r. 
A  A. 

The  quantities  ^  and  t2  are 


*,= 


~GT 


2"  c^2 


+  22' 


,  +  A; 


being  of  the  forms  indicated. 

Ex.  2.     Consider  the  equations 
dx 


IX  +  azx  +  bzy  -\-  cyz 


where  X:  and  X2  are  subject  to  the  same  restrictions  as  £t  and  ^2  in  the  text. 

Proceeding,  as  in  §  174,  to  obtain  the  expansions  of  x  and  y  as  regular 
functions  of  2,  f1}  £2,  where 

/•     —^1  /•    _^2 

kl        *      J         b2~*      5 

7)7?  ^/?2 


we  find 


where  the  unexpressed  terms  are  of  higher  dimensions  in  2,  ^ ,  £2  than  two ; 
and  A,  B  are  arbitrary. 
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Taking  the  parts  which  contain  fj  as  a  factor,  we  have 

of  second  and  higher  orders), 


shewing  that  p  =  J,  r=0  when  2  =  0.     Similarly  for  the  parts  which  contain  £2 
alone. 

The  only  way  to  secure  a  solution,  which  makes  £\  a  factor  of  #,  is  to  take 
B  =  0 ;  and  then  £2  cannot  be  a  factor  of  y.  Similarly,  the  only  way  to  secure 
a  solution,  which  makes  £2  a  factor  of  y,  is  to  take  A  =  0]  and  then  £  cannot 
be  a  factor  of  x. 

This  is  the  example  referred  to  in  the  note  (p.  47  of  this  volume)  to  §  165. 
Konigsberger's  investigation  seems  to  imply  that  the  non-regular  integrals  of 

-r— — -1  —  >   V  4-FV    "F     FT 

£&£  ~     1      l"T"L';t'5    •*!»  ••gj 

Cv -f   o         _         T7-  r  -,".-         TT   -, 


when  the  real  parts  of  X1  and  X2  are  positive,  are 


so  that  #AI  is  a  factor  of  Fx  and  a^1  a  factor  of  F2. 


CASE  I  (6)  :    OTie  roo^  o/  ^e  critical  quadratic  is  a  positive 
integer,  the  other  is  not  a  positive  integer. 

177.     Let  the  integer  root  be  denoted  by  m,  the  non-integer 
root  by  f  ;  the  equations  can  be  taken  in  the  form 


where  0  and  <f>  are  regular  functions  of  their  arguments,  which 
vanish  with  u,  v,  t  and  contain  no  terms  of  dimensions  lower  than 
two.  The  same  transformations  as  were  used  in  S  168,  viz. 
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can  be  applied  m  —  1  times  in  succession  :  and  ultimately  we  have 
equations 


t~di= 

t-?= 


!,    tz,    t) 


where  K,  =  f  —  m  +  1,  is  not  a  positive  integer,  the  functions  /j 
and  /2  are  regular  functions  of  their  arguments  of  the  same  type 
as  0  and  </>  above,  and  the  integrals  ti  and  £2  are  to  vanish  with  t. 

It  has  been  proved  that  there  are  no  regular  integrals  of  the 
equation  vanishing  with  t  unless  a  is  zero :  and  that,  if  a  =  0, 
there  exists  a  simple  infinitude  of  regular  integrals  satisfying 
the  equations.  We  proceed,  not  in  the  first  place  to  the  complete 
theorem  but  only  to  a  partial  theorem,  by  shewing  that  when  a  is 
not  zero,  there  exists  a  simple  infinitude  of  non-regular  integrals 
vanishing  with  t,  these  integrals  being  regular  functions  of  t  and 
t  log  t :  and  when  a  is  zero,  these  non-regular  integrals  do  not 
exist. 

To  establish  this  result,  we  proceed  from  equations 

(M  IT  \ 

t  -,-  =  ax  +  at  +  0i  (#,  y,  t) 

M 


«-«y+    +  ,«,  y, 

where  a  is  taken  to  be  a  real  positive  quantity,  a  little  less  than 
1  initially  and  equal  to  1  ultimately  :  and,  as  the  explicit  forms  of 
0i  and  #2  are  required,  we  suppose 


With  these  equations,  we  associate  a  set  of  dominant  equations. 

Let 

\aijp\=Aijp,     \bijp\  =  Bijp)     \a\  =  A; 

then  the  dominant  equations  are 


at 

d 
at 


^®!  (Z,   F,  t) 
=  ®2(X,  Y,  t) 
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where 


^Y,  F,  0-sas 

2(X,  Y,  t)  =  222 


If  K  be  real,  not  being  a  positive  integer,  we  choose  that  sign  for 
the  term  +  Bt,  which  makes 


/c-1 

a  positive  quantity;  if  K  be  complex,  we  choose  a  term  -f  Bt, 
such  that 

B 

K-l 

is  a  real  positive  quantity,  and    B  >  b  . 

By  the  theorem  of  §  175,  we  know  that  solutions  exist,  which 
vanish  with  t  and  are  expressible  as  regular  functions  of  t  and  iv. 
Let  a  new  variable  0  be  introduced,  defined  by  the  equation 

f7  —  t  =  (1  —  o-)  0 ; 

and,  in  the  solutions  indicated,  replace  t*  by  t  +  (1  —  a)  0 ;  they 
then  become  regular  functions  of  t  and  0,  expressed  as  converging 
power-series.  To  obtain  their  coefficients  in  this  form  directly, 
let 

Y=22bmn0mtn, 
where  a00  =  0,  600  =  0 ;  then  since 

tdi  =  <70~t> 

we  have 

dX 


and 


-  t)} 
{(n  +  o-m)  Omtn  -  m6m-ltn+l}  amn, 


dY 

t  --     =  S2 


Substituting   in    the    differential    equations    and    comparing 
coefficients,  we  have 

(n  +  din  -  o-)  amn  -  (m  +  1)  am+l>  n_j  =  Hm>  n 
(n  +  o-m  -  K)  bmn  -  (m 
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where  Hm>n  and  Km,n  are  sums  of  terms  of  the  form 


and  similarly  for  Km,n>  such  that 

m-L  +  .  .  .  +  mi  +  m/  +  .  .  .  +  m/  = 


As    regards   the   initial    coefficients,    we    have   the   following 
expressions. 

For  m  +  n  =  0,  so  that  ra  =  0,  n  =  0  ;  then 

«oo  =  0,      600  =  0. 

For  m  +  ?i  =  l,  so  that  m  =  l,  ?i  =  0:  and  m  =  0,  ?i  =  1  ;  then 
0  .  a10  =  0,     (a-  -  *)  610  =  0  ; 

(1  -  o-)  a0i  -  a10  =  -  A,     (1  -  /c)  60i  —  &io  =  +  -B  ; 
so  that 

a10  =  (1  -  o-)  a01  +  -4,     (1  -  «)  60i  =  +  B,     bw  =  0  ; 

thus  a0i  is  undetermined  and  therefore  can  be  taken  arbitrarily, 
say  =  C,  where  C  is  positive.     Thus  a01,  a10,  &0i  are  positive. 

For  m  +  n  =  2,  so  that  m  =  2,  n  =  0  :  m  =  1,  n  =  1  :  and  m  =  0, 
n  =  2  ;   then 


(2(7  -  A:)  &20  =  -BaoXjo  f  ' 

au  -  2a20  =  2J.200aio«oi  +  ^-110^10^01  +  Amalo  \ 
(1  +  a  -  K)  bn  -  2620  =  2JB2ooa10aoi  +  Buoalobn  +  £101^10  ) 

(2  -  0-)  a02  —On  =  -4.200  «2 

(2  -  «)  6W  -  6U  =  52ooa2o 

And  so  on,  taking  in  succession  the  groups  of  terms  for  increasing 
values  of  ra-f  w,  and  taking,  in  each  group,  the  equations  for 
increasing  values  of  n  beginning  with  zero.  The  result  is  to  give 

vmn  >       Omn  =  <mn  ' 


where  6mn  and  <t>mn  are  sums  of  a  number  of  terms ;  each  term  is 
a  quotient,  the  numerator  being  a  positive  integral  function  of  the 
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coefficients  of  0X  and  02  and  containing  awm  as  a  factor,  and  the 
denominator  being  a  product  of  quantities  of  the  form 

n  +  am  —  a,     n  4-  am  —  K. 

It  can  be  proved,  by  an  argument  precisely  similar  to  that  in  §  71, 
that  the  number  of  quantities  entering  into  the  denominator 
product  for  each  of  the  terms  in  6mn  and  (j>mn  is 

<  m  +  2n  -  1. 

On  account  of  the  theorem  of  §  175,  establishing  the  existence  of 
the  integrals  as  regular  functions  of  t  and  £°",  it  follows  that  the 
series 


converge. 

Now  proceed  to  the  limit  in  which  a  increases  to,  and  ulti 
mately  acquires,  the  value  unity ;  then  6  becomes  —  t  log  t,  the 
differential  equations  become 

dX  _  H  \ 

dt 

jv  r 


and  the  integrals  change  to 


where  a'mn  and  b'mn  are   the  values   of  amn  and  bmn  when  a  is 
replaced  by  1. 

In  Omnt  let  T  be  any  one  of  the  terms,  and  let  T'  be  the  value 
of  T  when  a  is  replaced  by  1.  As  regards  the  numerator  in  T,  it 
is  the  sum  of  a  series  of  positive  quantities  :  and  it  is  unaffected 
by  the  change  of  a,  except  that  a10  is  replaced  by  A,  that  is,  by 
a  diminished  quantity  ;  hence  the  numerator  of  T'  is  less  than 
that  of  T.  As  regards  the  numerical  denominator,  each  factor 
n  +  am  —  a  is  replaced  by  n  +  m—  1,  which  is  a  greater  quantity 
than  the  factor  it  replaces,  unless  m  vanishes  ;  but  when  m  =  0, 
then 


because  then  n  ^  2.  Also  every  factor  n  +  am  —  K  is  replaced  by 
n  4-  m  —  K  ;  the  imaginary  portions  (if  any)  of  these  two  are  the 
same,  but  the  real  part  of  the  new  factor  is  greater  than  that  of 
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the  old  except  when  m  =  Q,  and  then  they  are  the  same.  The 
number  of  factors  in  the  denominator  is  not  greater  than 
ra  +  27i  —  1 :  hence 


II 


n  +  o-m  —  an-}-  am  —  tc 
n+m— 1 ' n+m— K 


(2  —  a)m+-n-1 


(2  - 


The  changes  made  have  diminished  the  numerator  of  T ;  thus 

n  +  am  —  a      n  +  cm  —  * 


T 


\n+m—l        n+m-  K 


Remembering  that  Omn  is  a  sum  of  terms  T  and  bearing  in  mind 
the  character  of  T,  we  have 


Similarly 


(2  -  <r)2m+2n. 
(2  - 


Now  the  series 


converge  for  a  finite  region  round  the  origin.  Let  this  be 
defined  by  \t\^r,  0I<«;  and  let  Mlt  M2  be  the  respective 
maximum  values  of  the  moduli  of  the  series  within  the  region. 
Then 


< 


and  therefore 


_i__imi  r  r 

(2 -a)2]    |(2-a)2J 


l&'mn    < 


_L_rj— 

.(2 -a)2}    1(2  -a)2 


Consequently  the  series 

W//       /Jm/7i 
2*2*(l  mnu    I  , 

converge  for  a  finite  region  round  t  =  0. 
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If  the  original  equations 
,  dx 


possess  integrals,  which  vanish  with  t  and  are  regular  functions  of 
t  and  t  log  £,  these  integrals  may  be  assumed  to  be 


y  = 

when   substituted,   they   must   satisfy   the    equations   identically. 
Choose  f01  so  that 

\fn\-0, 

where  C  is  the  arbitrary  constant  in  the  integrals  of  the  preceding 
equations. 

When  the  relations  that  arise  from  the  comparison  of  the 
coefficients  are  solved  so  as  to  give  fmn,  gmn,  it  is  easy  to  see  that 
the  same  results  are  obtained  as  would  be  given  by  changing,  in 
afmn  and  b'mn,  A  into  —  a,B  into  +  b,  Ayp  into  «yp,  and  BIJP  into 
bijp,  for  all  values  of  i,j,  p.  Bearing  in  mind  that 

\a\=A,      b  ^  B\,      aijp  =Aijp,      bijp\=Bijp, 

it  is  manifest  that  the  real  positive  quantities    a'mn   and  |  b'mn  \  are 
superior  limits  for  \fmn   and  \gmn  ;  that  is, 

I  J  inn    <    a  mn   ,        gmn    <  |  ^  mn  \  • 

But  the  series 

W^/       fimfn 

Z*£,LL  mnU     I    , 

converge  :  hence  the  series 


also  converge,  and   the   equations   accordingly   possess   integrals 
as  stated  in  the  theorem. 

Note.     If  a  is  zero,  then  a'10  =  0  ;   a'w  =  0,  a'u  =  0  ;   and  it  is 
immediately  obvious  that 

a'mn  =  0, 
for  all  values  of  m  >  0  and  all  values  of  n.     Similarly 

b'mn  =  0, 
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for  the  same  combinations  of  m  and  n.     In  this  case,  6  disappears 
entirely  from  the  expressions 

2S/"    &*ntn     2X#    6mtn ' 

so  that  the  integrals  become  regular  functions  of  t,  which  are 
known  to  be  solutions  of  the  equations  when  a  =  0. 

178.     The  main  theorems  as  to  the  equations 
t-^=    tl  +  at+fl(tl,  t,,  t) 

f 


so  far  as  concerns  the  non-regular  solutions,  are : — 

When  a  is  not  zero,  so  that  the  equations  do  not  possess  any 
regular  solutions  that  vanish  with  t,  they  possess  non-regular 
solutions  that  vanish  with  t.  If  K  have  its  real  part  positive,  not 
itself  being  a  positive  integer,  there  is  a  double  infinitude  of  such 
solutions ;  they  are  regular  functions  of  t,  tK  and  t  log  t.  If  K 
have  its  real  part  negative,  there  is  only  a  single  infinitude  of  such 
solutions  ;  they  are  regular  functions  of  t  and  tlog  t. 

When  a  is  zero,  so  that  the  equations  possess  a  single  infinitude 
of  regular  solutions  vanishing  with  t,  then  if  K  have  its  real  part 
positive,  not  itself  being  a  positive  integer,  there  is  a  single  infini 
tude  of  non-regular  solutions  vanishing  with  t  which  are  regular 
functions  of  t  and  t* ;  but  if  K  have  its  real  part  negative, 
the  equations  possess  no  non-regular  solutions  vanishing  with  t. 

These  theorems  can  be  established  by  analysis  and  a  course  of 
argument  similar  to  those  which  have  been  adopted,  wholly  or 
partially,  in  preceding  cases.  The  actual  expressions  for  the 
integrals,  when  a  is  not  zero,  are 

t^ae  +  At  +  ZZZgnnn^t"       I 

t2  =  l ~- 1  +  BS  +  222Alwn  j*0"*»]  ' 

where  the  summation  is  for  values  of  I,  m,  n,  such  that 
I  +  m  4.  n  ^  2,  the  coefficients  A  and  B  are  arbitrary,  f  denotes 
tK  and  6  denotes  tlogt. 

When  a  is  zero,  all  the  coefficients  gimn,  htmn  for  values  of 
m  >  0  vanish ;  so  that  6  disappears  from  the  expressions  for  ti 
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and  t>-  The  resulting  expressions  then  can  be  resolved  each  into 
the  sum  of  two  functions :  one  a  regular  function  of  t  which 
involves  J.,  the  other  a  regular  function  of  t  and  f  which  involves 
B  and  vanishes  when  B=  0. 

It  may  be  noted  that  a  slight  degeneration  occurs  in  the 
solutions,  when  K,  is  the  reciprocal  of  a  positive  integer ;  a  regular 
function  of  t  and  t*  is  then  merely  a  regular  function  of  t*. 

When  the  equations  in  their  first  transformed  expression  are 
t  —  =  mu  +  at  +  0  (u,  v,  t) 

t-=&>  +  8t  +  6(u   v   */' 
dt  I 

the  general  results  are  the  same  as  above ;  the  value  of  K  is 
f  —  m  + 1,  and  the  critical  condition,  which  is  represented  by 
a  =  0,  is  stated  at  the  end  of  §  168. 


CASE  I  (c)  :    the  roots  of  the  critical  quadratic  are  unequal, 
and  both  are  positive  integers. 

179.  Denoting  the  roots  by  m  and  n,  of  which  m  may  be 
taken  as  the  smaller  integer,  the  equations  can  be  transformed  so 
as  to  become 

t-ji  =  mu  +  at  +  6  (u,  v,  t) 

t-j-t  =  nv  +  fit  +  (f>  (M,  v,  t) 

They  can  be  modified  by  substitutions  similar  to  those  adopted  in 
the  preceding  case  ;  such  substitutions  can  be  applied  m—l  times 
in  succession,  leading  to  the  forms 


where  K,  =n  —  m+l,  is  a  positive  integer  greater  than  1,  the 
integrals  ^  and  £2  are  to  vanish  with  t,  and  the  functions  fly  f2  are 
regular  functions,  which  vanish  with  their  arguments  and  contain 
no  terms  of  dimensions  lower  than  two  in  £1?  t2,  t  combined. 
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It  has  already  been  proved  (§  169)  that  the  equations  possess 
no  regular  integrals  vanishing  with  t,  unless  two  relations  among 
the  constants  be  satisfied ;  one  of  them  is  represented  by  a  =  0, 
the  other  by  (say)  (7=0,  where  C  is  a  definite  combination  of  a,  b, 
and  the  constant  coefficients  in/i  and/2.  The  theorem  as  regards 
the  non-regular  integrals  is  : 

The  equations  in  general  possess  a  double  infinitude  of  non- 
regular  integrals  which  vanish  with  t ;  they  are  regular  functions 
of  t,  and  t  log  t.  If  both  of  the  conditions  represented  by  a  =  0, 
(7  =  0  are  satisfied,  the  equations  possess  no  non-regular  integrals 
vanishing  with  t :  they  are  known  to  possess  a  double  infinitude  of 
regular  integrals  which  vanish  with  t. 

The  method  of  establishing  this  theorem  is  similar  to  that  for 
the  case  when  K  is  unity,  so  that  the  critical  quadratic  has  a 
repeated  root.  As  that  case  will  be  discussed  later  in  full  detail, 
we  shall  not  here  reproduce  the  analysis  and  the  argument,  which 
follow  closely  the  corresponding  analysis  and  argument  in  that 
later  discussion. 

The  conditions  for  the  equations 

du  ft  ,         ,x 

t  _  =  mu  +  at  +  6  (ut  v,  t) 

\AJ\J 

.  dv 


represented  for  the  modified  forms  by  a,  =  0,  0=0,  have  already 
been  given  (§  169). 

CASE  II  (a) :    the  critical  quadratic  has  equal  roots, 
not  a  positive  integer. 

180.  It  has  been  proved  that,  in  this  case,  the  original 
equations  possess  regular  integrals  vanishing  with  t :  and  therefore, 
in  order  to  consider  the  non-regular  integrals  (if  any)  that  vanish 
with  t,  we  transform  the  equations  as  in  §  172,  and  we  study  the 
derived  system 
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where  fa  and  <£2  are  regular  functions  of  their  arguments  ;  they 
vanish  when  ^  =  0,  t2  =  0,  and  contain  no  terms  of  dimensions  less 
than  2  in  t1}  tz,  t  combined.  The  integrals  ^  and  t2  are  to  be  non- 
regular  functions  of  t,  required  to  vanish  with  t. 

The  non-regular  integrals  are  given  by  the  theorem  : 
When  the  repeated  root  %  of  the  critical  quadratic  has  its  real 
part  positive,  and  is  not  itself  a  positive  integer,  there  is  a  double 
infinitude  of  non-regular  integrals  vanishing  with  t,  these  integrals 
being  regular  functions  of  t,  $,  $  log  t. 

When  the  theorem  is  established,  there  is  an  immediate 
corollary  : 

If  the  real  part  of  the  repeated  root  f  of  the  critical  quadratic 
be  negative,  then  the  equations  do  not  possess  non-regular  integrals 
vanishing  with  t;  the  regular  integrals  possessed  by  the  original 
system  of  equations  are  the  only  integrals  that  vanish  with  t. 

The  forms  of  the  theorem  and  the  corollary  are  indicated,  by 
proceeding  towards  the  limit  of  the  theorems  for  the  case  of  I  (a) 
when  the  roots  of  the  critical  quadratic  are  equal  to  one  another. 
If  f  2  =  f  i  +  &,  where  8  is  infinitesimal,  then 


so  that  a  function  of  t,  fa  ,  t**  becomes  a  function  of  t,  tfi  ,  fa  log  t  ; 
but  further  investigation  is  needed  in  order  to  shew  that,  in 
passing  to  the  limit,  the  functions  under  consideration  continue 
to  exist.  Instead  of  adopting  this  method  of  proof,  we  proceed 
independently. 

It  is  convenient  to  take 

?=£     -17  =  **  log*. 

If  therefore  integrals  of  the  character  indicated  in  the  theorem 
exist,  they  can  be  expressed  in  the  forms 


and  these  values  must,  when  substituted,  satisfy  the  differential 
equations  identically.     Now 


so  that 


t  -T-  (£l7jmtn)  =  (n  + 
at 


F.  in. 
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Hence  equating  coefficients  of  ?rfntn  on  the  two  sides  of  both 
equations,  after  substitution  of  the  assumed  values  of  ti  and  t2,  we 
have 


-\-rn-  I)  £  aimn  —  (m  +  1)  o-z-j,  m+i,  n  =  ^imn  1  ^ 

+  ftrmi  ) 


[n  +  (I  +  m  -  1)  %  }  limn  —  (m  +  1)  6Z_i,  m+i,  71  = 

where  aflmn,  (3'lmn,  being  the  coefficients  of  ?<n™tn  m  fa  and  fa 
respectively,  are  linear  functions  of  the  constants  in  fa  and  <£2, 
and  are  integral  functions  of  the  coefficients  cfymv>  &j'm'n'>  sucn 
that  Z'  <  /,  m'  <  m,  w'  ^  w,  Z'  +  m7  +  n  <  Z  +  m  +  n. 

Assuming  that  the  real  part  of  f  is  positive,  but  that  £  is 
not  itself  a  positive  integer,  we  see  that  no  one  of  the  quantities 
can  vanish  if  I  +  m  +  n  ^  2. 


If  j  =  wl==n  =  0,  then  a'/nm  =  0,  ^'Zmn  =  0;  hence 
a0oo  =  0, 

—  ?  frooo  =  ^aooo  =  0. 

For  values  such  that  I  +  m  +  n  =  1,  we  have 
0  .  a010  =  0,  that  is,  a010  =  K, 

«ooi  =  0, 

0  .  a100  -  ^010  =  0,  that  is,  a100  =  -4,  and  ^  =  0  ; 
0  .  6010  =  0  •  am  =  6K  =  0,  that  is,  6C10  =  B  ; 

6001  =  6  .  am  =  0, 
0.&100-&oio  =  0*am  =  OA. 
The  last  equation  shews  that 

0A  +  B  =  0, 
which  determines  Z;  and  then  6010,  6100  are  arbitrary;  that  is,  we 

have 

a0io  =  0,     a00i  =  0,     a100  =  -4  ; 

6010  =  £,    ^ooi-O,     6100  =  ^. 

To  obtain  the  terms  of  dimension  two  in  f,  77,  £  in  ^  and  £2,  we 
require  the  explicit  expressions  of  fa  and  fa  :  let  them  be 

fa  =  att,  +  bUz  +  ct,2  +  et,  t2  •+  U?  +  .  .  .  , 
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The  terms  in  ti  and  t2  of  dimension  one,  obtained  as  above,  are 


so  that,  as  far  as  terms  of  dimension  two   in   fa  and   fa  after 
substitution,  we  have 


fa  =  (CA*  +  eAC  +  kC*)  ?  +  (eAB  +  2kBC)  fr 

+  (aA  +  bC) 
fa  =  (7A*  +  eAC  +  KC*)  ?  +  (eAB  +  2tcBC)  & 


Accordingly,  for  I  +  m  +  n  =  2,  we  have 

%am  =  kB\   am  =  bB,   (2  -  £)  a002  =  0, 
«ioi  -  «oii  =  aA  +  bC,   f  a110  -  2a020  =  eAB  4-  2kBC, 
^200  -  auo  =  cA2  +  e  A  C  +  A;(72  ; 

,   bmi=/3B+0am,   (2- 
+  <9a101,    ^6llrt  -  26020  =  eAB  + 


These  relations,  taken  in  succession,  determine  the  values  of 
the  coefficients  aZmn,  6;mn,  such  that  £  +  m+??  =  2;  when  the 
values  are  substituted,  we  obtain  the  terms  in  ^  and  t2,  which 
are  of  dimensions  two  in  the  arguments  f,  77,  t.  And  so  on,  for 
successive  groups  of  terms. 

The  equations,  when  solved  in  groups  for  the  same  value  of 
I  +  m  +  n  beginning  with  a  zero  value  of  I,  and  solved  in  success 
ive  groups  for  increasing  values  of  l  +  m+n,  give  values  of  almn, 
blmn,  which  are  sums  of  integral  functions  of  the  literal  coefficients 
of  fa  and  fa,  and  of  the  arbitrary  coefficients  B  and  G,  each  such 
integral  function  being  divided  by  a  product  of  factors  of  the 
form  w  +  (Z  +  m  —  l)f.  Let  the  values  thus  obtained  be 

aimn  =  aimn>       ^Imn  =  Plmn» 

As  in  §  174  for  the  former  case,  it  can  be  proved  that 
awp  =  0,     bwp  =  0, 

for  all  positive  integer  values  of  p,  so  that  there  are  no  terms  in  ^ 

7-2 
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or  in  Z2,  which  involve  t  alone;  every  term  involves  either  f  or 
77  or  both  f  and  77. 

To  establish  the  convergence  of  the  series  thus  obtained,  we 
proceed  in  two  stages  as  in  the  corresponding  question  (§§  175, 
176),  when  the  roots  of  the  critical  quadratic  are  unequal. 

Extract  from  t,  and  t2  all  the  terms  which  are  free  from  77  ; 
as  each  of  them  involves  f,  their  aggregate  can  be  taken  in  the 
respective  forms  go,  Jr.  The  remaining  terms  then  have  77  for  a 
factor,  so  that  we  may  write 


It  will  be  proved,  first,  that  solutions  of  the  form 

*i=&>,     *2  =  ?r 

exist,  where  p  and  r  are  regular  functions  of  t  and  £  p  vanishing 
at  £  =  0  and  T  having  an  arbitrary  value  there  :  so  that  the 
functions  involve  one  arbitrary  constant,  and  there  consequently 
is  a  simple  infinitude  of  such  solutions. 

Then  substituting 


it  will  be  proved  that  functions  (8^  and  02  exist,  which  are 
regular  in  their  arguments  f,  77,  t,  and  involve  an  arbitrary 
constant  (7;  ®!  vanishes  at  t  =  0,  and  ©2  acquires  the  value  C 
there.  Thus  for  an  assigned  value  of  B,  these  will  represent 
another  (and  an  independent)  simple  infinitude  'of  integrals. 

In  each  stage,  the  details  of  the  analysis  follow  the  detailed 
analysis  of  the  former  case  somewhat  closely  :  it  therefore  will  be 
abbreviated  for  the  present  purpose. 

181.  Substituting  ^  =  f/o,  t2  =  £  r  in  the  equations  for  ^  and 
t2,  we  find  p  and  r  determined  by 


—  -e 

dt 
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where  the  general  character  of  i/^  and  -v/r2  is  as  before.     If  these 
are  satisfied  by  regular  functions  of  t  and  f,  their  expressions 


when  substituted  in  the  above  equations,  must  satisfy  them 
identically.  Accordingly,  comparing  coefficients  of  £mtn  on  the 
two  sides  of  both  equations,  we  have 


(n  +  mf)  jmn  =  J'mn  +  0kmnt 

where  K'mnt  J'mn  are  linear  in  the  literal  coefficients  of  p  and  T, 
and  are  integral  functions  of  km>n>,  jm>n't  such  that  m'  <  m,  w'  ^  n, 
m' -f  TI' <  m  +  ??.  Also,  from  the  form  of  fa  and  fa,  JiT/00  =  0, 
J'/00  =  0;  hence  we  have 

&oo  =  0. 

But  jw  is  undetermined,  and  it  can  therefore  be  taken  arbitrarily : 
let  its  value  be  B,  where  B  is  any  arbitrary  constant. 

When  the  equations  for  kmn  and  jmn  are  solved,  in  groups  for 
the  same  value  of  m  +  n  and  in  succeeding  groups  for  increasing 
values  of  m  +  n,  they  lead  to  results  of  the  form 

7  _  •  

f^mn       Kmn,     jmn       "mm 

where  /cmn,  imn  are  sums  of  integral  functions  of  the  coefficients  in 
fa  and  fa,  divided  by  products  of  factors  of  the  form  n  +  mf. 

The  dominant  functions  are  constructed  as  before.  Let  e 
denote  the  least  value  of  \n  +  m%  for  integer  values  of  m  and  n, 
so  that  e  is  a  finite  (non-vanishing)  quantity ;  and  let  |  6  \  =  @, 
\C\  =  C'.  Also,  let  a  common  region  of  existence  for  the  functions 
fa  and  fa  be  given  by  the  ranges  \t\  ^  r,  |f|  ^  rls  \p\^h,  T  ^.k; 
within  this  region,  let  M  be  the  greatest  of  the  values  of  l^j  and 
of  1 1^2 1 .  Consider  functions  P  and  T,  defined  by  the  equations 
M 


E1R 

eT      eC'  4-  @P  A 

(~\                                 111                                 1 
hr    1  V             lev  1 
HT1/    \           /t/i/ 

1(                  M 

1   _   _                      Tl                          ! 

r 

E'RF1 

(l~k^) 

JL--M^--M1^ 

r           /?r!          ki\ 

r 
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Clearly 

(e 

that  is, 


The  value  of  P  is  a  root  of  a  cubic  equation  which,  when  t  =  0 
and  f=0,  has  no  term  independent  of  P,  and  has  a  non-  vanishing 
term  involving  the  first  power  of  P  :  so  that  it  has  one  and  only 
one  root  vanishing  with  t  and  f,  and  this  root  is  a  regular  function 
of  those  variables.  To  obtain  its  expression  without  actually 
solving  the  cubic,  we  take 


where  Kw  =  0:  we  expand  the  right-hand  side  of  the  dominant 
equations  as  a  regular  function  of  t,  ?,  P,  T,  and  compare  co 
efficients.  The  analysis,  that  leads  to  the  values  of  Kmn,  imn,  can 
be  used  to  obtain  the  value  of  Kmn,  by  making  appropriate 
changes  similar  to  those  in  the  earlier  corresponding  case.  These 
changes  are  now,  as  was  the  case  before,  such  as  to  make 

^mn    "*•*•  -**-mn>       \hnn\  "^  -^-mn  5 

and  therefore,  as  the  series 

TT7T     ymfn 

^^J\.mnL,     I 

converges,  the  series 

V9  Z-       }">n  in        n  _i_  V  V  ,,'       pm-fti 
Zi2,kmnL>     t   ,       U  +  2,^Jmn^     I  , 

also  converge.  The  existence  of  the  integrals,  connected  with  the 
first  stage,  is  therefore  established. 

182.     Now  writing 

*i  =  &>  +  *7©i,   «a  =  ?T  +  ^ea> 

where  p  and  r  are  the  regular  functions  of  t  and  f  as  just  deter 
mined,  the  equations  for  ®j  and  ®2  are 


=  00,  +/,(©,,  e2,  f,^o  j 

where  /x  and  /2  are  regular  functions  of  their  arguments,  which 
vanish  when  ©j  =  0  and  ©2  =  0  ;  the  coefficients  of  the  first  powers 
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of  ©j  and  ©2  vanish  when  t  =  0 ;  and  any  term,  involving  ©j  and 
©2  in  the  form  ©XA©/,  contains  TJ^+V-I  as  a  factor. 

The  method  of  proof  and  its  general  course  are  the  same 
as  before  (§  176).  The  regular  functions  of  £  ?;,  t,  which  are  the 
formal  solution  of  the  equations,  are  proved  to  converge,  by  being 
compared  with  the  functions,  which  satisfy  the  dominant  equations 

M 


i--)M 

r/\       p 


M 


and  are  such  that,  when  t=Q,  ?=0,  77  =  0,  then  <E>j  is  zero  and 
O2  =  |(7|.  There  exists  a  single  quantity  <E>1;  satisfying  these 
equations  and  vanishing  with  t,  which  is  expansible  as  a  regular 
function  of  t,  f,  77  in  a  non -infinitesimal  region  round  t ;  the  power- 
series,  which  is  its  expression,  is  consequently  a  converging  series 
within  that  region.  And  therefore  <3>2>  being  given  by 


is  also  expressible  as  a  regular  function  of  £,  f,  77  which,  when 
£  =  0,  acquires  the  value  |(7|. 

A  comparison  of  the  coefficients  of  £lt]mtn  in  ©x  and  ©2,  with 
those  of  the  same  combination  of  the  variables  in  ^  and  <E>2,  is 
easily  seen  to  lead  to  the  inference,  that  the  moduli  of  the  former 
are  less  than  the  modulus  of  the  latter ;  consequently  the  former 
series  converge  and  therefore  integrals  of  the  equations,  defined 
by  the  specified  conditions,  are  proved  to  exist.  Their  explicit 
expressions,  as  power-series,  are  obtained  as  in  §  176. 
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Ex.     Consider  a  special  (degenerate)  form  of  the  equations  in  Ex.  1,  §  176, 
given  by 

dx 

Z- 


The  critical  quadratic  is 

(a 
that  is, 

(0-1)2  =  0, 

so  that  the  roots  are  equal,  the  common  value  not  being  an  integer. 
To  find  explicit  expression  for  the  integrals,  we  can  take 
z  du 


and  both  equations  are  satisfied  by  these  values,  provided  u  is  determined  as 
a  solution  of 

~d3u      .  9d2ii  i  ..   du 

Z3  -jT?  +  *?a  TO  +*3  ~j KZU  =  0. 

dz3  dz2     J  dz 

What  is  required  is  the  complete  solution  of  this  equation,  expressed  in  the 
vicinity  of  z  =  Q. 

The  fundamental  determining  equation  is 

m  (m-l)(m-Z)  +  %m  (m  - 1 )  +  tyn  =  0, 
that  is, 

m(m-§)2  =  0. 

Hence,  by  the  usual  theory  of  linear  differential  equations,  three  linearly 
independent  solutions  are  given  by 

-i  ,_^  hl_ML  .  x     (**?         - 

\2  +  2!  /1.4\2  +  3!  /l^l-TX2 
3.3.3 


Here 

<Z  K*Z*  K*Z3 


+  ,.   o         + 

—  8(2')2 
^     ; 


- 

3  3.3  3.3.3 

and  ^3  is  a  regular  function  of  z  that  vanishes  with  z,  its  expression  being 


where 


O.O.  lJ....»t*'/f|A«i  /        i\t] 

(m!)2 


3m 

and  BQ  =  (). 

Accordingly,  the  complete  solution  of  the  equation  in  u  is 
u  =  AR,  +  Bz^R9  +  Cz*  (R3  +  /22  log  z) ; 
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and  therefore  the  integrals  of  the  original  equations,  which  satisfy  the  require 
ment  of  vanishing  with  2,  are  given  by 

_  z  du         _22  d2u 

A  brief  discussion  of  these  expressions  shews  that  the  theorem  in  the  text  is 
verified. 


CASE  II  (6)  :   the  critical  quadratic  has  a  repeated  root, 
which  is  a  positive  integer. 

183.     Denoting  the  repeated  root  by  m,  the  equations  are 
t  -j-  =  mu  +  at+0  (u,  v,  t) 

dv 
t  -j-  =  KU  -f  mv  +  j3t  +  c/>  (u,  v,  t) 

where  the  functions  0,  (f>  are  regular  ;  they  vanish  with  u,  v,  t,  and 
contain  no  terms  of  dimensions  lower  than  two  in  their  arguments. 

The  equations  can  be  transformed  as  before  (§  171)  by  the 
appropriate  substitutions  ;  and  this  transformation  can  be  effected 
m  —  1  times,  leading  to  new  equations  of  the  form 


\A/\J 

where  tt  and  t2  are  to  vanish  with  t\  and  6l,  02  are  of  the  same 
type  and  properties  as  6,  $>  in  the  first  form. 

There  are  two  sub-cases  according  as  K  is  zero,  or  K  is  not  zero. 

184.     First  sub-case:  /c  =  0.     The  equations  can  be  taken  in 
the  form 

dx__  \ 

dt~  '  I 

dv  i  ' 

i  -V-  =  y  _J_  A/   _1_  0     (x     y     A 
^jj         y    '       "     r^      2\     >,y3t// 


the  integrals  are  to  vanish  with  t\  and  the  functions  0lt  0.2  are 
regular  functions  of  their  arguments,  which  vanish  when  x  =  0, 
y  =  0,  t  =  0,  and  contain  no  terms  of  order  lower  than  two  in 
x,  y,  t  combined. 
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The  integrals,  which  vanish  with  t,  are  denned  by  the  theorem  : 

The  equations  possess,  in  general,  a  double  infinitude  of  non- 
regular  integrals  vanishing  with  t,  which  are  regular  functions 
of  t  and  tlogt;  and  it  is  known  that  there  are  no  regular 
integrals  vanishing  with  t.  If,  however,  both  a  =  0  and  6  =  0,  the 
equations  do  not  possess  non-regular  integrals  vanishing  with  t; 
the  only  integrals  vanishing  with  t  are  the  double  infinitude  of 
regular  integrals  which  the  equations  are  known  to  possess. 

This  theorem  can  be  established,  as  in  other  cases,  by  the 
construction  of  dominant  equations  and  comparison  with  their 
integrals  which  are  actually  obtained  in  explicit  expression. 

For  this  purpose,  consider  the  equations 

t*2.-<rX  +  At  =  H2  Aijp  Xi  73  1* 
at 


where  i  +  j  +  p  ^  2  in  the  two  triple  summations.  The  quantities 
a  and  p  are  real,  positive,  and  less  than  unity :  ultimately,  they 
will  be  made  equal  to  unity.  It  follows,  from  the  theorem  of 
§  173,  that  there  is  a  double  infinitude  of  integrals,  which  vanish 
with  t,  these  integrals  being  regular  functions  of  t,  t",  tp. 

Let  two  new  variables  0  and  <f>  be  introduced  such  that 


we  easily  find 

^ 
at 


where  a  and  ft  are  constants  which,  when  p  =  1,  cr=  1,  are  equal 
to  1  and  0  respectively. 

The  regular  functions  of  t,  t",  ^  are  expressible  in  the  form 
of  converging  power-series  ;  when  V  and  t?  are  replaced  by  their 
values  in  terms  of  0  and  </>,  the  new  functions  are  regular  functions 
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of  t,  6,  (/>.     To  obtain  their  expressions  in  this  last  form  directly 
from  the  differential  equations,  we  substitute 


in  the  equations  which  are  to  be  satisfied  identically.     Now 


*      =  ,    +  *        +  * 

dt  ~V  <i      dtw*   dtd<t>) 

=  222  {(I  +  m  +  an)  hlmn  tl  6m  $n 

-  mhlmn  t1^  em~  1  0*  -  nhlmn  tl  6m^  t^-1  +  0mhlmn  tl  6>^  0-+1}  ; 
hence,  comparing  coefficients  of  tl  Om  (f>n  on  the  two  sides,  we  have 
(I  +  m  +  an  -  a)  himn  —  (m+1)  /ij-i.m+i.w  —  (n  +  1)  Aj,m_i,w+i 

+  (m  +  1)  /3Az,m+1,7l_1  =  oLfimn. 
Similarly 

(I  +  m  +  a.n  -  p)  kimn  -  (m 


Here  a^mn,  ^S'?,wn  are  expressions  which  are  linear  in  the  coefficients 
Aijp,  Byp  respectively,  being  an  aggregate  of  terms  of  the  form 


•^•ijp  '^llmlnl  •••  '^Iimim'^l1'm1'n1'  •••  *%' 
•Bijp"jl\mlnl   •••  '^liimm  "'Z1'm1'Wi'   •••  "'i/m/w/j 

respectively;  the  subscripts  are  subject  to  the  relations 

mi  +  .  .  .  +  mi  -\-  m^  4-  .  .  .  +  m/  =  m 
??!+...+  ni  +??/+...+  n/  =  n 
p  +  Zx  +  .  .  .  +    ^  +  K+...+  I/  =  1 

In  particular,  we  have 

AOOO  =  0,      A^ooo  =  0. 

When  Z  +  w  +  w=  1,  the  equations  for  the  coefficients  in  X  are 

(1  —  cr)  hm  —      how  =  —  A, 
(1  —  cr)  hm  —    hm  =  0, 
(a  -  o-)  ^001  +  /3^oio  =  0, 
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which  are  satisfied  by 

hno  =  (l  -  <r)hm 

hm  =  (l  —  <r)  AOIO 
and  hm  is  arbitrary.     Similarly, 


and  km  is  arbitrary. 

When  l  +  m  +  n  =  2,  the  equations  for  the  coefficients  in  X  are 

(2  —  cr)  /?020  —  /ion  =  tt  0 
(1  +  a-  <r)  Aon  +  2/3/?  020  -  2&Q02  =  a'o 
(2a  -  cr)  A002  +  /3Aon  =  a'o 
(2  -  o-)  /hio  -  2A020  -  &10i  =  a'no  ] 
(1  +  a  -  or)  hm  -  hml  +  f3huo  =  a'joi  j  ' 
(2  -  o-)hm-  Auo  =  a/2oo. 

The  first  three  equations,  when  solved,  determine  ^020,  ^On»  ^002; 
when  the  values  of  hm  and  Aon  are  substituted  in  the  next  two 
equations,  they  determine  /ino,  /hoi  ;  the  last  equation  then  deter 
mines  the  form  of  hm. 

Similarly  for  the  coefficients  in  F. 

For  values  of  I  +  m  +  n  >  2,  the  equations  can  be  solved  in 
a  similar  way.  They  are  solved  in  groups  for  the  successively 
increasing  values  of  l  +  m  +  n.  In  each  group,  say  that  for  which 
l  +  m  +  n  =  N  (so  that  the  coefficients  hi'm'n',  fe'mx',  such  tnat 

Z'  +  m'-t-n'<2\r-l, 

are  supposed  known),  the  convenient  method  is  to  arrange  the 
equations  in  sets,  determined  by  the  values  of  /,  and  in  sequence 
according  to  increasing  values  of  I  beginning  with  0  :  in  each  set, 
the  equations  are  arranged  in  sequence  according  to  increasing 
values  of  n  beginning  with  0.  In  each  set,  we  use  the  equations 
in  succession,  to  express  himn  in  terms  of  ^JV-M  and  previously 
known  coefficients  and  constants;  when  the  first  N-l  equations 
in  the  set  have  thus  been  used,  the  remaining  equation,  on 
substitution  of  the  values  of  ^|0,jv-z,  ^.i.jv-z-i,  then  determines 
hi,N-i,o  and  so  also  the  values  of  all  the  coefficients  ^>m>n,  such 
that  m  +  n  =  N—l.  Likewise  for  the  coefficients  kimn. 
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And  then,  as  the  solutions  are  known  to  be  regular  functions 
of  t,  6,  </>,  the  series 

222  hlmn  tl0mf,    222  klmntl0mcl>n, 

with  the  values  of  himn,  kimn  which  have  just  been  obtained, 
converge. 

As  regards  the  forms  of  the  coefficients  himn,  kimn,  they  are 
the  aggregates  of  positive  terms  T.  The  numerator  of  each 
term  T  is  the  sum  of  a  number  of  positive  quantities:  it  is  a 
polynomial  function  of  the  coefficients  AIJP)  Bijp:  it  is  also  a 
polynomial  function  of  those  quantities  hi+m+n,  ki+m+n,  for  which 
I  +  m  +  n  =  1.  The  denominator  of  the  term  T  is  of  the  form 

P  +  Q/9, 

where  P  is  the  product  of  factors  of  the  types 

l  +  m  +  cm  —  cr,     I  +  m  +  an  —  p, 

and  where  Q  is  an  aggregate  of  quantities,  each  positive  and 
similar  to  P  but  containing  two  factors  fewer  than  P. 

As  regards  the  number  of  factors  in  P,  being  a  part  of  a 
denominator  in  a  term  T  in  himn  or  kimn,  it  can  be  proved,  by  an 
amplification  of  Jordan's  argument  used  in  §  71,  that  this  number 

^  31  +  2m  +  n. 

It  is  known  that,  so  long  as  cr  and  p  are  different  from  unity, 
the  convergence  of  the  power-series  is  absolute:  hence  this  will 
be  the  case  when 

cr  =  1  —  e,     p  =  1  —  e, 

where  e  is  a  real  positive  quantity  that  can  be  taken  as  small 
as  we  please.  Proceed  therefore  to  the  limit  in  which  cr  and  p 
acquire  the  value  unity,  so  that  e  passes  from  small  values  to 
zero.  The  effect  is  to  give  to  6  and  $  the  values 


to  change  the  differential  equations  to  the  forms 
~dt~      +        = 


and  to  change  the  integrals  to  the  forms 

X  =  222/>  W  (-  1  log  ()»  (if  (log  «)«}»  -j 
Y  =  222fcW'  (-  1  log  tr  {*<  (log  0s)"  J  ' 
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where  h'imn  and  k'imn  are  the  respective  values  of  himn  and  kimn 
when  a=l,  p  =  l. 

It  is  necessary  to  compare  the  coefficients  h'imn  and  himn: 
and  likewise  the  coefficients  k'imn  and  kimn.  Let  T  be  one  of 
the  terms  in  himn,  as  explained  above:  and  let  T'  be  its  value 
when  <r  =  1,  p  =  1.  The  effect  of  the  change  on  the  numerator  is 
to  replace  (1  -  a)  A100  +  A  by  A,  hm  by  0,  (1  -  p)  &100  +  £  by  J3,  &0oi 
by  0,  in  every  case  a  decrease  :  and  therefore,  as  the  numerator  is 
a  sum  of  positive  terms,  the  whole  effect  on  the  numerator  is 
to  decrease  it,  that  is, 

numerator  of  T'  <  numerator  of  T. 
As  regards  the  denominator  of  T,  in  the  form 

P  +  Q/3, 

the  quantity  @  is  of  the  second  order  of  small  quantities  ;  Q  is  an 
aggregate  of  a  limited  number  of  products,  each  containing  a 
limited  number  of  factors;  hence  Qj3  is  of  the  second  order 
of  small  quantities.  Let  P'  be  the  changed  form  of  P,  obtained 
from  P  by  changing 

I  +  m  +  an  -  a   into    l  +  m  +  n  —  1, 
and  l  +  m+an-p    into    l  +  m  +  n  —  l. 

Now         I  +  m  +  an  -  a-  -  (I  +  m  +  n  -  1)  =  -  (2n  -  1)  e, 
a  negative  small  quantity  of  the  first  order  unless  w  =  0;  so  that, 

unless  ?i  =  0, 

I  +  m  -f  on  —  cr 


~ 


n- 
w 


here  7  is  a  positive  small  quantity  of  the  first  order.    When  n  =  0, 

I  +  m  -  a-  -  (I  +  m  -  1)(2  -  a)  =  6(2  -I  -  m), 
so  that,  as  I  +  m  ^  2,  we  have 

I  +m  —  a-      0  , 

rH^i-*-*-</> 

where  7'  is  a  positive  small   quantity  of  the  first  order,  unless 
Z  +  m  =  2,  and  then  ^  =  0.     Hence 


>n 


>  r, 


2-C7 
1 


2  — 
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the  difference  between  the  two  sides  being  a  small  quantity  of 
the  first  order.     Also 

P' 

is  a  small  quantity  of  the  second  order,  that  is,  a  quantity  of  an 
order  less  than  the  foregoing  difference;   consequently 


Pf 


^  > 


P  +  Qj3     (2  -  a}*1* 
The   changes  depreciated   the   numerator  of  T  into  that  of  T'  : 
hence 

r 


T<    P, 


_  —NsZ+am+n 


L  —  (J 


<  (2  — 
This  result  holds  for  every  term  in  himn ;  hence 

h'lmn 


Similarly, 


himn 

to  Imn 
tolmn 


(2  - 


<  (2  - 


Let  the  region  of  convergence  of  the  power-series 


0 


be  defined  by  the  ranges 


and  let  Jlfj,  if2  be  the  maximum  values  of  the  moduli  of  the  series 
respectively  within  this  region  ;  then 


<  -f 


consequently 


rlrmrn  > 


(2-0-) 


ft 


Imn 


(2-0-)3      ((2  -o-) 


(  _  ^ 

1(2- 


112  CRITICAL  QUADRATIC   HAVING  [184. 

Hence  the  series 


converge  for  values  of  t  such  that    t  \  <  r. 

The  existence  of  integrals  of  the  equations 

dx 
t  --  =  x  +  at  -f  222  Oa 


u/c/ 

can  be  deduced  from  the  preceding  result,  by  choosing 

as  the  quantities  A,  B,  Aijp,  Byp  which  occur  in  those  dominant 
equations.     The  expression  for  the  integrals  is 


where  Himn  is  derived  from  tiimn,  and  Kimn  from  k'imn,  by 
changing  A  into  —  a,  B  into  —  6,  ^L^  into  aijp.  and  -Byp  into  6yp. 
The  effect  of  these  changes  is  to  give 

I  H-lmn  I  <  h'lmn  , 
I  •"•  Imn    <  ^  Zmn  j 

and  therefore  the  series  for  x  and  y  converge. 
The  actual  values  are 

x  =  at  log  t  +  Cit  +  222  #imn  ^0mc 
y  =  6^  log  *  +  (72^  +  222  ^mvi  ^ 
where  ^  =  —  «log*,  <f>  =  %t  (log  ^)2,  the  summation  is  for  values  of 
I,  m,  7i  such  that   l  +  m  +  n"^2,  and  the  coefficients  Clt  C2  are 
arbitrary  constants. 

But  the  formal  expression  is  more  general  than  the  actual 
value.     The  equations  determining  the  coefficients  are 


also 

•"loo  =  ^i  j      -"010  =  —  ttJ      -"0 

JijOO  ==  ^2>         -"^010  ==          ^J         -"- 


001 
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It  is  clear  that,  when  I  +  m  +  n  =  2, 

^m»  =  0,   ^  =  0,   if  n=l,  2; 

hence  #jmn,  J5TZmTO  both  vanish  for  /  +  ra  +  n  =  2,  if  n  =  I,  2. 
Thus  for  I  +  m  +  n  =  3, 

-#&»»  =  0,   Flmn  =  0,   if  w  =  1,  2,  3  ; 

hence  also  Himn,  Klmn  both  vanish  for  l  +  m  +  n  —  3,  if  w  =  1,  2,  3. 
And  so  on  :  all  the  coefficients  Hlmn,  Klmn  vanish,  if 

n  >0; 

that  is,  the  quantity  <£  does  not  actually  occur  in  the  expressions 
for  x  and  y,  which  accordingly  are  regular  functions  of  t  and 
t  log  t. 

The  theorem  is  therefore  established. 
Note  1.     Any  term  in  #  and  y  is  of  the  form 
Ktm(tlogt)n, 

that  is,  #«»»+»  (log  $)n;  and  therefore  the  index  of  log  t  is  never 
greater  than  the  index  of  t. 

If,  however,  the  equations  were 

CM  T*  \ 

nP  (t  log  m 


dy  [ 

log  0* 


where  z'+j  4-_p  +  ^^2  for  the  summations,  then  the  values  of  x 
and  y  satisfying  the  equations  are 

x  =  -  %ct  (log  *)»  +  a*  log  t  +  Cj  + 

y  =  -  ic'«  (log  O2  +  6^  log  t  +  C2t  +  ^^ 
where  £,  ^,  c/>  have  the  same  values  as  above,  and  the  summations 
are  for  values  of  I,  m,  n,  such  that  l  +  m  +  n^2:  the  coefficients 
Himn,  ^imn  are  determinate  as  before.  Any  term  in  x  is 


that  is,  the  index  of  log  t  is  not  greater  than  twice  the  index  of  t. 

Note  2.  If  a  vanishes  but  not  b,  the  solutions  are  still  non- 
regular  functions  of  t  ;  likewise  if  b  vanishes  but  not  a.  In  these 
cases,  it  is  known  that  no  regular  integrals,  which  vanish  with  t, 
are  possessed  by  the  equation. 

F.  in.  8 
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If  a  =  0,  6  =  0,  then  Hlm  =  0,Klm  =  Q,  if  m^l:  that  is,  *  log  t 
disappears  from  the  expressions  for  X  and  y,  which  then  become 
regular  functions;  they  are  the  double  infinitude  of  regular  integrals 
that  vanish  with  t.  In  this  case,  the  regular  integrals  are  the  only 
integrals  vanishing  with  t,  which  are  possessed  by  the  equation. 

185.     Second  sub-case :  K  not  zero. 

The  theorem  is : 

The  equations  possess  in  general  a  double  infinitude  of  non- 
regular  integrals  vanishing  with  t,  which  are  regular  functions  of 
t,  tlogt,  %t(\ogty>;  and  it  is  known  that  there  are  no  regular 
integrals  which  vanish  with  t.  If  however  a  =  0,  then  the  integrals 
can  be  arranged  in  two  sets;  one  is  a  simple  infinitude  of  non- 
regular  integrals  vanishing  with  t,  which  are  regular  functions  of  t 
and  t  log  t ;  the  other  is  the  simple  infinitude  of  regular  integrals 
vanishing  with  t,  which  the  equation  is  known  to  possess.  (It  is 
necessary  that  the  constant  K  be  different  from  zero:  otherwise 
some  of  the  coefficients  in  the  second  set  are  infinite  unless  b 
also  is  zero,  in  which  form  we  revert  to  the  first  sub-case  already 
considered.) 

The  method  of  establishment  is  similar  to  those  which  precede  : 
it  need  therefore  not  be  repeated  after  the  many  instances  of  it 
which  have  already  been  given. 

The  initial  terms  in  the  integrals  of  the  equations,  as  taken  in 
§  180,  are 


the  unexpressed  terms  being  of  higher  order  in  t,  0,  $ :  here  A 
and  B  are  arbitrary,  0  =  t\ogt)  and  (^  =  ^t (log t)'\  Any  term  in 
the  expansion  of  ^  or  £2,  which  involves  </>,  contains  K  in  its  co 
efficient  ;  the  disappearance  of  the  terms  in  $  from  the  integrals 
in  the  first  sub-case  is  thus  explained,  for  K  then  is  zero. 


Ex.     Consider  the  equations 
t-~ 


here  p  and  p'  do  not  vanish. 
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Let  6  denote  t  log  t.  The  equations  have  no  regular  integrals,  which  vanish 
with  t.  The  non-regular  integrals,  which  vanish  with  £,  are  regular  functions 
of  t  and  (9,  in  the  form 


where  un  and  vn  denote  the  aggregate  of  terms  in  x  and  y,  which  are  of 
dimensions  n  in  t  and  0;  and  a,  /3  are  arbitrary  constants.     Now 

4=4+4+4- 

so  that 

pt+(a,  b,  $^ 


Hence 

O  -l)wn  +  ^  ^=  terms  of  order  w  in  (a,  6,  cj?«1  +  w2  +  ...,  Vl+v2+  ... 
and  similarly 

(»-!)*»+*  3gr=  ........................  K&',  c'^  +  ^-f,..,  v1-f-^2+.. 

Therefore 


so  that,  if 
we  have 


Similarly,  if 
we  have 


Ai+A0'  =  (af,  b',  c1p,p1 
J2'  +  2^1'  =  (a',  6',  c'$a,  /3)2. 
For  the  terms  of  order  3,  we  have 


and  so  on. 

8—2 
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Concluding  Note. 

186.  Some  sub-cases  still  remain  over  from  Case  I  (a),  when 
the  roots  £  and  f2  of  the  critical  quadratic  do  not  satisfy  the 
conditions  that  (§  173)  prevent  some  one  (or  more)  of  the 
quantities 


from  vanishing,  for  integer  values  of  X,  /JL,  v  such  that  X  +  /u,  +  v  ^  2. 
The  real  parts  of  f  i  ,  f  2  are  supposed  to  be  positive. 

The  instances,  that  can  occur,  are  obviously  for  \  =  0  in  the  first 
set,  and  p  =  0  in  the  second  set  ;  both  are  included  in  the  form 

f  =  w  +  v, 

where  f  and  77  are  the  roots  of  the  quadratic,  and  //,  +  v  ^  2.  The 
cases  /A  =  0,  //,  =  1,  have  already  been  discussed.  For  the  remaining 
cases,  we  have  the  theorem  :  The  double  infinitude  of  non-regular 
integrals,  which  vanish  with  t,  are  regular  functions  of  t,  V, 
tw+v\ogt,  where  //,  and  v  are  integers.  It  can  be  established  in  the 
same  manner  as  the  similar  theorems  in  the  preceding  sections. 

CORRESPONDING  RESULTS  FOR  A  SYSTEM  OF  ANY  NUMBER  OF 

EQUATIONS. 

187.  It  is  clear  that  a  number  of  theorems,  merely  the 
generalisation  of  those  in  the  preceding  investigations,  can  be 
stated  concerning  a  system  of  n  equations,  which  involve  n 
dependent  variables  in  the  form 


where  the  functions  <f>r  are  regular  functions  of  their  arguments 
and  contain  no  terms  of  dimensions  lower  than  two.  The  general 
character  of  the  integral  system  depends  upon  the  roots  of  the 
critical  equation 


012        ,  013 

o  *""""  ^~>  ^23 

032        ,  033  - 


ani     ,  aw2    ,  07i3    >         •••!         0n*i~^ 

of  degree  ?i,  which  will  be  supposed  to  have  no  zero  roots. 
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I.  If  no  one  of  the  n  roots  be  a  positive  integer,  then  the 
equations  possess  integrals,  which  are  regular  functions  of  z  and 
vanish  with  z ;  such  integrals  are  uniquely  determinate. 

II.  If  m  (where  0  <  m  ^  n)  of  the  roots  be  positive  integers, 
then  in   general  the   equations   possess  no   integrals,   which  are 
regular  functions  of  z  and  vanish  with  z.     It  may  however  happen 
that  certain  m  relations  among  the  coefficients  of  the  differential 
equations  are  satisfied ;  if  so,  the  equations  then  possess  integrals, 
which  are  regular  functions  of  zt  which  vanish  with  2,  and  which 
contain  m  arbitrary  constants. 

III.  If  the   n  roots  of  the   equation   are   distinct  from  one 
another,  say  fllt  ...,  fln,  and  if  O1}  ...,  Om  have  their  real  parts 
positive  though  they  are  not  themselves  positive  integers,  while 
the  real  parts  of  Iim+1,  ...,  iln  are  negative  or  zero  (provided  that, 
in  the  latter  case,  there  are  imaginary  parts  of  the  roots),  then  in 
addition  to  the  integrals  which  are  regular,  the  equations  possess 
a  system   of  integrals,  which  vanish  with  z,  which  are   regular 
functions  of 

Z,      Z*,      ...,      2^, 

and  which  contain  m  arbitrary  constants. 

The  integer  m  may  have  any  value  from  0  to  n. 

IV.  If  the   n  roots  of  the   equation   are  distinct  from  one 
another,  say  1^,  ...,  fln;   if  t\,  ...,  flm  be  positive  integers,   if 
Hm+1,  ...,  flp  have  their  real  parts  positive  though  they  are  not 
themselves  positive  integers,  and  if  Hp+1,  ...,  £ln  have  their  real 
parts  negative  or  zero  (in  the  last  case,  the  imaginary  parts  must 
not  vanish),  then  in  general  the  equations  (known  by  II.  to  possess 
no  regular  integrals   vanishing  with  z)  possess  integrals,  which 
vanish  with  z,  which  are  regular  functions  of 

Zy      2\OgZ,      Z0m+l,       ...,      £n», 

and  which  contain  p  arbitrary  constants. 

If  however  the  m  relations  among  the  coefficients,  indicated  in 
II.,  be  satisfied,  then  the  non-regular  integrals,  which  vanish  with 
z,  are  regular  functions  of 

z,    z^m+\    ...,    z*, 
and  contain  p  —  m  arbitrary  constants. 
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The  integer  m  may  have  any  value  from  0  to  n ;  the  integer  p 
(if  distinct  from  m)  may  have  any  value  from  m  + 1  to  n. 

V.  If  a  root  fl  have  a  multiplicity  K\  if  IX+i,  . ..,  flm 
be  positive  integers,  if  fl}n+1,  ...,  £lp  have  their  real  parts 
positive  though  they  are  not  themselves  positive  integers,  and  if 
flp+1,  ...,  £ln  have  their  real  parts  negative  or  zero  (in  the  last 
case,  the  imaginary  parts  must  not  vanish),  then  in  general  the 
equations  possess  integrals,  which  vanish  with  z.  These  integrals 
are  regular  functions  of 

2,    £n,    znlogz,    zlogz,    z®m+l,     ...,    z^p, 

if  the  real  part  of  II  be  positive  though  fl  is  not  itself  a  positive 
integer;  these  integrals  contain  p  arbitrary  constants.  But  if 
certain  m  —  K  relations  among  the  coefficients  of  the  differential 
equations  be  satisfied,  so  that  there  then  exist  integrals,  which  are 
regular  functions  of  z  and  vanish  with  z>  the  non-regular  integrals 
are  regular  functions  of 

z,    zn,    z^logz,    zQ*+\    ...,    s°>, 

if  the  real  part  of  fl  be  positive  though  fl  itself  be  not  a  positive 
integer ;  these  integrals  contain  p  —  (m-/c)  arbitrary  constants. 

If  the  real  part  of  O  be  negative,  then  zn  and  z^logz  must  be 
removed  from  the  arguments  of  the  non-regular  integrals,  when 
they  are  expressed  as  regular  functions  of  non-regular  arguments. 

If  H  be  a  positive  integer,  then  zn  and  zn  log  z  must  be  replaced 
by  z  log  z  among  the  arguments  of  the  non-regular  integrals,  when 
they  are  expressed  as  regular  functions  of  non-regular  arguments. 


Remaining  typical  forms  of  Chapter  XI. 

188.  It  is  not  proposed  that  any  discussion  of  the  alternative 
typical  forms  in  Chapter  XI  shall  here  be  made:  a  few  remarks 
only  will  be  devoted  to  one  of  them,  as  being  associated  with  a 
possibility  rejected  in  the  preceding  discussions. 

The  assumption  has  been  made  throughout,  that  no  root  of  the 
critical  quadratic  Q(s)  =  0  is  zero. 
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Now  suppose  that  one  root  is  zero  and  that  the  other  is  K  ; 
then  the  equations  have  the  form  (or  can  be  changed  to  the  form) 

dx 

O>  y, 


or  the  form 


z-£-  =  a'z+  Ky  +  fa  (x,  y,  z} 


dx 

dz 


- 
dz 


icy  +  fa  (x,  y,  z) 


where  fa  and  fa  are  regular  functions  of  their  arguments,  and 
contain  no  terms  of  dimensions  lower  than  two.     By  taking 


the  former  can  be  changed  to 

«££-<ff+ 

az 


8#+  icy, 
x,  7,z) 


by  taking 

the  latter  can  be  changed  to 

dz  ~ 
effectively  the  same  as  the  transformation  of  the  former. 

Next,  suppose  that  both  roots  of  the  critical  quadratic  are 
zero:  the  equations  have  the  form 

z  -7-  =  az  +  cy  +  fa  (x,  y,  z) 

z  -¥-  =  bz  +  fa  (x,  y, 

where  fa  and  fa  are  regular  functions   of  their  arguments  and 
contain  no  terms  of  dimensions  lower  than  two. 

In  each  of  these  cases,  we  have  one  equation  of  the  type  in 
§  159,  as  leading  to  distinct  typical  reduced  forms:  if,  in  the  last 
case,  c  =  0,  then  both  equations  are  of  this  type. 
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Ex.  1.     Prove  that  the  equations 


possess  integrals,  which  are  regular  functions  of  z  and  vanish  with  z,  provided 
c  is  not  a  positive  integer ;  but  that,  if  c  is  a  positive  integer  other  than  zero, 
then  the  equations  possess  no  regular  integrals,  which  vanish  with  z. 

Prove  also  that,  if  the  real  part  of  c  be  negative,  the  regular  integrals  are 
the  only  integrals  of  the  equations  which  vanish  with  z\  while,  if  6  =  0,  c=l, 
the  equations  possess  an  infinitude  of  regular  integrals  that  vanish  with  z. 

Also  that,  if  the  real  part  of  c  be  positive,  then  the  equations  possess  an 
infinitude  of  integrals,  which  vanish  with  z ;  they  are  regular  functions  of  z  and 
2°,  when  c  is  not  an  integer,  and  are  regular  functions  of  z  and  z  log  2,  when  c  is 
an  integer. 

Ex.  2.  Obtain  the  characteristic  properties  of  the  regular  integrals  and 
the  non-regular  integrals  (if  any),  which  vanish  with  0,  of  the  equations 

dx 


Ex.  3.     Discuss  the  integrals,  which  vanish  with  2,  of  the  equations 


first,  when  «  =  !,  secondly,  when  *  =  2. 

Ex.   4.     Discuss   the  integrals   (if   any),   which   vanish   with  z,   of   the 
equations 

zd%  =  (a,  b,  c,  /,  g,  h\x,  y,  z? 
dz 


dz  \'x  +  p'y  +  v'z 


CHAPTER  XIII. 

SYSTEMS  OF  EQUATIONS  WITH  MULTIFORM  VALUES  OF  THE 
DERIVATIVES;   SINGULAR  SOLUTIONS*. 

INTEGRALS  OF  SYSTEMS  OF  EQUATIONS  IN  THE  VICINITY 
OF  BRANCH-POINTS. 

189.  THE  equations  in  the  preceding  chapters  were  such  as 
to  enable  us  to  express  the  values  of  the  derivatives  explicitly  in 
terms  of  the  variables.  The  non-ordinary  points  that  arose  for 
consideration  either  were  accidental  singularities  of  the  first  kind 
or  the  second  kind,  or  were  essential  singularities,  of  the  values  of 
the  derivatives ;  in  every  instance,  the  derivatives  were  expressed 
as  uniform  functions. 

We  next  proceed  to  the  consideration  of  equations  such  that, 
in  the  explicit  expressions  for  the  derivatives,  branch-points  may 
occur  among  the  non-ordinary  points  and,  in  consequence,  those 
explicit  expressions  are  multiform  functions.  It  will  be  assumed, 
as  in  the  corresponding  instance  for  a  single  equation,  that  the 
number  of  forms  for  the  derivatives  is  limited  in  number ;  the 

*  The  theorems  investigated  in  this  chapter  are  established  chiefly  in  connection 
with  a  system  of  two  equations  of  the  first  order  and  any  degree;  it  is  manifest  that 
the  method  is  immediately  applicable  to  systems  of  any  number  of  equations,  and 
corresponding  theorems  for  such  systems  are  stated  in  one  or  two  instances.  The 
main  object  is  the  discussion  of  the  solutions  as  denned  by  initially  assigned 
conditions.  The  development  of  the  argument  leads  to  the  consideration  of 
singular  integrals ;  but  such  integrals  (when  they  exist)  are  considered  almost 
entirely  from  this  point  of  view,  and  only  slightly  as  derivable  from  a  complete 
integral. 

Reference  may  be  made  to  papers  by  Mayer,  Math.  Ann.,  t.  xxn  (1883), 
pp.  368—392;  Goursat,  Amer.  Journ.  Math.,  t.  xi  (1889),  pp.  329—372;  Fine, 
Amer.  Journ.  of  Math.,  t.  xn  (1890),  pp.  295—322;  and  Dixon,  Phil.  Trans. 
(1895,  A),  pp.  523 — 566,  who  gives  numerous  illustrations. 
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most  general  case,  on  this  supposition,  is  that  in  which  the 
dependent  variables,  say  y  and  z,  the  independent  variable  #,  and 
the  derivatives  p  and  q,  where 

dy  dz 

P  =  &    «  =  d£« 

satisfy  two  equations 

F(xty,*,ptq)  = 

G  O,  y,  zt  p,q)  = 

The  equations  F=0,  G  =  0,  will  therefore  be  regarded  as  rational 
in  both  p  and  q;  they  usually  (though  not  necessarily)  will  be 
regarded  as  rational  also  in  y  and  z ;  they  may  be  merely 
analytical  in  x.  Further,  it  will  be  assumed  that  the  system  is 
irreducible  :  that  is,  on  the  one  hand,  that  no  equation  of  the  form 

E(xty,z)  =  Q, 

involving  only  the  variables  and  not  their  derivatives,  can  be 
obtained  by  algebraical  elimination  between  F  =  0  and  G  =  0 : 
and  on  the  other  hand,  that  the  system  is  not  resoluble  into  a 
number  of  systems  of  equations  of  lower  degrees  in  p  and  q. 

The  variables  are  taken  to  be  complex.  But  when  the 
variables  are  restricted  to  have  only  real  values,  it  is  possible 
to  associate  geometrical  interpretations  of  configurations  in 
ordinary  space  with  the  differential  equations;  this  sometimes 
will  be  done,  but  chiefly  for  the  subsidiary  purpose  of  illustration. 

190.  From  the  general  existence-theorem  it  follows  that,  if 
the  equations 

F(a,  b,  c,  &  7)  =  0,     G  (a,  6,  c,  &  7)  =  0, 

determine  values  of  /3  and  7,  whether  they  be  simple  or  multiple 
roots,  there  exist  solutions  of  the  equations 

F(x,  yt  z,  p,  #)  =  0,     G  (x,  y,  z,  p,  q)  =  0, 

determined  by  the  condition  that  y  and  z  acquire  assigned  values 
b  and  c  respectively,  when  x  =  a.  In  order  to  understand  the 
character  of  the  point  x  =  a  in  relation  to  the  integrals,  we 
consider  their  expression  in  the  immediate  vicinity.  For  this 
purpose,  take 

#  =  a  +  f ,     y  =  b  +  vj,     2  —  c  +  f, 
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so  that  77  and   f  are   functions  of  f  ,  which  vanish  when  f  =  0. 

Because  -^  and  ^|  are  equal  to  /3  and  7  respectively,  when  f  =  0, 
a£          a£ 

we  have 


where  H  and  Z  are  of  order  greater  than  unity  in  f,  for  values  of 
j  f  \  that  are  sufficiently  small.     Also 


dZ 


where  H'  and  Z'  vanish  when  f  =0,  and  are  of  small  modulus  for 
sufficiently  small  values  of  f  :  also  H  and  Z  are  of  order  higher 
by  unity  than  H'  and  Z'  respectively  in  powers  of  f  .  Substituting 
these  in  the  original  equations  and  noting  the  equations  that 
determine  ft  and  7,  we  have 

n      tSF+     ^oV^H'^+Z'^-t- 
0  =  c^r-  +  ??-^7-  +  b^  +  W  3#  +  ^  a"~  "I"  •  •  •  » 

*  da          db         dc  d(3          87 

n      e86^      8^_L^aGt4-H'8(94-7/aG'4- 
0  =  ^7^  —  ^7?^r  +  b^~  +  "-  5^  +  ^  a  —  H««-  1 
^  da          db      *  dc  d/3          87 

r)Tf  r) 

where  7^  is  the  value  of  =-  jP(«,  y,  ^,  p,  a)  when,  after  difFerentia- 

8a  8^ 

tion,  the  initial  values  a,  6,  c,  /3,  7  are  substituted  for  a?,  y,  ^,  jp,  ^  : 

and  similarly  for  the  other  coefficients.     Write 


--^r 
8a         86      ' 


then,  if/!  and  ^  are  distinct  from  zero,  the  equations  take  the 
form 


It  may  happen  that  /i  and  gl  are  zero.     In  any  case,  let 
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for  all  values  of  n  :  so  that  the  equations  take  the  form 


the  unexpressed  terms  involving  H',  Z',  H,  Z,  and  being  of  order 
higher  than  H',  Z'  in  the  small  quantities. 

It  will  be  assumed  that  riot  all  the  coefficients  /  and  g  vanish. 
Such  evanescent  coefficients  would  arise,  for  parametric  values  of 
a,  b,  c,  /?,  7,  if  the  original  differential  equations  were  of  the 
forms 

F(ij-xp,  z-xq,  p,  q}  =  0, 

G(y-xp)  z-xq,  p,  q)  =  0, 

a  generalised  form  of  Clairaut's  equation  ;  and  they  might  arise 
for  special  values  of  a,  b,  c,  @,  7,  or  of  some  of  them,  e.g.  if  /3  and  7 
were  zero,  and  F  and  G  were  explicitly  independent  of  x.  The 
latter  cases  will  be  discussed  separately. 

There  is  a  fundamental  distinction  between  the  forms  of  the 
integrals  according  as  J,  where 


_ 

"  dj3  87      87  8/3  ' 
is  not  zero,  or  is  zero. 

191.     When  J  is  not  zero,  the  equations  can  be  solved  linearly 
for  H'  and  Z',  so  that 


Because  not  all  the  coefficients  f  and  g  can  vanish,  and  because 
J  is  not  zero,  not  all  the  coefficients  of  powers  of  f  alone  in  the  last 
forms  of  the  equations  can  vanish.  Suppose  that  fm  is  the  lowest 
term  in  the  first  equation  which  survives,  and  fn  is  the  lowest 
term  in  the  second  ;  then  our  equations  become 


where  on  the  right-hand  side  higher  powers  of  H'  and  Z'  may 
occur,  and  also  the  first   powers  of  Hx  and  Z',  if  multiplied  by 
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coefficients  that  vanish  with  f,  H,  Z.     Solving,  therefore,  so  as  to 
obtain  H'  and  Z'  explicitly,  we  have 


as  the  general  type  of  equations  for  determining  H  and  Z :  the 
functions  /  and  g  are  regular  functions  of  their  arguments,  and 
they  contain  only  terms  of  higher  order,  in  powers  of  f  and  small 
quantities,  than  are  H',  Z',  f m,  %n. 

The  general  existence-theorem  can  be  applied  to  them,  the 
determining  conditions  being  that  both  H  and  Z  must  vanish 
when  £  =  0 ;  hence 


where  P  (£)  and  Q  (£)  are  regular  functions  of  f  ,  which  do  not 
vanish  with  f.  Accordingly 

y-b  =  P(x-a)  +  (x-  a)m+lP  (x-a)} 
z-c  =  ^(x-a)  +  (x-  a)n+l  Q(x-a)}' 

so  that  y  and  z  are  regular  functions  :  the  assumptions  made  are 
that  J  does  not  vanish,  and  (tacitly)  that  /3  and  7  are  finite. 

Manifestly  there  are  as  many  regular  integrals  of  this  type,  as 
there  are  distinct  sets  of  values  ft  and  7,  which  keep  J  different 
from  zero.  For  each  of  them,  the  combination  of  values  a,  b,  c  of 
the  variables  x,  y,  z  is  ordinary  for  the  equations. 

Secondly,  suppose  that  one  of  the  two  quantities  0  and  7  is 
infinite  and  the  other  finite,  say  ft  =  oo  ;  then  at  f  =  0,  we  have 

drf  d'C,      „   .. 

-^  =  00,     -y|  =  finite, 
d%  d% 

and  therefore,  at  £  =  0, 

«-o,     *-a 

a??  a?? 

Accordingly,  we  take  TI  as  the  independent  variable  ;  using  the 
result  in  the  preceding  case  and  assuming  that  the  corresponding 
J  is  not  zero,  we  have 
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and  therefore 


m+i 


n+l  1 

z  -  c  =  (x  -  a)m+1  Q2  {(x  -  a)m+1}, 

where  P.2  and  Q2  ai>e  regular  functions  of  their  argument,  and  do 
not  vanish  with  it.  Manifestly  x  =  a  is  an  algebraical  branch 
point  for  both  the  integral  functions,  because  m^l. 

Thirdly,  suppose  that  both  the  quantities  0  and  7  are  infinite, 
so  that,  at  £  =  0,  we  have 

drj  d£ 

dT00'  dT00' 

and  therefore 

#_0      d?-« 

~~i     —  ")  ~T~~  —  "•> 

drj  dr) 

where  K  is  determined  from  the  equations  on  making  77  the 
independent  variable.  If  K  should  be  infinite,  then  we  make  %  the 
independent  variable  :  and  we  have,  at  f  =  0, 


It  therefore  is  sufficient,  in  the   former  case,  to  take  K  =  Q,  or 
K  —  a  finite  quantity  ;  to  secure  this,  we  choose  f  or  77  as  the  new 

7  S*  >-J 

independent  variable,  according  as  -^  or  -^  is  found  to  be  the 

greater  infinity.     Again   using  the  result  of  the  first  case,  and 
assuming  that  the  corresponding  J  is  not  zero,  we  have 


and  therefore 

i  i 

y-})  =  (x-  a)m+l  P.2  {(x  -  a 

i  i 

z  -  c  =  (x  -  a)™  +1  Q2  {(x  -  a)™+1}, 

where  P2  is  a  regular  function  of  its  argument,  which  does  not 
vanish  when  its  argument  is  zero,  and  Q2  is  also  a  regular 
function  of  its  argument,  which  may  or  may  not  vanish  when 
its  argument  is  zero.  Manifestly,  x  —  a  is  an  algebraical  branch 
point  for  both  the  integral  functions,  because  m  ^  1. 
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192.     Next,  suppose   that   J"=0  for  the  initial    values  con 
sidered  :  there  are  several  sub-cases. 

(i)     Let  /  =  0,  while  none  of  the  first  derivatives  of  F  and 
G  with  regard  to  /3  and  7  vanish.     Then  we  may  take 


—  =     —  = 

8/3         87  '     8/3         87  ' 

where  6  is  a  finite  quantity  ;  and  the  equations  for  H'  and  Z7  thus 
become 

0  =  2  /„£"  +  (OR'  +  Z7)  ?-  +  terms  of  higher  orders  in  H7,  Z7 

n=l  ^7 

+  other  higher  terms 


n=l 

Hence 

0  =  2  (/„  ?r  -  0»lr  )  f"  +  terms  in  H',  Z'  of  order  >  1 
•-1V     a7  87/ 

+  other  higher  terms. 

In  this  last  equation,  let  the  term  of  lowest  order  in  H7,  which 
survives  when  Z7  is  replaced  by  —  #H',  be  of  degree  I  ;  and  of  the 

C\/~Y  ^\  "Ut 

coefficients  fn^  --  gn  ^-  ,  let  that  which  is  given  by  n  =  I'  be  the 
07          07 

first  which  does  not  vanish  for  successive  values  of  n.  (For 
simplicity,  it  will  be  assumed  that/7l  =  0,  gn  =  0,  for  n  =  1,  .  .  .,  I'—  1  : 
in  point  of  fact,  all  that  is  necessary  is  that 


for  n  =  l,  ...,  I'  —  I.  The  difference  between  the  two  assumptions 
lies  in  the  more  complicated  analysis,  which  leads  to  the  expressions 
in  the  latter  case.)  We  then  have 

Z7  +  OR'  =  A%1'  +  higher  powers  +  terms  in  H,  Z  \ 

I  \  > 

H'=.Bf'+    ...............    +  terms  in  H,  ZJ 

so  that  we  infer 


128  BRANCH-POINTS  [192. 

where  P  and  Q  are  regular  functions  of  their  argument,  which  do 
not  vanish  with  it,  and  which  are  such  that 


and  /  and  g  are  regular  functions  of  their  arguments.     Now  let 

£  =  «'; 

then 

,  H,Z)| 


at 

also,  H  and  Z  must  vanish  when  x  =  a,  that  is,  when  t  =  0.    Hence 
H  =  #'+*  Pl  (t) 


f+1  }} 

where  Pl  and  Ql  are  regular  functions  of  their  argument,  which 
do  not  vanish  with  it,  and  which  are  such  that 


Consequently  / 

+1 


y 


-  b  =  £  (x  -  a)  +  (x  -  a)T     P,  {(a?  -  a)'}, 


Because  Z>2,  the  point  ic  =  a  is  manifestly  an  algebraical  branch 
point  for  the  integral  functions. 

The  simplest  case  arises  when  I  =  2  ;  and  then 

y-&  =  £(aj-a)+    *  (a?  -  a)*  +  ^  O  ~  a)2  +  •••> 

^  _  C  =  ry  (a;  -  a)  -  OlC  (x  -  «)§  +  X2  (fl?  -  »)2  +  .... 

As  the  integrals  now  are  known,  by  the  existence-  theorem,  to 
occur  in  this  form,  the  coefficients  can  be  determined  by  actual 
substitution  of  these  expressions  in  the  equations. 

(ii)     Next,  supposing  still  that  J  vanishes,  let  one  of  the  first 
derivatives  of  F  or  G  vanish  :  say 

dF 
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J}/"/  O  ZT 

then,  since  J"=0,  we  have  either  ^^  =  0  or  —  =  0:  so  that  there 

90  d7 

are  really  two  alternatives,  viz. 

o  rr  o/nf 

—  -  =  0,  .  _  =  0  :  the  results  of  this  case  can  be  applied,  mutatis 
op          op 

mutandis,  to  the  case  when 

r-°>  r-°-> 

dy  dy 

•~\  TTf  O  77T 

—  -  =  0,  ~-  =  0  :  the  results  of  this  case  can  be  applied,  mutatis 
mutandis,  to  the  case  when 


In  the  first  of  the  alternatives,  the  equations  determining  H'  and 
Z'are 

0  =  2  /«P  +  ~  Z'  +f  (I  H,  Z,  H',  Z')' 

0  =  2i$r«ri  + 1|  Z'  +  0  (?>  H,  Z,  H',  Z') 

where  the  terms  in  the  regular  functions  f  and  g  are  of  order 
higher  than  Z7  in  powers  of  f.  There  are  many  varieties  of  forms 
that  arise  from  relations  among  literal  coefficients,  or  from  vanish 
ing  coefficients  :  they  all  can  be  treated  in  a  manner  sufficiently 
indicated  for  the  simplest  of  them,  which  is  as  follows.  Suppose 

that  no  one  of  the  quantities  f1}  gl}  f^  -= <7i^—  vanishes,  and 

dy         oy 

suppose  that,  in  the  regular  function 


H/2  is  the  lowest  power  of  H7,  which  occurs  free  from  the  other 
variables;  then  solving  the  equations  for  H'  and  Z7  under  these 
conditions,  we  find 

H'  =  fj,^  +  higher  powers  of  £*,  and  powers  of  H  and  of  Z\ 


Taking  f  =  Z2,  these  give 

-j-  =  2yu,£2  +  higher  powers  of  t,  and  powers  of  H  and  of  Z, 


F.  in. 
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the  right-hand  sides  being  regular  functions  of  t,  H,  Z.  The 
variables  H  and  Z  are  to  vanish  when  x  =  a,  that  is,  when  t  =  0  ; 
hence  solutions  of  these  equations  exist,  and  they  have  the  form 


where  P  is  a  regular  function  of  its  argument  such  that  P(0)  =  1, 
and  Q  is  a  regular  function  of  its  argument  such  that  Q  (0)  is  not 
zero.  The  solution  of  the  original  equations  is  then  given  by 


z  —  c  =  7  (x  —  a)  +  |  (x  —  a)2  Q  {(as  —  a)*}. 

The  point  x  —  a  is  manifestly  an  algebraical  branch-point  for  the 
functions  y  and  z,  defined  by  the  differential  equations. 

As  already  stated,  many  of  the  cases  included  in  the  general 
form  adopted  can  be  treated  almost  exactly  as  by  the  foregoing 
method.  Others,  however,  arise  which  can  be  dealt  with  only  by 
a  subsequent  method  (§  195) :  a  remark  which  applies  also  to  what 
follows  immediately. 

In  the  second  of  the  alternatives,  the  equations  determining 
H'  and  Z'  are 

0^/np  +  /(£H,Z,  H',  Z')j 

0=  S^r  +  H'H  +  Z'll  +  ^^Z,  H',Z')j 

In  this  instance,  as  in  the  last,  we  shall  not  deal  with  all  the 
possible  forms  that  may  arise.  We  shall  discuss  only  the  simplest 
of  them,  viz.,  that  in  which  /j  and  gl  are  not  zero,  and  the  terms  in 
/  and  g,  of  lowest  dimensions  in  H'  and  Z'  alone,  are  of  the  second 
order,  say 

/(f ,  H,  Z,  H',  Z')  =  aH'2  +  2/3H'Z'  +  7Z'2 

+  terms  in  f ,  H,  Z,  H',  Z  of  higher  order, 

g  (f ,  H,  Z,  H',  Z')  =  a'H'2  +  2/3'H'Z'  +  7'Z/2 
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Then  we  have 


where 


m 


-  2j3pq 


(fl^  -  2/3pq  +  7p2)2 

*5/HT  O/"Y 

and  p=  ~jQ,  q=  £-',  thus  H'  and  Z'  are  regular  functions  of  f  *, 
H,  and  Z.  Take  f  =  ^2,  so  that 

7TJ 

-^-  =  2M2  +  regular  function  of  t,  H,  Z 

§-•»+  .................................  i 

Now  H  and  Z  are  to  vanish  when  t  =  0  ;  hence 

H  =  f  XZ'P  (t)  =  |X  (x  -  a)»  P  {(a?  -  a)*J  , 
Z  =  J^  Q  (0  =  §i  (a?  -  a)l  Q  {(x  -  a)*}, 

where  P  and  Q  are  regular  functions  of  their  argument,  and  each 
of  them  becomes  equal  to  unity  when  their  argument  vanishes. 
The  solution  of  the  original  equations  is  then  given  by 

y  -  b  =  $(x  -  a)  +  f  \O  -  a)*P  {(a;  -  a)*}, 
z  -  c  =  7  (x  -  a)  +  %l  (x  -  a)*Q  {(x  -  a)*}. 

The  point  x  =  a  is  manifestly  an  algebraical  branch-point  for  the 
functions  y  and  z,  defined  by  the  differential  equations. 

(iii)  Lastly,  suppose  that  J  vanishes  because  both  the  first 
derivatives  of  F  and  of  G  vanish.  The  equations  for  H'  and  Z' 
then  take  the  form 

0=2/«f>+/(?,H,Z,H',Z'), 

n=l 

0=  2  gn?  +  g(f,H,Z,H.',Z'), 

n=l 

where  /  and  g  are  regular  functions  as  before,  now  containing  no 
linear  terms  in  H'  and  Z'  alone.  Again,  we  consider  only  the 
simplest  case,  viz.  that  in  which  /j  and  gl  are  not  zero,  and  /  and  g 

9—2 
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contain  terms  of  the  second  order  in  H'  and  Z'  alone;  then  we 
have 


Z'  =  *£»  +  ..., 

where  the  expressions  for  H'  and  Z'  are  regular  functions  of  £*,  H, 
and  Z.  The  condition,  that  H  and  Z  vanish  when  x  =  a,  deter 
mines  the  solution  of  these  equations  in  the  form 


The  solution  of  the  original  equations  is  then  given  by 
y-b  =  P(os-a)  +  $p(a;-  a)»P  {(x  -  a)*}, 
s  -  c  =  7  (a?  -  a)  +  fo-  O  -  a)$Q  {(x  -  a)*}, 

where  P  and  Q  are  regular  functions  of  their  argument,  and 
each  of  them  becomes  equal  to  unity  when  x  =  a.  The  point 
x  =  a  is  an  algebraical  branch-point  of  the  functions,  denned  by 
the  original  differential  equations. 

It  has  been  tacitly  assumed  that  the  values  @  and  7,  which 
make  F,  G,  J,  simultaneously  vanish,  are  finite.  For  values  which 
are  infinite,  we  change  the  independent  variable  as  in  §191,  say 
to  y  ;  and  write 

dx_         dz  _n 
dy~         dy-V> 

so  that  the  values  of  P  and  Q,  which  make  F,  G,  J  vanish,  are 
finite  :  (one  of  them  is  zero).  Then 

1        _Q 

p  -  p  >  q  -  p  9 

so  that,  if 


P«F(x,  y,  z,  p,q)  =  <l>  (x,  y,  z,  P,  Q), 
P"G(x,  y,  z,  p,q)=y  (x,  y,  z,  P,  Q), 


we  have 


p,q 

Thus  when  one  of  the  original  equations  is  of  the  second  degree 
at  least,  so  that,  in  order  to  make  cf>  and  7  integral  in  P  and  Q, 
m  +  n  must  be  equal  to  3  at  least,  the  new  Jacobian  is  zero 
because  «/=0.  The  same  investigations  shew,  as  before,  that  in 
the  respective  cases  the  point  is  an  algebraical  branch-point  of  the 
functions,  defined  by  the  differential  equations. 
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193.     These  results  may  be  summarised  as  follows  : 
Solutions  of  the  equations 

F(x,  y,  z,  p,  q)  =  0y     G  O,  yt  zt  p,  q)  =  0, 

exist,  determined  by  the  condition  of  assuming  values  y  =  b,  z  —  c, 
when  x  =  a. 

If  f  =  ft,  TI  —  7,  be  finite  simultaneous  roots  of 


then  x  —  a  is  an  ordinary  point  of  the  functions  y  and  z  in  those 
solutions,  provided  f  =  /3,  77  =  7  does  not  make  J"  vanish,  where 


r  _ 

~  3?  drj       drj  8|  ' 

but  if  £  =  /3,  T;  =  7,  does  make  J"  vanish,  then  x  —  a  is  an  alge 
braical  branch-point  of  those  functions. 

If  the  equations 

F(a,  6,  c,  £  T;)  =  0,     £  (a,  b,  c,  f,  77)  =  0, 

possess  roots  £  and  rj,  one  at  least  of  which  is  infinite,  then  x  =  a 
is  a  branch-point  of  the  functions  y  and  z  in  those  solutions;  but 
taking  that  variable  as  independent  which  is  associable  with  the 
greater  magnitude  of  the  roots  f  and  77  under  consideration,  say  y, 
then  (unless  the  Jacobian  J  vanishes)  y  =  b  is  an  ordinary  point  of 
the  functions  x  and  £,  determined  by  the  equations  as  functions 
of  y.  If  however  the  Jacobian  /  does  vanish,  then  the  set  of 
initial  values  (whichever  be  taken  as  the  independent  variable) 
constitute  an  algebraical  branch-point  of  the  functions. 

In  every  case  where  the  point  is  an  algebraical  branch-point 
for  the  functions,  the  first  derivatives  of  the  various  branches, 
which  circulate  round  the  point  in  a  cycle,  are  equal  to  one 
another  at  the  point. 

Geometrical  interpretation  when  the  variables  are  real. 

194.  When  the  variables  x,  y,  z  are  restricted  so  as  to  have 
only  real  values,  they  can  be  taken  as  the  coordinates  of  a  point 
in  ordinary  space  ;  the  differential  equations  then  are  equations  of 
twisted  curves  in  three  dimensions. 
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Between  the  three  equations 

F(®,  V,  z>  P,  ?)  =  0,     G  O,  y,  g,  p,  q)  =  0, 
T_d(F,G)_ 


let  p  and  q  be  eliminated.  This  can  be  done  by  obtaining  the 
simultaneous  solutions  of  F  —  0,  G  =  0,  say  N  in  number,  regarded 
as  algebraical  equations  in  p  arid  q  :  these  are  to  be  substituted 
in  J,  giving  values 

t/i,    J2)  ...  ,  Jy, 

say  :  then  the  eliminant  is 

®  =  JiJ>...JNt 

so  that,  after  the  symmetric  functions  on  the  right-hand  side  have 
been  evaluated,  ®  is  a  function  of  a?,  y,  z*.  Thus  ®  =  0  is  the 
equation  of  a  surface,  which  may  be  called  the  focal  surface.  If 
a,  6,  c  be  a  point  on  it,  so  that  ®  (a,  6,  c)  =  0,  then  one  at  least  of 
the  quantities  Jlt  ...  ,  JN  vanishes  ;  if  a,  6,  c  be  a  point  not  on  the 
surface,  then  no  one  of  the  quantities  Jly...  ,  JN  vanishes. 

First,  let  a,  b,  c  be  a  point  not  lying  upon  the  surface  ®  =  0  ; 
no  simultaneous  roots  @  and  7  of  the  equations 

F(a,b,c,Z,r))  =  0,     G(a,b,c,£i,)  =  0, 
make 

A 

vanish  :  the  point  represents  an  ordinary  combination  of  values 
for  the  differential  equations.  Through  such  a  point,  there  pass 
N  curves  in  space  ;  their  directions  at  the  point  a're  independent 
of  one  another,  being  determined  by  the  equations 

dy  _  p   dz 

dH     Pt    dx  =  ^' 

As  the  point  a,  b,  c  moves  about  in  space,  this  cluster  of  N  curves 
also  moves  about  ;  arid  so  long  as  the  point  remains  off  the  focal 
surface,  the  directions  of  the  N  curves  remain  distinct  from  one 
another,  while  they  change  as  the  point  moves. 

Secondly,  let  a,  6,  c  be  a  point  lying  upon  the  surface  ®  =  0  ; 
then  at  least  one  of  the  quantities  J  vanishes,  and  more  than  one 

*  See    also,   for    another    method,    Cayley,   Collected    Math.   Papers,   vol.    i, 
pp.  370—374. 
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may  vanish.  Let  «/!,...,  JK  vanish;  and  let  JK+l,...,  JN>,  not 
vanish,  where,  if  mi  represent  the  multiplicity  of  the  roots  making 
Ji  vanish,  we  have 

N'  -  K  +  i  mi  =  N. 

i=l 

Let  the  value  Jt  arise  through  the  values  f  =  /3tt  y  ~  yt  ;  so  that 
the  sets  of  roots,  which  make  J  vanish,  are  ft,  ^  :  ft,  V*  •  -  •  •  :  ft  >  7*- 
Through  the  point  there  still  passes  the  cluster  of  N  curves  ;  but 
for  the  mi  curves  determined  by  ft  and  7^,  the  mi  branches  touch 
one  another,  the  common  tangent  at  the  point  of  contact  being 
distinct  in  direction  from  all  other  tangents  to  curves  through  the 
point.  We  thus  have 

(i)     m>i  branches  of  curves  through  the  point,  with  a  common 
direction  at  the  point  given  by 

dy      Q       dz 

£-*••  ^=*: 

this  holds  for  i  =  1,  ...,  #,  the  respective  common  tangents 
having  different  directions  : 

K 

(ii)     N  —  2  mi  other  branches  through  the  point,  each  with  its 

i=l 

own  direction,  which  is  different  from  directions  of  all 
the  other  branches,  and  from  the  common  direction  of 
the  sets  of  branches  above. 

Further,  the  normal  to  the  surface  0  =  0  at  the  point  a,  b,  c  has 
its  direction-cosines  proportional  to 

a@    a®     a® 

da  '     db'     dc'' 

and  any  curve  of  the  cluster  through  the  point  has  its  direction- 
cosines  proportional  to 

1,     A     7. 
Hence,  unless 

9®      .86        80 


the  direction  of  that  curve  of  the  cluster  does  not  lie  in  the 
tangent-plane  to  0  =  0  at  the  point.  In  general,  this  is  not  the 
case  ;  and  therefore,  in  general,  the  directions  of  the  curves  of  the 
cluster  are  not  tangent-lines  to  the  focal  surface. 
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But  denoting 

ae      ae     a® 


by  K,  and  the  values  of  K  for  the  JV  roots  of  F  —  0,  G  =  0,  by 
#     ...    K     let 


n, 


so  that,  when  the  symmetric  functions  are  evaluated,  <X>  is  a 
function  of  x,  y,  z.  If  then  a,  6,  c  be  a  point  on  the  surface  <I>  =  0, 
some  one  at  least  of  the  quantities  K  vanishes  ;  that  is,  some  one 
at  least  of  the  quantities 

ae    ^ae      ae 
to  +  ^a&+7fc 

vanishes.  Hence  at  any  point  on  the  curve  of  intersection  of  the 
focal  surface  by  the  surface  <E>  =  0,  some  one  (or  more  than  one)  of 
the  directions  of  curves  of  the  cluster  through  the  point  must  be 
a  tangent-line  to  the  focal  surface. 

When  the  moving  point  a,  b,  c  passes  off  the  focal  surface,  the 
directions  of  all  the  curves  of  the  cluster  again  become  different 
from  one  another. 

Note  1.  It  was  seen  that,  if  either  {3  or  7  or  both  (as 
simultaneous  roots  of  the  algebraical  equations)  be  infinite,  the 
value  x  =  a  is  an  algebraical  branch-point  for  the  functions  y  and 
z  :  but  that  y  or  z,  as  the  case  may  be,  is  an  ordinary  point  for  x 
and  the  other  of  the  two,  when  J  does  not  vanish.  The  geo 
metrical  significance  is,  that  the  corresponding  curve  of  the  cluster 
has  its  direction  at  a,  6,  c  perpendicular  to  one  (or  to  two)  of  the 
coordinate  axes;  and  if  the  point  lie  off  the  focal  surface,  that 
curve  is  not  touched  at  the  point  by  any  other  curve  of  the 
cluster. 

Note  2.  The  simplest  case  of  all,  when  the  algebraical  roots  of 
JF=0,  $  =  0,  satisfy  also  JT=0,  is  that  in  which  the  multiplicity 
of  a  root-pair  is  merely  double.  For  each  such  root-pair,  two 
branches  of  the  cluster  of  curves  touch  :  for  the  two  branches, 
being  then  part  of  one  and  the  same  curve,  the  point  is  a  cusp. 
There  then  are  as  many  cusps  as  there  are  root-pairs  of  double 
multiplicity;  the  cuspidal  tangents  are  different  from  one  another  in 
direction,  and  they  are  different  from  the  tangents  to  all  the  curves 
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of  the  cluster  arising  through  simple  root-pairs.    The  focal  surface 
then  is  a  locus  of  cusps  of  the  integral  twisted  curves. 

Note  3.  In  connection  with  the  integral  of  the  two  differential 
equations  considered,  there  are  a  couple  of  arbitrary  quantities, 
viz.  the  values  arbitrarily  assigned  to  y  and  z  for  a  specific  value 
of  so.  If  the  integral  can  be  obtained  by  quadratures,  it  will 
have  the  form 

f(x,  y,  z,  a,  /3)  =  0,     g  (x,  y,  z,  a,  ft)  =  0, 

where  a  and  0  are  the  arbitrary  constants  in   the  integration, 
determinable  by  the  conditions 

/(a,  6,  c,  a,  £)  =  0,  g  (a,  6,  c,  a,  ft)  =  0. 
The  equations 

f(x,  y,  z,  a,  ft)  =  0,  g  (x,  y,  z,  a,  ft)  =  0, 
define  a  congruence  of  curves  ;  the  further  equation 


defines  points  on  each  curve  of  the  congruence,  which  are  called 
focal  points.  The  locus  of  the  focal  points  for  all  the  curves  of  the 
congruence  is  called  the  focal  surface,  and  its  equation  is  obtained* 
by  eliminating  a  and  ft  between 

/=0,    #  =  0,     J=0. 

The  parallelism  of  the  analytical  processes,  which  lead  to  the  surface 
©  =  0,  is  the  ground  on  which  that  surface  in  the  geometrical 
interpretation  is  called  the  focal  surface  of  the  differential  equa 
tions  :  but  the  parallelism  is  restricted  to  the  analytical  processes, 
and  does  not,  in  general,  extend  to  the  relations  between  the 
curves  and  the  focal  surface. 

Note  4.  The  whole  discussion  of  the  integral  of  the  equation 
has  been  made  to  depend  upon  the  assignment  of  initial  values 
and  their  relation  to  ®  =  0.  Nothing  has  yet  been  indicated  as 
to  singular  solutions,  if  they  exist  :  they  will  be  considered 
immediately  after  some  examples  of  the  preceding  general  theory 
have  been  given. 

*  Darboux,  Theorie  generate  des  surfaces,  t.  n,  pp.  1  —  6;    Goursat,  American 
Journ.  Math.,  t.  xi,  pp.  343  —  344. 
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Method  of  determining  a  solution  when  the  initial  values 
make  the  equations  evanescent. 

195.  In  all  the  preceding  forms,  a  tacit  assumption  has  been 
made  that  the  values  of  /3  and  7  can  be  actually  determined  in 
association  with  assigned  initial  values  a,  6,  c.  This  assumption 
would  be  justified  by  the  event  when  a,  b,  c  are  parametric  values, 
which  have  no  special  relation  to  the  form  of  the  differential 
equations  ;  but  when  they  have  particular  values,  it  may  happen 
that  many  instances  can  arise  —  allusion  has  been  made  to  some  of 
them  —  in  which  the  determination  is  difficult  or  even  impossible 
by  the  methods  suggested.  Such  an  instance  would  occur  when 
the  values  assigned,  as  initial  values  for  x,  y,  z,  make  the  equation 
evanescent  without  regard  to  the  values  of  @  and  7. 

The  method  of  space-diagrams  (§  157)  can  be  applied  to  this 
case,  in  a  manner  similar  to  that  by  which  (plane)  Puiseux- 
diagrams  were  applied  to  the  corresponding  situation  in  the  case 
of  a  single  equation.  For  simplicity,  we  assume  that  0,  0,  0  are 
the  initial  values  assigned  to  the  variables  :  in  effect,  this  is  merely 
replacing  them  by  x  —  a,  y—b,  z  —  c  respectively.  In  order  to 
secure  the  most  general  form  of  equations,  we  take  them  to  be 


m22nlqn,  =  Q         N 

ipMt'z^'q"*  =  0)  ' 


solutions  y  and  z  of  these  equations  are  required,  which  vanish 
when  x  —  0.  We  shall  assume  that  there  is  no  term  in  either 
equation  which  is  free  from  all  the  variables  ;  for  when  there  are 
constant  terms  in  the  equations,  the  discussion  at,  the  beginning 
of  this  chapter  is  adequate  for  the  full  determination  of  the 
integrals. 

Since  y  and  z,  if  they  exist,  are  to  vanish  with  a?,  it  may  be 
that,  for  sufficiently  small  values  of  |  x  ,  they  can  be  asymptotically 
represented  by  their  most  important  terms  in  the  forms 

y  =  pxx,     z  =  o-a^, 

where  \  and  p  are  quantities  having  their  real  parts  positive. 
When  the  method  is  effective,  it  determines  X  and  //,  as  real 
positive  quantities  ;  should  such  determination  be  impossible,  the 
inference  is  that  integrals  of  the  form  indicated  do  not  exist  for 
sufficiently  small  values  of  x  .  The  values  of  p  and  q  are 
p  = 


195.]  EVANESCENT   EQUATIONS  139 

but  these  are  not  necessarily  finite  or  zero  when  #  =  0.  When 
these  values  are  substituted,  the  order  of  the  typical  term  in  the 
summation  in  the  first  equation  is 

r  —  ra2  —  ??2  +  X  (//h  +  m.2)  +  p,  (n^  -f  n2), 

=  Mt  say  ;  we  suppose  that  the  order  of  no  term  in  the  equation 
after  substitution  is  lower  than  If,  though  several  terms  may  be  of 
this  order.  Gathering  together  the  terms  which  involve  the  same 
power  of  x,  we  have 

XM  22222  Armim2ninz  \^2pml+m2fjLn,(Tn}+n2  +  higher  powers  of  as  =  0, 

where  the  summation  in  the  coefficient  of  XM  extends  over  all 
those  terms  in  the  original  equation  for  which  the  substitutions 
give  the  lowest  index  M. 

Similarly,  for  the  second  equation,  let 

r'  -  m2'  —  n2'  +  \  (m/  -f  raa')  +  //,  (w/  +  ft/), 

=  N,  say,  be  the  lowest  index  for  the  substitutions,  so  that  the 
equation  takes  the  form 

XN  22222  •SrWm.'n.'n,'  X^>m''^>^'o-n»'+n»'  +  higher  powers  of  a?  =  0. 

To  obtain  the  proper  values  of  \  and  //,,  we  take  three  per 
pendicular  coordinate  axes  ;  we  mark  all  the  points 


for  the  first  equation,  and  all  the  points 

X  =  r'  -  m2'  —  n2',     Y  =  m/  4-  ra./,     Z  =  n^ 

for  the  second  equation.  By  means  of  these  points,  we  construct 
a  configuration,  as  in  §  157,  consisting  of  a  broken-plane  figure 
everywhere  convex  to  the  origin.  Each  plane  portion  determines 
positive  quantities  X  and  //,  by  its  direction-coordinates,  and 
contains  all  the  points  of  the  tableau,  which  correspond  to  the 
terms  giving  rise  to  the  power  of  x  that  is  lowest  for  the 
substitutions 

y  oc  #*,     z  x  #". 

Having  thus  obtained  X  and  //,,  the  values  of  p  and  <r  are  given  by 

22222  ArmimM  vv^V712^*2  =  0 
22222  B,,,,,\^^^^'^  =  O 
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where  the  summation  extends  over  the  terms  that  give  rise  to  the 
index  M.     Denoting  a  pair  of  non-zero  roots  by  plt  <rly  we  write 

y  =  afi  (pl  +  u),     z  =  x*  (<T!  +  v), 

substitute  in  the  original  equations,  and  proceed  in  the  customary 
manner  to  determine  the  critical  characteristics  of  u  and  v. 

If  the  resulting  equations  for  u  and  v  indicate  that  functions 
u  and  v  exist,  which  vanish  with  ac,  branches  of  the  integrals  will 
thus  arise,  in  connection  with  each  root-pair  pl  and  o-lt  and  with 
the  associated  values  of  X  and  p.  In  similar  circumstances,  groups 
of  branches  will  arise  for  each  determination  of  X  and  /JL. 

The  tableau  of  noted  points  may  be  such  that  definite 
determinations  of  X  and  //,  are  not  possible.  It  then  frequently 
occurs  that  the  equations,  which  determine  p  and  cr  in  general, 
cease  to  determine  those  quantities,  but  may  give  values  of  X  and 
fj,  ;  then  the  quantities  pl  and  ^  are  arbitrary. 

Examples. 

196.     Ex.  1.     Consider  the  equations 


K2  {(qx  -  zf  -f  (px  -  yf]  =  (qy  -pz)*. 
Taking 

F=  #  {(qx  -  z)2  +  (px  -  y?}  -  (qy  -pz)*, 


we  have 


after  slight  reduction.     Solving  F=0,  G  =  0forp  and  q,  we  find 


so  that 

$j 

and  therefore 

Q  =  (z*+f+z^(y2+z2-K2x2). 

There  are  two  sets  of  values  of  p  tmdq;  there  are  therefore  two  branches 
of  the  integral  function.  Let  arbitrary  initial  values  b  and  c  be  assigned 
to  y  and  2,  when  x  =  a. 

If  a,  6,  c  be  such  that  neither  of  the  equations 
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is  satisfied,  then  the  two  branches  of  the  integral  are  distinct  from   one 
another;   they  are  given  by  the  equations 


(cy  -  bz}2  =  «2  {(az  -  ex}2  +  (bx  -  ay}2} 
If  a,  6,  c  be  such  that  the  equation 


is  satisfied,  the  two  branches  of  the  integral  touch  at  the  point  a,b,c:  in  fact, 
they  become  one  and  the  same,  given  by 


ox+by+cz-- 
If  a,  b,  c  be  such  that  the  equation 


is  satisfied,  the  two  branches  of  the  integral  touch  at  the  point  a,b,c:  in  fact, 
they  become  one  and  the  same,  given  by 


by+cz  —  K2az  =  Q  ) 

The  geometrical  interpretation,  that  arises  when  x,  y,  z,  a,  b,  c  all  are  real, 
is  quite  simple.     Noting  that  the  equation 

(cy  -  bz}2  =  <2  {(az  -  ex}2  +  (bx  -  ay}2} 
is  equivalent  to  the  two  linear  equations 


K2   fx        A  1    />        A_±K/^_ 

b2\a~c)~  tf\b      c)~~abc\a 


we  see  that,  in  the  most  general  case,  the  two  integral  curves  through  the 
point  a,  6,  c  are  the  sections  of  the  sphere 


by  these  two  planes  through  its  centre.     In  connection  with  this  sphere, 
construct  the  cone 


the  intersection  of  the  sphere  and  the  cone  is  composed  of  two  small  circles. 
When  the  point  a,  6,  c  on  the  surface  of  the  sphere  lies  in  the  belt  between 
the  small  circles,  the  integral  curves  are  the  two  great  circles  drawn  through 
a,  b,  c  touching  the  small  circles  :  this  is  the  first  case.  When  the  point 
a,  6,  c  lies  outside  the  belt,  the  integral  curves  become  imaginary  ;  they  are 
conjugate  ima,ginaries  ;  but  the  impossibility  of  drawing  them,  in  spite  of  their 
functional  existence,  is  one  drawback  in  limiting  the  variables  to  have  only 
real  values.  When  the  point  a,  b,  c  lies  on  the  cone,  and  therefore  on  one  or 
the  other  of  the  two  small  circles,  the  integral  curve  becomes  the  single  great 
circle  touching  the  small  circle  at  the  point  (and  touching  also  the  other  small 
circle  at  the  diametrically  opposite  point)  :  the  tangent  to  the  great  circle  is 
a  tangent-line  of  the  cone.  This  is  the  third  case.  When  the  point  a,  b,  c 
is  the  origin,  the  integral  curve  becomes  a  single  point-circle  at  the  origin  : 
this  is  the  second  case. 
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Ex.  2.     Consider  the  equations 


where  X  and  /*  are  constants. 
The  values  of  p  and  q  are 

=  -  X*  -  w  +  \z  +  9 


where 
Also  taking 
we  have 


«/        o  x 

3  (/>,?) 


The  values  of  p  and  ^  which  make  .7=0,  there  being  two  sets  of  them,  must 
be  determined  by  initial  values  satisfying 

0  =  0, 

which  accordingly  is  the  focal  equation. 
If  a,  6,  c  be  initial  values  such  that 


is  not  zero,  then  two  branches  of  the  integral  of  the  equation  are  given  by 


where  A  and  B  are  determined  by  the  equations 

b  =  Aa+\AB 


But  if  a,  b,  c  satisfy  the  equation 


the  two  branches  are  one  and  the  same.     The  values  of  A  and  B  are  given  in 
the  former  case  by 


the  same  irrational  value  being  taken  for  A  and  B  in  each  determination,  and 
the  two  irrational  values  leading  to  the  two  determinations.  The  single  set 
of  values  of  A  and  B  in  the  latter  case  is  given  by 
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The  geometrical  interpretation  can  be  obtained  as  before,  when  x,  y,  z  have 
a,  b,  c,  as  assigned  initial  values.     We  have 


which  is  a  quartic  surface.     The  equations 

y  =  Ax+\AB\ 


represent  a  straight  line  ;  this  straight  line  touches  the  surface  0  =  0  in  the 
point 

#=0,    y  =  \AB,     z=fj.AB, 
and  in  the  point 

x=-liA-\B,    y=-pA\    z=-X52: 

that  is,  it  is  a  bitangent  of  the  quartic  surface. 

When  the  point  a,  6,  c,  through  which  the  integral  (line)  curve  passes,  lies 
off  the  surface,  there  are  two  sets  of  values  of  A  and  B  ;  that  is,  two  different 
bitangents  can  be  drawn  to  the  surface  through  a  point,  which  does  not  lie  on 
it  ;  and  their  equations  satisfy  the  differential  equations. 

When  the  point  a,  b,  c,  lies  on  the  surface,  there  is  only  one  set  of  values 
of  A  and  B\  only  one  bitangent  can  be  drawn  to  the  surface  through  the 
point  and  satisfying  the  equations  ;  it  touches  the  surface  in  the  initial  point 
a,  6,  c,  and  in  the  point 

^=0>     y  =  —  («2  +  ^  +  Xc),     z=—  ( 
Ex.  3.     Consider  the  equations 


where  X,  /i,  p  are  constants. 

The  values  of  p  and  q  are  immediately  obtainable :  there  are,  in  general, 
two  sets  of  them.     Also 


"~3(/»,Z) 

so  that  the  values  of  p  and  q,  which  make  J=0  as  well  as  F=0,  G=0,  are 
given  by 


and,  at  the  same  time, 
e 

The  integral  equations  are 


where  the  arbitrary  constants  A  and  B  are  determined  by  means  of  the  values 
b  and  c,  which  are  assigned  to  y  and  z,  when  x=a,  and  satisfy  the  equations 


) 
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If  the  initial  values  a,  6,  a  be  such  that  neither  of  the  equations 

=  0, 


is  satisfied,  there  are  two  branches  of  the  integral  of  the  equation. 
If  the  values  a,  6,  c  be  such  as  to  satisfy 


the  two  branches  of  the  integral  of  the  equation  have  the  same  values  of  p 
and  q  for  x,  y,  z  =  a,  6,  c:  and  these  values  satisfy  the  equation  in  p  and  q 
derived  from 


for  the  initial  values  of  the  variables. 

If  the  values  a,  b,  c  be  such  as  to  satisfy 


the  two  branches  of  the  integral  of  the  equation  have  the  same  values  of  p 
and  q  for  x,  y,  z  =  a,b,c:  but  these  values  do  not  satisfy  the  equation  in  p 
and  q  derived  from 


The  geometrical  interpretation  is  obvious.     The  integral  curves  are  plane 
sextics.     Through  any  point  in  space,  not  lying  on  the  cylinder 


nor  on  either  of  the  two  planes 

two  sextics  can  be  drawn  not  touching  one  another  and  satisfying  the 
equation. 

When  a  point  is  taken  on  either  of  the  planes 


two  sextics  can  be  drawn  through  it  touching  one  another  at  the  point  :  their 
common  tangent  lies  in  the  plane.  ^ 

When  a  point  is  taken  on  the  cylinder 


the  two  sextics  become  branches  of  the  same  curve  having  the  point  for  a 
cusp  :  the  cuspidal  tangent  does  not  lie  in  the  tangent-plane  of  the  cylinder 
at  the  point. 
The  cylinder 


is    in  fact,  a  locus  of  cusps  of  the  sextics,  which  satisfy  the  differential 
equations. 

Ex.  4.     Discuss  similarly  the  equations 

(Goursat.) 
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Ex.  5.  As  an  instance  of  equations,  which  are  rendered  evanescent  by 
the  assignment  of  initial  conditions,  so  that  a  merely  algebraical  solution  for 
associable  values  of  p  and  q  ceases  to  be  possible,  consider 

ayz  -f  bxyq  +  cz^p  +y2zpq2 

with  the  initial  conditions  that  y  =  0  and  z=0  when  #=0.  The  points  to  be 
marked  in  the  space-diagram  are 

for  the  first  equation  3,  0,  0 ;  1,1,0;  -  2,  3,  2 ;  -  1,  3,  1 : 

say  A     ;  B     ;  C     ;            D     : 

and  for  the  second  equation  0,  3,  0 ;  0,  1,  1 ;  -1,1,2;  -  3,  3,  3 : 

say  E    ,  F    ,  G     ,           H    . 

On  constructing  the  tableau  in  perspective,  it  is  easy  to  see  that  the  points 
5,  F,  G  lie  in  one  straight  line :  that  the  points  E,  D,  C,  H  lie  in  one  straight 
line:  and  that  these  two  straight  lines  are  parallel.  There  are  accordingly 
only  two  plane  portions  to  take  account  of,  viz.  the  plane  through  the  lines 
HCDE,  EB,  BFG,  its  equation  being 


and  the  plane  through  the  lines  GFB,  BA,  its  equation  being 

£  +  27,  +  {=3. 
Hence  there  are  two  sets  of  values  of  X  and  u,  viz. 


and  the  terms  giving  rise  to  the  lowest  terms  for  the  respective  substitutions 
are  those,  which  correspond  to  points  in  the  tableau  lying  on  the  planes  that 
determine  the  substitutions. 

First,  consider  the  orders  X  =  2,  /z  =  1  ;  so  that  the  most  important  terms 
in  y  and  z  are 

y=px\     z  =  o-x, 

p  and  <r  being  constants  different  from  zero.  Substituting  in  the  two 
equations,  retaining  only  the  lowest  powers  of  x  in  each  (they  are  the  third 
powers  for  each),  and  equating  their  coefficients  to  zero,  we  have 

so  that 


Now  take 

y 

where  p  and  a-  have  the  values  just  obtained,  and  J7,  Z  must  vanish  when 
#=0:  so  that 


F.  III.  10 
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and  #^.  #~  are  of  the   same   orders   in  x  as   Y  and  Z  respectively. 

dx       dx 

Substituting  in  the  first  of  the  equations,  dividing  by  #3,  and  reducing,  we 
have 


X<+  2  Y+  (4c  -  &/)  *Hhigher  terms  =  0. 

Substituting  in  the  second  equation  and  proceeding  in  a  similar  way,  we  find 


The  other  terms  in  each  of  these  forms  are  regular  functions  of  at,  x-^  , 

vd—     Y  Z:   the  orders  of  these  terms  as  small  quantities,  when  \x\  is 

dx  ' 

sufficiently  small,   are    manifestly  higher  than   the  orders    of    the    terms 
retained.     Solving  the  modified  equations,  we  find 


#~  =  i-  — -  (  — a )  H 3—3  (bf—  4c)l#3  —  -f  Y+Z+  <£(#,  F,  Z) 

where  0  and  <£  are  regular  functions  of  their  arguments,  which  contain  no  term 
in  x  alone  of  order  less  than  four,  and  no  term  in  Y  and  Z  free  from  x  of 
order  less  than  two. 

These  equations  are  of  the  class  considered  in  the  last  chapter.     The 
critical  quadratic  is 


so  that  one  root  is  unity  and  the  other  is  -  2  ;  and  the  initial  conditions  are 
that  F=0,  Z=0.     It  therefore  follows 

(i)    that  the  equations  possess  integrals,  which  are  regular  functions  of  x 
and  vanish  with  x  ;  their  expressions  are 


18 

where  P(x)  and  Q  (x}  are  regular  functions  of  x,  which  become  equal 
to  1  when  x  vanishes  : 
(ii)     that  the  equations  possess  an  infinitude  of  integrals,  which  vanish 

with  x,  and  are  regular  functions  of  x  and  x  log  x. 
The  corresponding  integrals  of  the  original  equations,  which  vanish  with  x,  are 


Secondly,  consider  the  orders  X  =  £,  p.  =  1.     Take 
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so  that,  when  y  and  z  are  expressed  in  terms  of  t,  their  most  important  terms 
for  sufficiently  small  values  of  1  1  \  are 


where  p  and  o-  are  constants  :  and  then 


Substituting  in  the  equations,  retaining  only  the  lowest  power  of  t  —  it  is 
t3  in  each  case  —  and  making  the  coefficients  vanish,  we  have 


from  the  first  equation,  and 

ap3  +  bpa-  +  $  cpa2  +  £  p3  o-3  =  0, 

from  the  second.     Rejecting  zero  values  of  the  coefficients  p  and  (r,  we  find 
9 


so  that  there  are  four  values  of  cr,  being  the  roots  of 

o-2  (co-+26)  (2/0-  +  1)  -  2g  (o-3+2a)  =0, 
and  there  are  two  values  of  p  for  each  value  of  o-. 

Denoting  by  p  and  a-  any  one  of  these  sets  of  simultaneous  values,  let 


so  that 

P=-^, 


After  substitution  and  reduction,  the  first  equation  gives 

4ht*-4gY+p*(Ttd^-g  p-  t^H+p*Z(4/<r  +  l)+  higher  terms  =  0; 

Clt  (T      Cut 

and  the  second  equation  gives 


-  o-  T(46  +  2co-)  +  pZ  (26  +  2co-  +  3p2o-2)  +  higher  terms  =  0, 
there  being  no  term  involving  t  only  in  the  latter.      Solving  these  for 

dT       .     dZ  , 

-j-  and  t-jrt  we  nnd 
dt  at 


where  6l  and  82  are  regular  functions  of  their  arguments,  which  contain  no 
terms  of  dimensions  less  than  2  ;  and  a,  /3,  y,  S,  K,  X  are  constants,  which 
depend  upon  the  coefficients  of  the  original  equations. 

10—2 
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Hence,  in  general,  solutions  of  these  equations  exist,  which  are  regular 
functions  of  t  and  vanish  with  t  :  a  result  which  holds  for  each  of  the  (eight) 
sets  of  values  of  p  and  a-.  Consequently  there  are  in  general  eight  sets  of 
integrals  of  the  original  equations,  which  can  be  arranged  in  four  pairs  of 
sets  :  they  are  regular  functions  of  #*,  and  they  vanish  with  x.  The  forms 
of  a,  /3,  y,  8  determine  the  possibility  of  the  existence  of  non-regular  solutions 
of  the  equations,  which  vanish  with  x. 

Ex.  6.     Obtain  integrals  of  the  equations 


such  as  to  vanish  when  #=0  ;  likewise  of  the  equations 

} 

f    5 

) 


and  of  the  equations 

=  X*  \ 

=at) 


in  each  case  with  the  same  initial  conditions. 

SINGULAR  SOLUTIONS  OF  SYSTEMS  OF  EQUATIONS. 

197.     It  has  been  seen  that,  if  values  of  p  and  q  given  by 

F=0,     0  =  0, 
are  such  as  to  satisfy 


at  a  particular  point,  then  two  or  more  integral  curves  touch  at 
the  point ;  and  that,  if  ©  (a?,  y,  z)  =  0,  be  the  result  of  eliminating 
p  and  q  between  ^=0,  0  =  0,  ,7=0,  then  the-  common  tangent 
of  those  integral  curves  does  not,  in  general,  lie  in  the  tangent- 
plane  to  ©  =  0  at  the  point. 

It  may,  however,  happen  that  the  common  tangent  does  lie  in 
the  tangent-plane  to  ©  =  0  at  the  point ;  then,  at  the  point,  ®  =  0 
provides  an  integral  of  the  original  equations,  although  it  does  not 
provide  a  full  solution,  because  two  equations  are  necessary  for 
that  purpose.  It  might  happen  that,  at  every  point  on  ©  =  0,  the 
integral  curves  touch,  having  their  common  tangent  in  the  tangent- 
plane  of  ©  =  0  there ;  in  that  case  ©  =  0  is  an  envelope  of  curves, 
and  it  provides  an  integral  of  the  original  equations,  though  (for 
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the  same  reason  as  before)  it  does  not  provide  the  full  solution. 
It  might  even  happen  that  ©  =  0  is  a  surface  on  which  integral 
curves  lie. 

It  thus  is  clear  that,  in  some  cases  or  under  some  conditions, 
integrals  of  the  equations  exist,  which  are  not  included  in  the  set 
hitherto  considered.  Some  of  the  integrals  indicated  may  be  of 
the  class  of  particular  integrals ;  others  will  be  of  a  class  which 
are  called  singular.  We  proceed  to  their  consideration. 

Instead  of  taking  ®,  which  (§  194)  is  a  product  of  values  of  J 
for  the  sets  of  values  of  p  and  q  satisfying  F  =  0  and  G  —  0,  and 
which  therefore  vanishes  when  J  vanishes,  we  take 

^=0,     G  =  0,    J=0, 

as  the  three  equations.  When  the  values  of  p  and  q,  given  by 
F  =  0  and  G  =  0,  are  substituted  in  these  two  equations,  they 
then  are  satisfied  identically  ;  but  J  =  0  is  not  necessarily  satisfied 
identically,  and  usually  it  is  satisfied  only  because  the  point  at 
which  the  values  are  obtained  lies  on  ®  =  0,  say,  in  consequence 
of  ®  =  0.  Writing 

(W^W  +  dydF  +  d^dF 

dx      dx      dx  'dy      dx  dz 

dG  _  dG     dydG     <tedG 
dx      dx      dx  d        dx  dz 


we  have 


dp' 


dx 


dx 


dx 


F.o-^+fl^  +  fl.*'' 


and  therefore 


QJI-F.V-  ^-o.-^ 


Now  let  the  values  p  and  q  satisfy  J  =  0 :  and  assuming  the  most 
general  case,  let 


Fq  = 


G 
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where  H  is  not  zero,  so  that 

dF          dG  dF          dG 


Then  the  two  equations,  from  which  the  terms  J  ~- ,  J  -^  respect 
ively  have  disappeared,  become  one  only,  say 
dF         dGF 

s^-a?**"* 

Let 

„    dF      dF      d 

*x  =  o"   +  P  o~  +  <?-o 

dx     ^  dy      *  d 


and  let 

Hence  if  values  of  y  and  z  are  such  that  the  values  of  their 
derivatives,  given  by  F=  0  and  G  =  0,  satisfy  also  /=  0,  then  they 
satisfy  also  the  equation 

#  =  0. 

198.  The  converse  of  this  result  is  not  necessarily  valid :  it 
cannot  be  claimed  that  quantities  p  and  q,  which  algebraically 
satisfy  the  equations 

jF=0,     0  =  0,     J=0,     K  =  0, 

are  necessarily  such  as  to  be  derivatives  of  the  variables  y  and  z 
with  regard  to  x.  In  order  to  determine  their  relations  to  the 
solution  of  the  equation,  we  suppose  them  substituted  in  the 
equations  F  =  0  and  G  —  0,  which  are  satisfied  identically :  and 
in  J=0,  which  is  satisfied,  but  in  such  a  way  as  to  admit  of 
derivation  with  regard  to  x,  so  as  to  give  a  relation  among  the 
derivatives.  We  thus  have 

dF+F  dp  +  p  ^£=0 
dG  ,  n  dP  ,   a  d(l-(\ 
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The  first  two  equations  lead  to  the  single  equation,  free  from  ~ 
and  ~ ,  as  already  obtained  in  the  form 

CiX 


dF 
dx 


d°F     n- 
-d^  =  0' 


the  third  equation,  combined  with  either  of  the  first  two  equations, 

then  gives  the  values  of  -J-  and  -f  .     In  other  words,  in  order  that 
ax         ax 

the  three  equations  may  be  consistent  in  determining  ~  and  ~  , 
we  must  have 


so  that 


dF 


dF 
dx'    F"    F* 

=  0, 

dG 
dx'       "'        " 

dJ     T     T 

—  JT~  ,        Jpt       J  a 

ax 

T  \  i  dG  ,  T  v       T  v  \-L-  T^J  —  n 

«/»)  4-  -7-  (Jv^a  —  JQ*V)  +  J  TL  =  U- 

Now 


GP  Jq  - 


=  GP  (Jq  - 

and  J=  0  :  so  that  the  equation  is 


FP  (-  Jq 


which  is  satisfied  in  virtue  of 

r  dF     „  d&_ 
•       ^dx-^dx- 

Substituting  the  full  expressions  for  j-  and  -^  ,  the  equation 

dF  „       dG  « 

--  Gp  —  --  Fp  =  0  becomes 


Also 


)     dyd(F,G)     dzd(F,G) 
d(x,p)  +da>d(y,p)      dx  d(z,p)  ' 


,  G)        d(F,Q)        d(F,G) 
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and  therefore 


ir-P)  a/      (  +  b"~ 
cfo     *7  9  (y,  p)      Vcfo 

This  is  the  only  equation  of  the  kind  that  can  be  obtained :  it 
does  not  prove  that  -r~  =  p  and  -j-t  =  q :  but  it  proves  that,  if  one 

of  these  equalities  holds,  then  the  other  necessarily  holds.     It  is 
therefore  necessary  to  establish  one  of  the  equalities. 

Now  from  F=Q,  6r  =  0,  J"=0,  it  is  possible,  in  general,  to 
eliminate  any  two  of  the  five  variables.  Instead  of  eliminating 
p  and  q,  so  as  to  obtain  0  =  0,  let  q  and  z  be  eliminated :  and  let 
the  result  be 

so  that  a  value  of  p  (derived  from  H  =  0),  with  the  associated 

value  of  q,  satisfies 

dF  _       dG  _ 

and  therefore  also 

<dy     M\d(F,G)  .  (dz 


fy 

\dx 


The  equation  H  =  0  thus  far  is  only  an  algebraical  consequence  of 
the  three  equations 

^=0,     £  =  0,    J=0, 

which  involve  x,  y,  z,  p.  q  :  and  it  is  satisfied  without  any  regard  to 
(possible)  functional  relations  between  p,  q,  y,  z.  In  order  that 
H  =  0  may  have  an  added  significance,  we  associate  with  it  the 

equation 

dy 

^_p  =  0, 
dx 

that  is,  we  postulate  the  differential  equation 


and  we  infer  from  this  equation,  and  from  H  (x,  y,  £>)  =  0,  the 
relation 
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Consequently,  also  -=-  =  q:   so  that  the  quantities  p  and  q  then 

are   the   derivatives   of  y  and   z  with  regard  to  x.     Hence  an 
integral  of 


and  the  consequent  value  of  z  given  by 

H  O,  T/,  *)  =  0, 

constitute  a  solution  of  the  original  equations.  It  is  a  singular 
solution  :  when  the  most  general  integral  of  H  —  0  is  used,  this 
singular  solution  involves  one  arbitrary  constant.  Accordingly, 
we  have  the  theorem  : 

If  values  of  p  and  q  satisfy  the  equations 

F  (x,  y,  z,  p,  q)  =  0,     G  (x,  y,  z,  p,  q)  =  0, 


0  =  / 


the  third  and  fourth  of  which  are  equivalent  to  one  another  in  virtue 
of  J  =  0,  then  the  equations  F  =  0,  G  =  0  possess  a  singular  solution 
involving  an  arbitrary  constant;  and  the  singular  solution  is  con 
stituted  by  the  combination  of  the  general  integral  of 


I'dx, 
which  is  the  eliminant  (in  z  and  q)  of  F=  0,  G  =  0,  J  =  0,  with 

which  is  the  eliminant  (in  p  and  q)  of  the  same  three  equations. 

199.  The  analysis,  leading  to  the  proposition  that  has  just 
been  enunciated,  shews  that  any  solution  of  H  =  0  (whether  a 
complete  integral  or  not),  combined  with  0  =  0,  satisfies  the 
original  equations.  As  H=0  is  an  equation  of  the  first  order, 
it  may  possess  a  singular  solution  of  its  own,  which  of  course  is 
not  included  in  its  complete  integral ;  and  therefore  solutions  of 
the  original  equations,  distinct  from  the  singular  solutions  already 
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indicated,  are  constituted  by  the  equation  ®  =  0  and  the  singular 
solution  (if  any)  of  the  equation  H  =  Q. 

The  conditions,  which  can  be  associated  with  the  original 
equations,  and  are  alike  necessary  and  sufficient  to  secure  the 
existence  of  this  further  class  of  singular  solutions,  are  obtainable 
in  simple  form.  That  H  =  0  should  possess  a  singular  integral,  it 
is  necessary  and  sufficient  that  the  equations 

TT     f\     ^H     f\     3H     dH 

H  =  0,     -5-  =  0,     3-  -f  ^-  p  =  0, 
dp  %x       dy  r 

should   be   satisfied   by  values  of  y  and  p,  the  third  equation 
securing  that  the  values  of  y  and  p,  as  determined  by  the  first 

two  equations,  satisfy  the  relation  -~-  =p.     Now  by  the  theory 
of  elimination*,  since  H  is  an  eliminant  of  F,  G,  J,  we  have 
H=AF+BG+CJ, 

where  A,  B,  C,  are  functions  of  x,  y,  z,p,q;  and  this  relation  is  an 
identity.     Hence,  as  H=Q,  we  have 


because  ^—  =  0,  we  have 
dp 

0  =  AFP  +  BGP  +  CJP, 

the  terms  F-^-  +  G-z-  +  J-~-  vanishing,  because  the  values  of  p 
op          op         op 

O  TT  fiTT 

and  q  satisfy  F  =  Q,  (7  =  0,  /=  0  ;  and  because  Hx  =  ^—  +  p  y-  =  0, 
we  have 


the  terms  FAX  +  GBX  +  JCX  vanishing,  because  F,  G,  J  vanish  for 
the  values  considered.     From  the  last  two,  we  find 

0  =  A  (FPGX  -  GPFX)  +  C  (JPGX  -  GPJX), 
or,  because  FPGX  —  GPFX  =  0,  we  have 

L  —  JPGX  —  GPJX  =  0, 
a  new  equation. 

*  Cayley,   Coll.   Math.  Papers,  vol.   i,  pp.    370—374;    Forsyth,  Phil.   Trans. 
(1883,  i),  pp.  324—329. 
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Further,  we  have 

m 

dP 

and 

because  H  is  explicitly  independent  of  q ;  hence 


O  TT 

Accordingly  —  =  0  is  satisfied,  if  either  of  the  equations 

S(J,G)_        d(J,F) 

d(p,q)~          S(p,q) 

(equivalent  to  one  another  in  virtue  of  J"=0)  is  satisfied:  or  as 
may  easily  be  proved,  if  the  equation 

Fq  (GfFw  -  2GqGpFpq  +  Gp*Fqq)  =  Gq  (Fq*Gpp  -  2FpFqGpq  +  Fp*Gqq) 
is  satisfied.  This  last  equation,  taken  with  J"=0,  also  leads  to  the 
(alternative)  forms  which  are  the  simplest,  viz. 


Thus  the  aggregate  of  equations  is 

^=0,     ^  =  0,     J=0, 


and  this  aggregate  must  be  satisfied,  if  a  singular  solution  of  the 
kind  specified  is  possessed  by  the  original  equations. 

200.  We  can  prove  that  this  condition  is  also  sufficient.  The 
values  of  p  and  q  satisfy  .F=0,  6r  =  0  identically;  they  satisfy 
J"=  0,  in  virtue  of  H=  0  ;  hence 


a 
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From  the  first  two,  we  have 

dFQ  _dGF  =Jdqs=(). 
dx    p     dx    p         dx 

and  from  the  second  and  third,  we  have 


Combining   the   former   of   these    with    K  =  0,    we   have   (after 
subtraction) 

l(F,G)tdz 


combining  the  latter  of  them  with  L  —  0,  we  have  (also  after 
subtraction) 

d(Q,J)(dy 

d(p,y)\dx 

The  determinant  of  the  coefficients  of  -^  —  p  and  -=  --  q  in  the 

\LOu  \jvQC 

last  two  equations  is 

=  8  (F,  G)  d(G,  J)  _  d(F,  G)  d  (G,  J) 

~  a  (  JP,  y)  ^  (p7*)     8  (K  *)  8  (p,  y}  ' 

=  dG  8  (F,  G,J) 
~  dp  8  (p,  y,  z)  ' 

which  in  general  is  distinct  from  zero*;  hence 
dy  r,     dz  A 

£-P=°>  d*-^0: 

that  is,  the  values  of  y,  z,  p}  q  provided  by  the  equations  consti 
tute  a  solution  of  the  original  equations.  We  therefore  have  a 
theorem  :  — 

If  values  of  p,  q,  y,  z  are  found  to  satisfy  the  equations 
F(x,  y,  z,  p,  q)  =  0,      G  (x,  y,  z,  p,q)  = 


8  (P.  q) 


FP~GP     Jp>     \FP        GP     Jp 

*  Even  if  it  is  zero,  another  combination  of  equations  can  be  constructed  such 

p  T77   O    /  77?      /^f          T\ 

that  the  corresponding  determinant  is  —--^r1  —  !  —  -:  this  could  be  distinct  from 

dp   d  (p,  y,  z) 

zero.     But  not  all  the  cases  are  dealt  with  in  the  text. 
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then  the  values  of  y  and  z,  as  functions  of  x,  constitute  a  singular 
solution  of  the  equations  F  —  0,  G  =  0,  distinct  in  character  from 
the  singular  solutions,  which  are  determined  by  the  equations 

F=0,    G  =  0,    J=o,    FXGP-FPGX  =  0, 

and  involve  an  arbitrary  constant.  They  are  called  singular 
solutions  of  the  second  class. 

It  thus  appears  that,  for  a  system  of  two  equations  in  two 
dependent  variables,  there  may  be  two  classes  of  singular  solutions : 
one  of  them  involves  an  arbitrary  constant,  the  other  of  them  does 
not.  A  solution  which  arises  from  the  most  general  solution,  by 
giving  particular  values  to  one  or  to  both  of  the  arbitrary  con 
stants,  must  be  regarded  as  a  particular  solution ;  a  solution 
which  arises  from  the  first  class  of  singular  solutions,  by  giving  a 
particular  value  to  the  arbitrary  constant,  must  be  regarded  as 
a  particular  case  of  the  first  class  of  singular  solutions,  and  not 
as  a  singular  solution  of  the  second  class. 

Further,  it  appears  from  the  analysis  that  the  singular  solu 
tions  of  the  first  class  are  derivable,  partly  from  the  original 
equations,  but  partly  also  through  the  solution  of  a  deduced 
differential  equation ;  and  that  the  singular  solution  of  the 
second  class  is  derivable  either  (i),  entirely  from  the  original 
equations  without  the  construction  of  the  intermediate  differential 
equation  required  for  the  first  class :  or  (ii),  partly  from  the 
original  equations  and  partly  from  the  intermediate  equation 
indicated. 

Note  1.  The  preceding  method  of  discussing  the  singular 
solutions  of  a  system  of  equations  and,  incidentally,  the  various, 
classes  of  integrals  which  rnay  be  possessed  by  a  system,  is  based 
upon  a  direct  study  of  the  differential  equations,  beginning  with 
the  relation  of  the  non-ordinary  points  of  the  equations  to  the 
integrals  that  may  exist. 

In  connection  with  the  deduction  of  the  singular  integrals 
from  the  differential  equations  themselves,  memoirs  by  Mayer*, 
Goursatf,  and  DixonJ  may  be  consulted  with  advantage.  The 
last  of  these  memoirs  discusses  also,  with  ample  illustrations,  the 

*  Math.  Ann.,  t.  xxn  (1883),  pp.  368—392. 

t  Amer.  Journ.  Math.,  t.  xi  (1889),  pp.  329—372. 

t  Phil.  Trans.,  (1895,  Part  i,  A),  pp.  523—565. 
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derivation  of  the  various  classes  of  integrals  from  a  complete 
primitive,  supposed  given:  this  aspect  of  the  subject  is  naturally 
to  be  compared  with  the  process  of  §  207,  which  leads  to  the  classi 
fication  of  integrals.  All  the  memoirs  just  quoted  deal  with  the 
singular  solutions  (if  any)  of  a  single  equation  in  one  dependent 
variable  of  an  order  higher  than  the  first. 

Note  2.  Throughout  the  whole  discussion  of  the  singular 
integrals  (if  any)  of  two  equations  F=Q,  G  =  0,  it  has  been 
assumed  that  J  =  0  is  an  independent  equation,  so  that  it  is  not 
satisfied  identically,  in  virtue  of  the  values  of  p  and  q  derived 
from  F  =  0,  G  =  0 :  and  so  also  therefore  that  the  elimination  of  p 
and  q,  between  F—0,  G  =  0,  J  =  0,  leads  to  a  definite  relation 
between  x,  y,  z  of  the  form  0  =  0.  If  the  equations  possess 
singular  integrals,  then 

in  virtue  of  GXFP—  FX0P=  0,  which  is  satisfied. 

It  may,  however,  be  the  fact  that  J  =  0  is  satisfied  identically 
in  virtue  of  F  =  0,  G  =  0.  Even  when  this  is  not  the  fact  and 
when  the  system  possesses  singular  integrals,  it  is  possible  to 
construct  an  associated  system  for  which  this  possibility  actually 
occurs.  For  instance,  let  0  =  0  be  the  result  of  eliminating  p  and 
•q  between  F=  0,  G  =  0,  J=  0.  Let  G  =  0,  J  =  0  be  solved  so  as 
to  give  p  and  q  in  terms  of  x,  y,  z ;  and  let  the  values  be  sub 
stituted  in  F,  the  result  being,  of  course,  either  0  or  a  (possibly 
irrational)  factor  of  0 :  suppose  it  the  former,  and  now  consider 
the  associated  system 

In  order  that  this  system  may  possess  singular  solutions,  we 
must  have 

Jacobian   [  -  -1  =  0, 

V     p,q      1 

that  is,  because  0  is  a  function  of  x,  y,  z,  which  does  not  explicitly 
involve  p  and  q, 

and  also 

But  @*  =  0,  because  GPFX- FPGX  =  0]  and  0P  =  0.  Hence  this 
•  equation  certainly  is  satisfied.  Also  the  three  equations 
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coexist  ;  they  merely  determine  p  and  q,  and  they  do  not  lead  to  any 
relation  between  x,y,z:  that  is,  the  original  equations,  of  them 
selves  and  without  any  limitations  by  way  of  added  conditions, 
satisfy  the  requirements  for  the  possession  of  the  first  class  of 
singular  solutions. 

The  examination  and  the  significance  of  this  result  are  left  as 
an  exercise. 


201.     Ex.  1.     Consider  the  equations 


=  0} 
=0j' 


which  were  first  discussed  by  Serret*,  and  are  again  discussed  by  Mayer  t,  and 
Goursat  £.     We  have 


Hence,  if  the  equations  possess  singular  solutions,  values  of  p  and  q  must 
exist  which  make  t7=0.     But  also 


so  that  the  equation 

GPFX-FPGX  =  0 

is  satisfied.     Accordingly,  the  equation  H=  0  is  to  be  formed  by  the  elimina 
tion  of  z  and  q  between  F=0,  #  =  0,  ,7=0  :  it  is 


The  complete  integral  of  ff=0  is  easily  found  to  be 


The  associable  value  of  z  is  obtainable  by  algebraic  resolution  of  F=Q, 
.7=0  :  we  have,  from  (7=0, 


from  t/  =  0  ;  that  is, 

because  p  =  -  ^  (x  +  a).     Hence 


*  Liouville,  lre  Ser.,  t.  xvm  (1853),  p.  29. 

f  Math.  Ann.,  t.  xxn,  p.  382. 

^  Amer.  Journ.  Math.,  vol.  xi,  p.  360. 
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constitute  a  singular  solution  of  the  original  equations,  and  the  solution  is  of 
the  first  class. 

The  further  equations  to  determine  a  singular  solution   of  the  second 
class,  if  it  exists,  are  (as  connected  with  the  original  equations) 

that  is, 
and 

T  =  ^' 
Jp     *p 

that  is, 


that  is, 

hence  both  the  additional  equations  are  satisfied  by 

This  gives 
hence,  from  .7=0, 
from  F=0, 
and  from  6r  =  0, 

Accordingly 

y 

constitute  a  singular  solution  of  the  second  class. 

The  solution  0=0,  ofJxGp-JpGx  =  0,  does  not  satisfy  JqFp-JpFq  =  0  and 
the  simultaneous  equations  ;  hence  it  cannot  lead  to  a  singular  solution  of 
the  second  class.  (Taken  with  the  other  equations,  it  will  be  found  to  lead 
to  a  solution 

*=o,   y=-lA 

which  is  a  particular  instance  of  the  singular  solution  of  tHe  first  class.) 
The  complete  integral  of  the  original  equations  is 


where  a  and  £  are  arbitrary  constants. 

The  equation  9  =  0,  obtained  by  the  elimination  of  p  and  q  between  F=0, 
#=0,  .7=0,  is 

(27  (z -  xy]  -  2x  (*2 -  9?/)}2  =  4  (x*  +  3y)3. 

Ex.  2.     Discuss  the  equations 

•W         4-ftp  (Mayer.) 
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Ex.  3.     Shew  that  the  equations 


) 

possess  singular  solutions  of  both  classes  ;  and  obtain  them. 

(Dixon.) 

Ex.  4.     Discuss  the  equations 


in  reference  to  the  various  classes  of  solutions  that  can  be  deduced. 

(Dixon.) 
Ex.  5.     Obtain  the  singular  solutions  of  the  equations 


*) 

(Dixon.) 

Ex.  6.     Shew  that,  in  general,  singular  solutions  of  the  first  class  exist 
for  equations  of  the  form 


-px,    z-gx,    p,    2)  =  °1 
-px,    z-qx,    p,    q)  =  0) 


*(y 

where  $  and  ¥  are  any  functions  of  their  arguments. 

(Goursat.) 

Obtain  the  equations  which  must  be  satisfied,  in  order  that  the  singular 
solutions  of  the  second  class  may  exist. 

Ex.  7.     The  complete  integral  of  the  equations 
is  given  by 


Discuss  the  relation,  to  this  complete  integral,  of  the  solution 


where 

(The  differential  equations  can  be  interpreted  as  the  equations  of  rhumb- 
lines  on  a  family  of  concentric  spheres.) 

Ex.  8.     In  the  general  investigation,  it  has  been  assumed  (for  analytical 

r^fi1      7)7?*      T^C1      T^iC* 
simplicity)  that  J=0,  while  no  one  of  the  quantities  -~—  ,    ^—  ,    =—  ,    -5— 

vanishes.     It  would  be  useful  to  discuss  some  of  the  more  important  cases, 
when  at  least  one  of  these  quantities  does  vanish. 

F.  in.  11 
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SYSTEM  OF  ANY  NUMBER  OF  EQUATIONS. 

202.  The  preceding  results,  which  belong  to  a  system  of  two 
equations  in  two  dependent  variables,  suggest  the  results,  which 
belong  to  a  similar  system  of  n  equations  in  n  independent  vari 
ables,  in  the  form 

-*V(0,  yi,  ...,  yn,pi,  ...,pn)  =  0,       (r  =  l,  2,  ...,  n), 
where  ^  =  J. 

Such  equations  are  known,  by  the  general  existence-theorem, 
to  possess  complete  integrals,  that  is,  a  set  of  n  equations  among 
the  variables  x,  yly  ...,  yn,  involving  n  arbitrary  constants. 

It  can  be  proved,  as  in  §§  197,  198  for  the  system  of  two 
equations,  that,  if  values  plt  p2,  ...,  pn  satisfy  the  equations 


1,  ft, ....  ft,) 


where 


Fnx,         Fnp  ,         .^np2» 


V, 


and  if  among  the  n  +  l  equations  Fl  =  0,  ...,  Fn  =  Q,  J"  =  0,  the 
variables  pn  and  yn  be  algebraically  eliminated,  with  the  result 

GS(®>  2/D  •••»  2/n-i,  Pi,  •••>  Pn-i)  =  0»       (S  =  1,  2,   ...,  U—  1), 

and  if 

denote  the  result  of  the  algebraical  elimination  of  pl}  ...,  pn  among 
the  same  n  +  1  equations,  then  any  set  of  integrals  of  the  equations 
Gs  =  0,  combined  with  ®  =  0,  constitutes  a  set  of  integrals  of  the 
original  equations,  not  included  among  (and  therefore  distinct 
from)  the  complete  integrals  of  the  original  equations. 

We  know  that,  in  the  instance  of  a  single  equation  in  a  single 
dependent  variable,  there  may  be  one  class  of  solution  not  included 
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in  the  complete  solution,  viz.  the  singular  solution.  We  have  seen 
that,  in  the  instance  of  two  equations  in  two  dependent  variables, 
there  may  be  two  classes  of  solutions  not  included  in  the  complete 
solution,  viz.  one  class,  involving  a  single  arbitrary  constant, 
another  class,  involving  no  arbitrary  constant  and  not  included 
in  the  former.  We  thus  infer  inductively  that,  in  addition  to  the 
complete  integrals  belonging  to  a  set  of  n  equations  in  n  dependent 
variables,  there  may  (but  not  necessarily  must)  exist  n  other 
classes  of  solutions  riot  included  in  the  complete  integrals.  The 
first  of  these  classes  contains  n  —  1  arbitrary  constants  :  the  second 
of  them  contains  n  —  2  arbitrary  constants  and  is  not  included  in 
the  first;  the  sth  contains  n  —  s  arbitrary  constants  and  is  not 
included  in  any  of  the  preceding  5  —  1  classes  ;  and  the  last  class 
contains  no  arbitrary  constant,  and  is  not  included  in  any  of  the 
earlier  classes. 

In  order  that  the  first  class  of  these  additional  solutions, 
which  will  be  called  singular  solutions,  may  be  possessed  by  the 
equations,  certain  conditions  must  be  satisfied.  For  the  system 
of  n  equations,  the  conditions  are  that  the  values  of  plt  p2,  ...,  pn, 
which  satisfy 

_F1==0,     jFa  =  0,     ...,     Fn  =  Q, 

must  also  satisfy  the  equations 

||-pto>     -Fipl)     Fip2,     •  ••,     Fipn\\  =  Q. 

The  last  equations  are  obtained  by  equating  to  zero  the  determ 
inants  of  order  n  that  can  be  framed  from  this  array:  it  is  not 
difficult  to  shew  that  they  are  equivalent  to  a  couple  of  inde 
pendent  conditions. 

In  order  that  the  second  class  of  singular  solutions  may  be 
possessed  by  the  original  equations,  certain  additional  conditions 
must  be  satisfied.  Let 


denote  the  result  of  eliminating  pn  and  yn  between 


the  second  class  of  singular  solutions  of  the  original  equations  is 
the  first  class  of  singular  solutions  of  the  equations  6r  =  0,  and  in 

11—2 
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order  that  these  may  exist,  two  independent  conditions  attaching 
to  the  equations  0  =  0  must  be  satisfied  :  these  are  the  additional 
conditions  for  the  original  equations. 

And  so  on,  for  each  class  of  singular  solutions  in  succession  : 
the  existence  of  each  additional  class  requires  that  two  additional 
conditions  shall  be  satisfied.  If  at  any  stage  the  two  additional 
conditions  are  not  satisfied,  then  not  merely  does  the  corresponding 
class  of  singular  solutions  not  exist,  but  no  one  of  the  remaining 
classes  of  singular  solutions  in  the  succession  exists. 

Ex.  1.     In  connection  with  the  equations 


denote 

CX 

J  denote 


* 


p-  by  Fx,          by  Ft  ;  and  so  for  G  and  for  ff  :  and  let 


Shew  that,  if  the  equations  are  to  possess  the  first  class  of  singular 
solutions  (involving  two  arbitrary  constants),  it  is  necessary  and  sufficient 
that  the  conditions 

rx,    Flt    FI,     F3    =0, 


equivalent   to  two  independent   conditions,  shall  be  satisfied  by  values   of 
Pi,  Pz,  Ps,  which  sati8fy  ^=0'  G  =  0,  ff=0. 

Shew  that,  if  the  equations  are  to  possess  the  second  class  of  singular 
solutions  (involving  one  arbitrary  constant),  it  is  necessary  and  sufficient 
that  every  first  minor  of  the  determinant 

*     F,      Gx     Hx 


shall  vanish,  for  values  of  Pl,  pt,  p3,  which  satisfy  ^=0,  6^  =  0,  ZT=0;  and 
that  the  conditions  are  equivalent  to  four  independent  conditions. 

Lastly,  denoting  any  one  of  the  three  Jacobians 
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by  /,  shew  that,  if  the  equations  are  to  possess  the  third  class  of  singular 
solutions  (involving  no  arbitrary  constant),  it  is  necessary  and  sufficient  that 
every  first  minor  in  each  of  the  determinants  included  in  the  array 

<        F       G       H 


shall  vanish,  for  values  of  plt  p.2,  p3  that  satisfy  F=0,  (7=0,  H=0  :  and 
that  the  conditions  are  equivalent  to  six  independent  conditions. 

Ex.  2.     Discuss  the  singular  solutions  (if  any)  of  the  equations  of  motion, 
of  a  heavy  body  moving  round  a  fixed  point,  when  they  are  taken  in  the  form 


dt 


where 


r  +  p  (C-A)rp+y  (A  - 
H=    1,    X,    f» 
X,     i/,     p 
/z,     p,     a- 

and  A  ,  B,  C,  a,  /3,  y,  h,  K,  X,  o-  are  constants. 

(Mayer.) 

Ex.  3.     Shew  that,  in  general,  there  are  six  distinct  sets  of  integrals  of 
the  equations 


) 

determined  by  the  conditions  that  ylt  ?/2,  7/3  must  assume  values  6X,  62>  ^3 
respectively,  when  x  —  a. 

Shew  further  that  the  equations    possess   the  first    class  of   singular 
solutions  :   and  associate  them  with  the  equations 


X 


where 


=  f  Qx  -  f  a*  +  ( Y-  Px?  +  \P  (a?  -  Q\ 


Do  the  equations  possess  any  of  the  other  classes  of  singular  solutions  ? 
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Ex.  4.     Discuss  the  classes  of  solutions  possessed  by  the  equations 


Ex.  5.     Shew  that,  in  general,  the  equations 

yt=PiX+fi(Pi,  Pi,  pa),  (i=l,  2,  3), 

possess  the  first  class  of  singular  solutions,  provided  the  functions  /f  are  not 
linear  functions  of  their  arguments. 


ANALYTICAL  RELATION  BETWEEN  SINGULAR  INTEGRALS 
AND  COMPLETE  INTEGRAL. 

203.  The  relation  of  the  singular  integrals,  if  they  exist,  to 
the  complete  integral  can  be  exhibited  in  a  different  analytical 
form :  and  some  tests  can  be  obtained,  in  order  to  settle  whether  a 
given  solution  is  a  particular  case  of  some  class  of  integrals,  or  the 
general  case  of  some  more  special  class  of  integrals.  It  will  be 
sufficient  to  deal  with  the  case  of  a  couple  of  dependent  variables, 
determined  by  a  couple  of  equations  which  may  be  taken  in  the 
form 

F(x,  y,  z,  p,  q)  =  0,     G  (xt  y,  z,  p,  q)  =  0. 

In  association  with  these,  we  take 


and  assuming  that  J  does  not  vanish  solely  in  consequence  of 
F  =0,  6r  =  0,  denote  by  H(xy  y,  p)  =  0,  the  result  of  eliminating 
z  and  q  between  F=  0,  G  =  0,  /=  0.  Let 

n       dv 


denote  a  solution  of  H—  0  ;  then  since  H  =  0  is  a  consequence  of 
^=0,  6r  =  0,  «7=0,  it  follows  that,  when  a  solution  of  H  —  Q  is 
actually  used,  the  other  three  equations  are  equivalent  only 
to  two,  say  F=Q,  G  =  0.  Accordingly,  they  then  determine  the 
two  outstanding  unknown  quantities  z  and  q,  say  in  the  forms 
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where  Q  is  not  necessarily  equal  to  -^-  .     We  have  to  discriminate, 
as  will  be  seen,  between  the  case,  when  Q  is  not  equal  to  ^-, 

Tit 

the  case,  when  Q  is  equal  to  —  . 
Now  take 


then,  in  order  that  y  and  z  may  satisfy  the  original  equations,  we 

must  have 

F(x)r]  +  F,  C+£,  P  +  u,  Q  +  v)  =  0, 

0(#,  17  +  F,  f  +  Z,  P  +  u,  Q  +  v)  =  0. 
But  also 

F(x^,  f,Pf  Q)  =  0,     #0,77,  £P,  Q)  =  0; 

so  that  all  the  terms  in  the  former  free  from  F,  Z,  w,  v  vanish. 
Thus  the  two  equations  determine  u  and  v  in  terms  of  F  and  Z, 
and  also  of  a?  ;  among  the  values  thus  determined,  there  must 
be  some,  which  vanish  when  F=0,  Z=0.  But  when  F=0,  so 
that  zero  is  a  possible  value  of  u  because 

£>,   7,,P)  =  0, 

and  when  Z=Q  so  that  £  =  ?,  then,  because  F=Q,  G  —  0,H—Q, 
we  have  also  J  =0:  that  is,  the  values,  which  are  obtained  for 
u  and  v  as  vanishing  when  F  =  0,  Z=0,  must  be  of  multiple 
occurrence. 

Let 

u  =  A(x,  Y,Z) 
v=B(x,  Y,Z) 

denote  a  root-pair  which  is  of  simple  occurrence;  the  functions 
A  and  B  are  regular  functions  of  F  and  Z,  which  have  uniform 
functions  of  x  for  the  coefficients  :  let  x  =  b  be  any  ordinary  point 
of  these  coefficients,  so  that  A  and  B  are  regular  functions  also  of 
x  —  b  :  also  A,  B  do  not  vanish  when  F=  0,  Z  =  0. 

Let 

u=f(x,  Y,Z)} 
v  =  g(x,  Y,Z)\ 

denote  a  root-pair  which  is  of  multiple  occurrence  ;  both  f  and  g 
vanish  when  F=0,  Z  =  0:  and  they  are  multiform  functions  of 
F  and  Z.  Let  x  =  b  denote  an  ordinary  point  of  /and  g,  regarded 
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solely  for  the  moment  as  a  function  of  as  ;  then  /  and  g  can  be 
expressed  as  regular  functions  of  x  —  b,  having  for  their  coefficients 
multiform  functions  of  Y  and  Z  which  vanish  with  Y  and  Z. 

The  point  b  will,  in  every  case,  be  regarded  as  parametric. 
What  is  wanted  is  a  pair  of  values  of  F  and  Z,  which  vanish  at 
x  =  b,  so  that  y  and  77,  z  and  f  ,  have  the  same  value  there  :  the 
argument  for  this  requirement  being  similar  to  that  in  §  104. 
Also 

dY 


vss  _Q 

dx      dx 

When  y  =  77,  z  =  f,  do  not  constitute  a  singular  solution,  so  that  Q 
•j  if 

is  not  equal  to  ~-  ,  the  point  b  is  an  ordinary  non-zero  point  of 


204.     The  general  character  of  the  functions  determined  by 
the  equations 


whether  77,  f  constitute  a  singular  solution  or  not,  is  at  once  given 
by  the  application  of  the  existence-theorem.  Let  A  (b,  0,  0)  =  &, 
and  let  /32  denote  the  value  of  f 


when  #  =  6,  F  =  0,  ^  =  0  ;  then  solutions  F  and  ^  exist  as  regular 
functions  of  x  —  b,  in  the  form 


£-&(«-&)£(«-*) 

where  J?  and  $  are  regular  functions  of  their  argument,  which 
become  unity  when  the  argument  vanishes.  The  corresponding 
integrals  of  the  original  equation  are 


z-     = 
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There  is  no  special  interest  attaching  to  the  relation  between  the 
solutions  77,  f,  and  this  branch  of  the  general  integral. 

205.     The  general  character  of  the  functions  determined  by 
the  equations 


is  more  difficult  to  obtain,  because  no  definite  algebraical  solution 
of  the  simultaneous  equations  in  u  and  v  is  always  possible  : 
though  it  may  be  effected  in  particular  cases. 

7  t, 

When  Q  is  not  equal  to  -^  ,  so  that  77,  £  do  not  then  constitute 

a  singular  solution,  one  inference  from  the  above  equations  can 
be  made.  Since  F  and  Z  are  to  vanish  when  x  —  6,  and  since 
f(x,  Y}Z),  g(x,  Y,Z)  vanish  when  F=0,  Z=0,  it  follows  that 

dY  dZ 


when  x  =  b\  hence  we  shall  have 
F=  6(-6 


where  X  is  a  positive  quantity  (greater  than  zero)  :  and  so 

Z  -  7  (x  -  b)  =  77  (as  -  b)l+*  +  .  .  .  , 
where  /u,  is  a  positive  quantity  (greater  than  zero). 

7  C* 

When  Q  is  equal  to  -p  ,  not  merely  at  x  =  b  but  for  all  values 

of  x,  so  that  rj,  f  constitute  a  singular  solution,  then  the  equa 
tions  are 

£-/(«  T,Z},    fx=3(*,Y,Z). 
Now  F  and  ^  are  to  vanish  when  x  =  b]  also  /  and  g  vanish,  when 

F=0,  Z=0'    hence  -j—  ,   j-    vanish  when  #  =  6.     Accordingly, 
ax     ax 

we  may  take 

F=  a  (a?  -  6)1+\     Z  =  &(OB-  &)1+*, 

for  sufficiently  small  values  of   |  a?  —  6  1  ,  as  the  most  important 
terms  of  F  and  Z,  the  quantities  \  and  p  being  real  and  greater 
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than  zero.     But  after  this  inference  as  regards  the  general  type, 
it  is  unnecessary  actually  to  solve  the  equations 

F(x,  rj+  F,  Z+Z,  P  +  u,  Q  +  v)-  F(x,  77,  f,  P,  Q)  =  0, 
G(x,  77  +  F,  S+Z,P  +  u,  Q  +  v)-G(x,  77,  £  P,  Q)  =  0, 


so  as  to  express  u  and  v  algebraically  in  terms  of  F  and  Z.    With 
the  above  values  of  F  and  Z,  we  have 


substituting,  and  securing  that  the  lowest  power  of  x  -  b  has  a 
vanishing  coefficient  in  each  equation,  we  obtain  two  indicial  re 
lations  (which  determine  X  and  /A),  and  two  coefficient  relations 
(which  determine  a  and  (3). 

The  equations  for  u  and  v  are 

3  U1  3  Jf 

OJ}  v£  ~. 

uJr  d(g 

dG       dG         =Q. 
also,  we  have 


.  .      dF    dF   dG    dG 
and  we  suppose  that  no  one  of  the  quantities  ^p,  ^,  ^p,  ^ 

vanishes.     Then,  when  we  take 

dF  _    dF      dG_    dG 

dP~cdQ'   ap~°8Q' 

the  above  equations  give  v  +  cu  as  a  quantity  of  higher  order  in 
powers  of  x  —  6  than  either  v  or  u  is :  that  is,  in  this  case  X  =  /JL, 
/5  +  ca  =  0.  This  form  is  the  simplest  that  occurs ;  other  forms, 
in  which  even  all  the  four  first  derivatives  of  F  and  G  vanish,  can 
occur,  and  then  the  method  of  proceeding  is  as  suggested  above. 

The  general  theory  might  be  developed  somewhat  on  the  lines 
of  Hamburger's  investigations,  as  sketched  in  §§  103 — 108 ;  this, 
however,  will  be  left  undiscussed,  and  we  proceed  to  consider  a 
couple  of  examples. 
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206.     Ex.  1.     We  shall  consider  the  equations 


which  are  known  (§  201)  to  possess  singular  solutions. 

These  singular  solutions  satisfy  ^=0,  6r=0,  J=0,  H=0;  accordingly, 
with  the  notation  of  §  205,  and  using  the  results  of  the  Ex.  1  in  §  201, 
we  take 


and  we  write 

y-r,  =  r,     z-C  =  Z, 

p-P=u,     q-Q  =  v. 
Then  on  substitution  and  reduction,  we  find 


Z=  ^  (x  —  a)(v  —  au)  +  uv 
and  therefore  solutions  for  u  and  v  are  derivable  in  the  form 

v=au-u2+  Y, 
u  denoting  any  root  of  the  equation 

U?  +  1  (x  -  3a)  u2  -  uY+Z-  1  (x  -  a)  Y=  0. 

Clearly  the  root-pair  u  =  0,  v  =  0  (when  Y=  0,  Z—  0)  is  of  multiple  occurrence. 
Let  A  denote  the  discriminant  of  the  equation  in  «,  viz. 
A  =  ^  (x  -  3a)3  Z-  dn  (x  -  a)  (x  -  3a)3  T 

and  let 

JP 
Then  if 


the  three  values  of  %  +  £(#-  3a)  are  £  +  17,  w^  +  o)2/;,  <a2^  +  to?/  ,  where  o>  is  a  cube 
root  of  unity.     We  thus  find  for  the  three  roots 


W3  („       - 

(•*  —  * 

where  A  (x,  Y,  Z\  B(x,  Y,  Z},  and  the  unexpressed  parts  of  ult  are  regular 
functions  of  Y  and  Z,  which  vanish  with  Y  and  Z,  and  have  uniform  functions 
of  x  for  their  coefficients.  The  associable  values  of  v  are 

for  r=l,  2,  3. 
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Now 


in  the  present  case  ;  so  that  we  have 

dYr  dZr 

-iKte*.  7     =^rj 

do;  cfo; 

for  r  =  l,  2,  3.     The  various  sets  must  be  examined  in  turn. 
First,  for  r=l,  we  have 


where  E  and  C  are  regular  functions  of  their  arguments  in  the  vicinity  of 
x=b,  Y!  =  O,  Z1=0.  Of  these  equations,  solutions  Yl  and  Zl  exist  in  the 
form  of  regular  functions  of  x  —  b,  vanishing  when  x  =  b :  and 

fA      —l(6-3«) 

dx  Jx=b        2 

?)x=b~     4 
The  corresponding  solutions  of  the  original  equations  are 

they  are  such  that,  for  a  general  value  6  of  x,  they  are  equal  to  r)  (6)  and  £(&), 
but  the  values  of  their  derivatives  at  the  point  are  not  equal  to  the  deriva 
tives  of  77  and  £. 

Secondly,  for  r  =  2,  we  have  jf 

dx'~U*'         dx~  2> 

and  values  of  F2  and  Z^  are  required,  which  vanish  when  x  =  b.  To  find  the 
forms  of  these  values,  we  take 

for  sufficiently  small  values  of  x-b\:  in  order  to  be  effective,  we  must  have 
n>0.  The  terms  in  u>2  and  v2,  which  correspond  to  the  parts  A  (x,  Y,  Z}  and 
B(x,  Y,  Z\  are  of  too  high  an  order ;  and  the  most  important  term  in  A  is 

*_  {2  (b  -  Sa)3  /i  -  (6  -  a)  (6  -  3a)3X}  (x  -  b)». 
Substituting,  and  equating  indices,  we  have 
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so  that  n=2.     Equating  coefficients,  we  find 


and  therefore 

that  is, 

X=+J,     /*=+£«. 
Hence 

/  • 

Z.2  =  \a(x-bf-\-  ...J 

The  corresponding  solutions  of  the  original  equations  are 

they  are  such  that,  for  a  general  value  b  of  #,  they  are  equal  to  rj(b}  and  ("(6), 
and  also  the  values  of  their  derivatives  at  the  point  are  equal  to  the  values  of 
the  derivatives  of  77  and  £. 
Similarly,  for  r=3,  we  find 

r.-j  (*-&)•+., 


and  the  corresponding  solutions  of  the  original  equations  are 

y-rj^Ys,    z-C=Za. 

There  is  the  same  inference  as  in  the  last  case.  Moreover,  it  follows  that  the 
values  of  the  derivatives  of  the  last  two  sets  of  solutions  are  equal  to  one 
another  at  x  —  b. 

To  obtain  this  result  by  direct  verification  from  the  known  forms,  we 
proceed  as  follows.     The  complete  integral  is  known  to  be 


the  singular  solution  under  consideration  is 


To  determine  the  complete  integral  which,  at  x  =  b,  coincides  in  value  (not  in 
form)  with  the  singular  integral,  we  have 


These  equations,  when  solved,  give 

a  =  a_6,  p=-i(b-a)*; 

and  a=  -£(«  +  &),     /3=-i(6-a)a, 

the  latter  pair  being  repeated.     From  the  above  values 
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Taking  the  simple  root-pair,  we  have 


taking  the  multiple  root-pair,  we  have 


As  a  matter  of  fact,  F2  and  r3  are  equal  to  one  another  for  this  equation  ; 
and  likewise  Z%  and  Z3  :  not  merely  their  own  values  and  the  values  of  their 
first  derivatives  at  x—b. 

In  the  same  way  it  can  be  shewn  that,  taking  the  singular  solution 


and  choosing  those  values  of  the  constants  in  the  complete  integrals 


which  make  them,  at  x=b,  equal  to  the  singular  integral,  we  have  only  a 
single  root-pair  :   and  the  relation  is 


Ex.  2.     Discuss  similarly  the  equations 


Ex.  3.     Consider  the  equations 

y  —  Zpx  +  apq         \ 
z  =  2qx  +  bpq  +  cx)  ' 

where  a,  b,  c  are  constants.     These  equations  are  easily  proved  to  possess  no 
singular  solutions. 

We  have 

J 

so  that,  taking  J=Q,  we  obtain 

Combining  this  with  the  initial  equations,  so  as  to  eliminate  z  and  q  from  the 
set  of  three,  we  have 

Accordingly 


when  these  are  substituted  for  y  and  p,  the  other  quantities  are  determined 
in  the  form 


e_-l(a*-o). 
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Now  take 

y-if  =  r;     z-t  =  Z, 

p-P=u,      q-Q=v, 
and  substitute  in  the  original  equations  :  we  find,  after  simple  reductions 

Y—  -T  (x  +  a)  (bu  -  av)  +  auv 

Z=  —  =-  (3.3?  —  a)  (bu  — 
Let  A  denote  the  expression 

then 


dY 


dZ          I  ff 
v  =  -;  —  \-c  —  (3.2;  -  a). 
dx  a^ 


so  that  the  equations  for  Y  and  Z  are 


Let  /  denote  an  ordinary  point  for  the  various  coefficients  ;  that  is,  /  must  be 
different  from  zero  :  further,  as  in  §  203,  we  choose  /,  so  that  3/-  a-ac  is 
not  zero  ;  and  we  determine  solutions  Y  and  Z  such  that  F=0,  Z=0  when 
x=f.  Then  we  have 


where  R  and  S  are  regular  functions  of  their  argument,  which  are  equal  to  1 
when  the  argument  vanishes,  and  the  constants  are  given  by  the  equations 

ap  =  3/—  a  —  ac 


The  integrals  of  the  original  equations  are  given  by 


being  the  integrals  which,  at  #=/,  are  equal  to  rj  and  £.  It  is  clear  that,  at 
x=f,  the  derivative  of  y  is  equal  to  that  of  77,  but  the  derivative  of  z  is  not 
equal  to  that  of  £  :  in  other  words,  the  quantities  ?/  and  £  derived  through 
e/=0,  ff=0  do  not  satisfy  the  original  equations,  and  so  do  not  constitute  a 
singular  integral. 
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207.  The  investigations  of  §§  197—202  have  shewn  that,  in 
some  cases  when  definite  conditions  are  satisfied  by  the  forms  of 
the  original  equations,  those  equations  may  possess  more  than  one 
kind  of  solution  —  the  number  of  kinds,  other  than  the  complete 
integral,  not  exceeding  the  number  of  dependent  variables  (§  202)  : 
and  in  each  case,  the  different  kinds,  in  their  construction,  were 
made  to  depend  upon  the  differential  equations  themselves. 

Now  it  is  well  known  that,  in  the  case  of  a  single  equation  of 
the  first  order,  the  singular  solution  (if  any  exists)  can  be  deduced 
from  the  complete  primitive  :  though,  in  the  course  of  deduction, 
other  equations  may  be  associated  with  it  which  are  not  solutions. 
The  argument  briefly  (and  incompletely)  stated  is  as  follows.  Let 

<f>  (x,  y,  c)  =  0, 

where  c  is  an  arbitrary  constant,  be  the  complete  primitive  of  the 
equation 

<£  (x,  y,p)  =  0; 

so  that  ^  =  0  is  the  result  of  eliminating  c  between  <f>  =  0  and 


As  regards  elimination,  the  constancy  of  c  is  not  essential  to  the 
process  :  the  forms  of  the  equations  from  which  the  elimination  is 
to  be  made  must  be  the  same,  if  hypotheses  as  to  other  forms  of  c 
be  adopted.  Suppose,  then,  that  c  is  such  a  function  of  x,  that 
no  formal  change  is  caused  in  the  equation  which  expresses  p  : 
thus  the  equation 


dy      dc  dx 
must  lead  to  the  same  form  for  p  as  before,  and  therefore 

d(f>  dc  _ 

dc  dx  ~ 

so  that,  when  c  is  not  a  constant,  we  have 
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This  equation  must,  for  the   purpose  in  question,   coexist  with 
<£  (#,  y,  c)  =  0  :   eliminating  c,  let  the  result  be 


If  (/>!  be  resoluble,  let 

^  («,  y)  =  0 

denote  a  member  of  the  aggregate  of  equations,  cumulatively 
equivalent  to  fa  =  0. 

Now  the  original  equation  does  not  necessarily  possess  a 
singular  solution  :  so  that  the  equation  ^/r  =  0  does  not  necessarily 
provide  a  solution.  Without  entering  on  the  general  analytical 
investigation  as  to  the  conditions,  which  must  be  satisfied  in 
order  that  •*//*  =  0  should  provide  a  solution,  it  will  suffice  here  to 
point  out  that  the  simplest  plan  is  actually  to  substitute  in  the 
differential  equation,  so  that  the  equation 


must  (if  -v/r  provide  a  solution)  be  satisfied  either  identically  or 
in  virtue  of  ty  =  0.  Moreover,  the  functional  relations  between 
0!  =  0,  the  discriminant  of  the  complete  integral,  and  the  dis 
criminant  of  <1>  in  regard  to  p,  will  not  here  be  considered*. 

Ex.  1.     The  primitive  of 


c 
where  c  is  an  arbitrary  constant.     Hence 


and  so 

/S —  —  «^  —  ~~<»  ' 

9c  ca 

The  inferred  equation  0i(#,  y)  =  0,  the  eliminant  of  0  =  0  and  ^-  =  0,  which 
possibly  provides  a  new  solution,  is 


*  There  is  a  vast  amount  of  literature  upon  the  subject ;  see  Hill,  Proc.  Lond. 
Math.  Soc.,  vol.  xix  (1889),  pp.  561—589,  and  Hamburger,  Crelle,  t.  cxn  (1893), 
pp.  205—246,  where  many  references  are  given,  and  the  relations  between  the 
discriminants  are  discussed. 

F.  ill.  12 
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2<z 
Thus,  from  0!  =  0,  the  value  of  p  is  —  :  substituting,  the  original  equation  i 

J 

satisfied  in  virtue  of  (f>i  =  0,  and  so  there  is  a  singular  solution. 
Ex.  2.     Denoting  x+y  by  0,  the  primitive  of 


The  eliminant  of  <£  =  0  and  -     =  0  is 


Taking 

iK(*, 

we  have  jp  =  -  1  ;  the  differential  equation  is  not  satisfied. 
Taking 


we  have  p—  —  1  ;  the  differential  equation  is  satisfied  in  virtue  of  \J/-2  =  0. 

Hence  one  of  the  equations  equivalent  to  01  =  0  provides  a  solution  ;  the 
other  of  those  equations  does  not  provide  a  solution. 

208.  The  inference,  that  the  complete  primitive  of  a  single 
equation  of  the  first  order  does  not,  in  all  cases,  include  in  itself 
all  possible  solutions  of  the  equation,  raises  the  corresponding 
question  as  to  the  comprehensibility  of  the  complete  primitive  of 
a  system  of  equations.  Adopting  the  natural  generalisation  of  the 
method  used  for  the  single  equation  of  the  first  order,  we  consider 
two  equations  of  the  form 

F(xt  y,  z,  p,  q)  =  0,     G  (x,  y,  z,  p,  q)  =  0, 

with  the  customary  notation:  and  we  assume  that  the  complete 
primitive  exists  in  some  form 

f(xty,  z,a,  b)  = 
g  (x,  y,  z,  a,  6)  =  0  J 

where  a  and  b  are  arbitrary  constants  which,  if  necessary,  will  be 
determinate  by  means  of  initial  assigned  values.  In  order  that 
they  may  constitute  a  solution,  then  the  elimination  of  a  and  b 
between 


/=0,     0  =  0 
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must  lead  to  a  couple  of  differential  equations  which,  if  not 
actually  in  the  forms  F=0,  G  =  Q,  must  be  equivalent  to  these 
equations. 

As  regards  the  eliminant  differential  equations,  there  is  no 
final  difference,  whether  the  quantities  to  be  eliminated  are 
parametric  or  variable  in  their  nature;  if  therefore,  a  and  b  are 
made  functions  of  x,  such  that  the  forms  of  the  equations  expressing 
p  and  q  are  the  same  as  before,  then  the  equations  from  which  the 
elimination  is  made  are  unchanged  in  form,  and  the  final  eliminant 
is  unaltered.  In  order  that  this  may  be  the  result,  a  and  b  must 
be  functions  of  x  such  that 

df  da     df  db 

*\~     ~T~  ~T"  'vf    ~~T~  =  " 

da  dx     96  dx 

dg  da  +  dg  d&  =  0 
da  dx     db  dx 

Since  constant  values  of  a  and  b,  which  certainly  satisfy  these 
equations,  merely  give  the  complete  integral,  we  pass  to  other 
possibilities.  Because  a  and  b  are  to  be  functions  of  x,  we  may 
regard  b  as  a  function  of  a  :  so  that  the  two  new  equations  can  be 
replaced  by 

r_  3  (/.<?)      o 

J~a^T)  =  0> 

and  by  either 

¥**+%&-<>.<*  %**+%&-(>, 

da          db  da          db 

the  last  two  being  equivalent  to  one  another  in  virtue  of  J  =  0. 

Now  from/=  0,  g  =  0,  J=  0,  which,  in  general,  constitute  a  set 
of  three  independent  equations,  it  is  possible  to  consider  x,  y,  z  as 
explicitly  expressible  in  terms  of  a  and  6;  so  that,  when  their 
values  are  substituted  in  either 


=.  =    , 

da      db  da  da      db  da 

the  result  is  a  single  differential  equation  of  the  first  order 
between  a  and  b.  Let 

h  (a,  b)  =  0 

represent  an  integral  of  this  new  equation  ;  if  it  be  the  complete 
primitive,  it  will  contain  an  arbitrary  constant  ;  if  it  be  a  singular 
solution  of  that  new  equation,  no  such  arbitrary  constant  will 
occur. 

12—2 
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There  are  now  four  equations,  viz. 

/=0,     0  =  0,     J  =  0,     A  =  0, 

involving  a,  b,  xy  y,  z ;  when  a  and  6  are  eliminated,  we  have  two 
relations  between  x,  y,  z,  which  involve  an  arbitrary  constant  if 
A  =  0  is  a  complete  primitive,  and  involve  no  arbitrary  constant 
if  h  =  0  is  a  singular  solution.  But  it  does  not  follow  that  the 
two  relations  thus  obtained  constitute  a  solution  of  the  original 
equations :  the  easiest  plan  of  settling  the  doubt  is  actually  to 
substitute  in  the  equations. 

One  simple  kind  of  source  for  equations,  which  may  be  thus 
obtained  and  do  not  furnish  solutions  of  the  original  equation, 
can  be  inferred  by  considering  an  associable  geometrical  inter 
pretation.  In  the  case  of  a  single  equation,  which  has 

0  (as,  y,c)  =  Q 

for  its  primitive,  the  equation,  which  results  from  the  elimination 
of  c  between 

<f>  =  0  and  |£  =  0, 

oc 

includes  the  locus  (if  any)  of  the  nodes  of  the  system  of  curves ; 
and  though  at  any  such  point  the  values  of  x  and  y  are  the  same 

for  the  node-locus  as  for  the  curve,  the  value  of  -~-  for  the  node- 
locus  is  not  necessarily  the  same  as  for  the  curve,  because  the  two 
need  not  touch.  In  the  case  of  a  couple  of  equations,  the  general 
primitive  represents  a  congruence  of  curves  in  space;  the  equation 
J=0  is  satisfied  at  every  node,  and  the  eliminant  of /=0,  0  =  0, 
J"=0,  will  include  the  nodes  of  the  system.  Thus  the  integrals 
derived  by  the  further  operations  may  be  connected  with  a  curve- 
locus  of  nodes,  the  directions  of  which  are  not  necessarily  one  of 
the  directions  of  the  curves  at  the  node,  and  the  equations  of 
which  therefore  will  not,  in  general,  constitute  an  integral  of  the 
equations. 

Ex.  1.     Consider  the  equations 


-z  +  bx+ab      =0, 

where  a  and  b  are  arbitrary  (Ex.  1,  §  201).     We  have 
J-- 

b 
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the  two  equations  (equivalent  to  one  another  in  virtue  of  J=  0)  are 


bda  +  (x  +  a}  db  =  0. 
Hence 

—  -r-=x  +  2a,  by  the  first  equation, 

=  a  -  —  •  ,  by  the  second  equation  : 

da 
thus 

,        db      /db\2 

b  =  a-j-  +  (-r  )  i 
da      \daj  ' 

so  that 


Hence 

db 
-  — 
da 
so  that 


Substituting  in  the  initial  equations,  we  have 


which  are  a  couple  of  equations  constructed  by  the  method  indicated. 
The  differential  equations  of  the  original  system  are 


on  substituting  the  values  just  obtained,  it  appears  that  the  differential 
equations  are  satisfied,  and  therefore  that  the  new  equations  provide  a 
solution  not  included  (because  b  and  a  are  functions  of  x  for  the  purpose) 
in  the  original  system. 

The  equation  between  b  and  a  possesses  also  a  solution,  singular  to  itself, 
viz. 

so  that  -r-=  -A  a,  and  therefore 
da 

whence 


Then 

y=-itf2,      z= 

on  substitution,  these  are  found  to  satisfy  the  differential  equations  of  the 
original  system. 

Ex.  2.     Consider  the  equations  whose  primitive  is 
f=x2+^+z2-a2  =  0  } 

g  =  ax*-  +  6y2  +  2abxy  -  a3  —  0  j  ' 
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where  a  and  b  are  arbitrary.     We  have 

J=-2a(yz  +  2axy), 
so  that 

y=0,     x*  =  a\     z  =  0, 

are  values  of  x,  y,  z,  derived  from  /=0,  <7  =  0,  J=0.     Now  the  two  equations 
for  variations  of  a  and  b  are 


0  =  (x*  +  Vbxy  - 
which,  when  the  values  of  #,  y,  2  are  substituted,  are  satisfied  by 

a  =  constant,     b  —  any  quantity. 
Thus 

y=o,    z=o, 

is  a  locus  obtained  by  the  method  of  §  208  :  it  is  a  locus  of  nodes  of  the 
curves  defined  by  the  primitive.  That  it  does  not  provide  a  solution  of  the 
corresponding  differential  equations  can  be  seen  at  once  :  for  one  of  them  is 


which  is  not  satisfied  in  connection  with  #  =  0,  z  =  0. 

Ex.  3.     Discuss  the  alternative  relation  y-f  2a#=0,  arising  in  the  last 
example  out  of  J=0. 

Ex.  4.     Shew  that,  in  connection  with  a  complete  primitive 

y=ax+f(a,  6),     z  =  bx+F  (a,  6), 
the  singular  solution  (if  it  exists)  is  given  by  the  association  of  the  equations 


_8/  _  8/  db  =  __ 
da     96  da         da  db      db  ' 


_ 

db    da 

with  the  complete  primitive. 

r»  (Serret.) 

Prove  that  the  equations  generally  possess  a  singular  solution  of  the  first 

class. 

Ex.  5.     Obtain  the  various  singular  solutions  that  are  possessed  by  the 
differential  equations,  of  which 

=ax-  962  +  18a26  -  4a4  1 


constitute  the  complete  primitive. 

(Serret.) 

Note.  From  the  general  theory,  as  well  as  from  the  first 
of  the  examples  considered,  it  appears  that  a  system  of  a  couple 
of  equations  may  possess  (though  it  does  not  necessarily  possess) 
two  classes  of  singular  solutions  derivable  from  the  complete 
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primitive.  More  generally,  a  system  of  n  simultaneous  equations 
of  the  first  order  in  n  dependent  variables  may,  in  addition 
to  the  complete  primitive,  possess  n  distinct  classes  of  singular 
solutions  derivable  from  the  complete  primitive — a  result,  as 
regards  the  kinds  of  solutions  possessed,  which  is  in  accordance 
with  the  results  of  §  202.  It  is  not  my  intention  to  discuss  the 
inferences  again,  and  to  establish  their  relations  with  the  primi 
tive :  this  discussion  will  be  found  in  a  memoir  by  Serret*,  and 
in  the  memoirs  by  Mayer,  Goursat,  and  Dixon,  already  (§  200) 
quoted.  The  last  of  these  memoirs  discusses  some  important 
applications  to  the  theory  of  the  bitangents  of  torses,  and  to 
cognate  questions  in  geometry. 

In  connection  with  this  part  of  the  subject,  reference  should 
be  made  to  the  second  part  of  the  memoir  by  Hamburger  (cited 
in  §  207),  where  the  functional  relations  of  singular  solutions  and 
complete  primitives  of  a  single  equation  of  the  first  order  are 
investigated.  So  far  as  I  am  aware,  there  is  no  complete  in 
vestigation,  which  deals  with  the  corresponding  relations,  in  the 
case  of  a  system  of  two  or  more  equations  of  the  first  order. 

*  Liouville,  lre  Ser.,  t.  xvm  (1853),  pp.  1—40. 


CHAPTER  XIV. 

EQUATIONS  OF  THE  SECOND  ORDER  AND  THE  FIRST  DEGREE*. 

REGULAR  INTEGRALS  OF  AN  EQUATION  w"  =f(wf,  w,  z). 

209.  ONE  of  the  simplest  systems  of  two  equations  in  two 
dependent  variables  is  that,  which  is  the  equivalent  of  a  single 
equation  of  the  second  order  in  a  single  dependent  variable. 

When  the  equation  is  linear  in  the  derivative  of  the  second 
order,  the  system  is  of  the  form 

dw'      ». 


- 

dz 

The  general  existence-theorem  of  §  10  can  be  applied  to  this 
system,  with  the  following  result  :  — 

Let  z  =  c,  w  —  a,  w  —  0  be  an  ordinary  combination  of  values 
for  the  function  f,  so  that  /  can  be  expanded  as  a  regular  function 
of  w'  —  ft,  w  —  a,  z  —  c-j  let  ft  be  finite,  so  that  the  function,  defined 

by  the  equations  as  the   value  of  -,-  ,  is  regular  ;    and   let   the 

dz 

domain  of  z  round  c,  within  which  the  function  f  is  regular  (with 
the  corresponding  ranges  for  w  and  w),  be  given  by  \z  —  c\^.r. 
Then  there  exists  a  regular  function  of  z,  which  is  a  solution  of 
the  equation  of  the  second  order  ;  at  c,  it  acquires  the  value  a,  and 
its  derivative  acquires  the  value  ft  ;  and  so  long  as  the  variable  is 
restricted  to  variation  within  the  specified  domain,  the  solution  so 

*  Some  references,  more  or  less  slight,  to  the  subject  of  this  chapter  will  be 
found  in  a  few  of  the  memoirs  quoted  in  Chapters  xn  and  xm.  Painleve's 
Stockholm  Lectures  Sur  la  theorie  analytique  des  equations  different  ielles,  (1897), 
pp.  394  —  433,  may  also  be  consulted. 
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determined  is  the  only  solution,  which  satisfies  the  assigned  con 
ditions.     The  expression  for  the  solution  is 

w-a  =  P(z-c)  +  ±(z-  c)2/(/3,  a,  c)  +  .... 

The  sole  limitation  has  been  that  w  =  ft,  w  =  a,  z  —  c,  constitute 
an  ordinary  combination  of  values  for  the  function  f(w't  iv,  z)  : 
in  order  that  w  may  be  regular  in  the  vicinity  of  the  assigned 
initial  value,  /3  must  be  finite. 

But  as  in  the  case  of  a  single  equation  of  the  first  order,  it 
does  not  follow  that  the  regular  integral  thus  obtained,  though 
unique  as  a  regular  integral,  is  the  only  solution  of  the  equation, 
which  satisfies  the  initial  conditions.  Any  other  such  solution  will 
be  a  non-regular  function  of  the  variable  z  ;  in  order  to  obtain  its 
full  significance,  it  then  would  be  necessary  to  consider  variations 
of  z  outside  the  domain  of  c. 

Thus  if  w  —  /3  is  a  factor  of  the  function  f(w',  w,  z\  the  only 
regular  solution  of  the  equation  is 

w  =  a.  +  ft  (z  -  c). 

If  the  initial  value  ft'  be  zero,  and  if  w  —  a  be  a  factor  of 
f(w',  w,  z),  the  only  regular  solution  of  the  equation  is 

W  =  OL. 

If  the  initial  value  ft  be  zero,  and  if  f(w't  w,  z)  be  expressible 
in  the  form 

w'g  (w,  w,  z)  +  (w  —  a.)h  (w',  w,  z), 

where  g  and  h  are  regular  functions  in  the  vicinity  of  the  assigned 
initial  values,  the  only  regular  solution  of  the  equation  is 

w  =  a. 

But  if  we  admit  into  consideration  the  non-regular  functions 
of  z,  some  branches  of  which  may  at  least  satisfy  the  initial 
conditions,  it  is  not  difficult  to  construct  examples,  for  which 
these  special  results  of  the  general  theorem  are  not  valid.  For 
instance,  if  w  —  0,  and  w'  =  0,  when  z  =  0,  be  assigned  as  initial 
values  for  the  equation 

/  2w  -  1 

w   =  w  -    —  —  , 
z  —  1 

a  first  integral  satisfying*  these  conditions  is 

(z-l)wf  =  w\ 


*  A  general  first  integral  is  (z  -  1)  io'  =  io-  +  A'2\  the  primitive  is 
»  =4  ten  {B  +4  log  (a  -1)}. 
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and  a  final  integral  is 


If  that  branch  of  the  (infinitely-branched)  logarithmic  function 
be  taken  which  can  be  represented  by  Log(^  —  l)-f-2&7rt,  where 
k  is  infinite,  the  corresponding  branch  of  w  is  zero.  As  in  the 
simpler  case  (§  15)  of  a  single  equation  of  the  first  order,  it 
happens  that  this  branch  coincides,  within  the  domain  j  z  \  <  1,  with 
the  uniform  branch  w  =  0  ;  but  when  z  is  not  restricted  to  lie 
within  this  domain,  then  the  branches  which  vanish  at  z  =  0  are 
only  a  portion  of  the  function. 

More   generally,    we    have   the   result,   analogous   to   Fuchs's 
theorem  (§  34)  for  the  first  order : 

The  integral  of  the  equation 

w"  =f(w',  w,  z\ 

determined  as  equal  to  u,  a  regular  function  of  z,  by  the  assigned 
initial  conditions,  is  the  sole  integral  of  the  equation  determined  by 
those  conditions,  only  if  the  initial  value  of  z  is  not  a  point  of 
indeterminateness  for  the  equation 

)     du 


Thus  for  the  equation 

^  =  7  +  (W'  -  /3  -  7z)*  F(w,  w,  z\ 

where  F  is  a  regular  function  of  its  arguments,  if  the  assigned 
conditions  are  that  w  =  pc  +  ^yc'2,  w'  =  @  +  yc,  when  z  =  c,  the 
value  z  =  c  is  a  point  of  indeterminateness. 

Note.  The  existence-theorem,  stated  at  the  beginning  of  this 
section,  is  deduced  as  a  special  instance  of  Cauchy's  general 
existence-theorem  (§  10)  appertaining  to  a  system  of  any  number 
of  equations  each  of  the  first  order.  The  direct  application  of  the 
analysis,  which  leads  to  the  general  theorem,  is  cumbrous  for  the 
present  case;  and  it  does  not  appear  to  be  the  obviously  appro 
priate  analysis.  It  is  desirable  to  have  a  direct  establishment  of 
the  theorem,  appropriate  to  the  case  n  =  2 ;  the  investigation  is 
left  to  the  student  as  an  exercise. 
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INTEGRALS  OF  THE  EQUATION  z*w"  =f(zw',  w,  z). 

210.  Another  existence-theorem  for  an  equation,  which  does 
not  satisfy  the  foregoing  requirement  as  to  form,  is  sufficiently 
important  to  be  treated  independently.  The  equation  in  ques 
tion  is 

z'2w"  =f(zw',  w,  z), 

where  f  is  a  regular  function  of  its  arguments.     Integrals  are 
required  for  values  of  z  in  the  vicinity  of  the  origin :  it  will  be 
seen  that,  in  certain  circumstances,  the   equation  possesses   in 
tegrals,  which  are  finite  in  that  vicinity. 
We  assume 

w  =  a  4-  ftz    +  yz2  4-  uz, 
so  that 

w  =  /3  +  2yz  +  u     4-  za  ; 

the  coefficients  a,  /3,  7  are  constants ;  and  7  is  to  be  chosen  so 
that,  if  possible,  both  u  and  u'  are  zero,  when  £  =  0.  Let  fimn 
denote 

fil+m+n 

d^dwmdzn^'  W'  ^' 

when,  after  differentiation,  £  =  0,  w  =  a,  £  =  0;  then  the  equation 
for  u  is 

'-/(0,a,0) 

i 


the  summation  being  for  integer  values  of  I,  m,  n,  such  that 
I  +  m  +  n  ^  1.  Making  z  =  0,  we  have 

/(O,  a,  0)  =  0: 

so  that  a  first  condition  is,  that  the  initial  value  of  w  for  z  =  0 
must  be  a  root  of  the  equation  /(O,  a,  0)  =  0.  If  this  equation  is 
an  identity,  then  the  initial  value  of  w  remains  arbitrary. 

Since  u'  =  0  when  z  =  Q,  we  can  regard  the  order  of  u'  in 
powers  of  zt  for  sufficiently  small  values  of  |  z  ,  as  greater  than 
zero,  and  the  order  of  u  as  greater  than  unity.  Thus  there  are  no 
terms  of  the  first  order  on  the  left-hand  side  :  and  therefore  the 
terms  of  the  first  order  on  the  right-hand  side  must  vanish,  so  that 


gvng 

Q  = 

P  /? 

J  1 
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Equating  terms  of  the  second  order  in  powers  of  z  on  the  two 
sides,  we  have 

27  =  1/002  +  £  (/on  +  /id)  +  \&  (/00  +  2/110  +  /020)  +  7  (/oio  +  2/100), 

giving  the  value  of  7.     The  remaining  terms  then  constitute  the 
equation 

z*u"  +  20V  =  0V/100  +  ^  (/]00  +  /010)  +  03*  +  F(z-u,  zu,  z\ 
where  F  is  a  regular  function  of  its  arguments  :  in  F,  the  terms 
are  all  of  order  at  least  equal  to  four,  the  orders  of  u  and  u'  being 
as  explained  above.     Now  let 

u  =  vz, 
so  that 

,        dv 

p  =  u  —  z  -y-  +  v, 
dz 

the  quantity  v  vanishing  with  z.     Then 

F(zhir,  zu,  2)  =  F(z2p,  z2v,  z), 

so  that  F  is  divisible  by  z2',  the  quotient,  say  ®,  is  of  order  at 
least  equal  to  two,  because  the  orders  of  p  and  v  are  not  less  than 

zero,  and,  in  general,  are  greater  than  zero.     Thus,  since  u"  =  -/•  , 
the  equations  in  p  and  v  are 

*       =  KZ  +  (/100  -2)p  +  (/oo  +/oio)  v  +  ®] 


dv 

z  -j-  =  p-  v 

dz 

where  the  lowest  terms  in  ®  are  of  dimensions  at  least  two  in  the 
variables  p,  v,  z. 

These  equations  are  of  the  form  already  discussed  in  §§  105 
et  seq.  ;  the  general  characteristics  of  their  integrals  are  known. 
The  critical  quadratic  is 

(H  +  2  -/1W)  (H  +  1)  -  (/oo  +/oio)  =  0, 
that  is, 

H2  -  fl  (/00  -  3  )  +  2  -  2/]00  -  /010  =  0  : 

let  its  roots  be  Hi  and  H2. 

If  the  integrals  are  to  be  regular,  the  value  of  /3  must  not  be 
infinite.  Unless  /001  =  0,  this  will  be  the  case  when  fm+fm  =  0  ; 
so  that  II  may  not  be  equal  to  -  1,  unless  fm  certainly  is  zero  : 
and  even  if  this  is  so,  it  does  not  follow  that  there  is  a  finite  value 
for  p.  Also,  the  value  of  7  must  not  be  infinite,  and  therefore 
2  -  2/oo  -/oio  must  not  be  zero  :  that  is,  H  may  not  be  equal  to  zero. 
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From  the  earlier  investigations,  we  know  that,  if  the  equa 
tions  have  regular  integrals,  neither  flj  nor  H2  can  be  a  positive 
integer,  unless  a  certain  condition  is  satisfied  among  the  other 
coefficients  ;  if  therefore  a  root  of  the  critical  quadratic  be  an 
integer,  it  must  be  less  than  —  1,  unless  a  condition  is  satisfied. 

If  neither  Oj  +  2  nor  O2  +  2  is  a  positive  integer  greater  than 
zero,  then  there  exists  a  pair-solution  of  the  equations  ;  the  values 
for  v  and  p  vanish  with  z,  and  have  the  form 


v=    Az+  ..., 
where 


and  these  values  are  regular  functions  of  z.  If  however  the 
critical  quadratic  has  an  integer  greater  than  —  2  for  a  root,  then 
this  pair-solution  (in  the  form  of  regular  functions  of  z)  does  not 
exist,  unless  a  certain  condition  among  the  coefficients  of  f  be 
satisfied:  when  this  condition  is  satisfied,  there  can  exist  an 
infinite  number  of  regular  solutions. 

The  further  inferences,  proved  for  the  corresponding  equations 
(§§  173  et  seq.),  as  regards  the  existence  of  non-regular  functions  of 
2,  which  vanish  with  z  and  satisfy  the  equations,  need  hardly  be 
restated  here.  The  existence  and,  if  they  exist,  the  character  of 
such  non-regular  solutions  depend  upon  the  actual  expressions  of 
the  roots  Xlj  and  O2  of  the  critical  quadratic. 

Assuming  then  that  v  denotes  the  most  general  value  of  v 
which,  in  association  with  the  corresponding  most  general  value  of 
p,  satisfies  the  equations  for  v  and  p,  the  value  of  w  is 

w  =  a  -4-  ftz  +  z-  (7  +  v), 

where  a,  ft,  7  have  the  values  as  obtained  above.  Hence  it  follows 
that  the  equation 

z-w"  =  f(zw',  w,  z) 

possesses  a  solution,  determined  by  the  specified  conditions,  viz. 
(i)     that  it  acquires  a  value  a  when  z  =  0  ; 
(ii)     that  ft  and  7  are  definite  constants  ; 

(iii)     that  its  regularity  or  non-regularity,  as  a  function  of  z, 
depends  upon  the  roots  of  the  critical  quadratic 

a2  -  n  (/100  -  3)  +  2  -  2/100  -/010  =  o. 
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Ex.  1.     Obtain  the  solutions  (if  any)  of  the  equation 

z2  w"  =  a  (z  w'  —  iv}2  +  bz2, 
which  are  finite  and  have  their  first  derivative  finite,  when  z  =  0. 

Since  w'  is  not  infinite  when  2=0,  therefore  zw"  is  not  infinite  for  z  =  0  : 
consequently  z2w"  is  zero  for  that  value.     Thus  the  equation  /(O,  a,  0)  =  0  is 


that  is,  the  integral  must  have  an  initial  zero  value.     In  accordance  with  the 

text,  we  take 

iv 
so  that 


the  equation  becomes 

(27  +  zu"  +  2*0  z2  =  az*    y  +  ~     +  bz2. 
Hence  2y  =  b  ;  and  thus 


The  equations  are 


dv 

z-j-  —       p-v 
dz 

the  critical  quadratic  is 

(Q+l)(0+2)=0, 

both  the  roots  of  which  are  negative  integers. 

It  therefore  follows  that  there  exists  a  function,  which  vanishes  with  z  and 
satisfies  the  equations.  When  it  is  substituted  in  the  expression  for  w,  it 
provides  a  solution  of  the  original  equation  ;  this  solution  is  a  regular  function 
of  z.  Also,  because  the  roots  of  the  critical  quadratic  are  negative  integers, 
this  regular  function  is  the  only  solution  of  the  equation  which  vanishes  with 
z  ;  the  quantity  /3,  being  the  initial  value  of  w',  is  arbitrary.' 

This  result  may  be  verified  by  shewing,  through  direct  quadrature,  that 
the  complete  primitive  of  the  original  equation  is 


where 

j3  being  an  arbitrary  constant,  and  «70,  Y0  denoting  Bessel's  functions  of  order 
zero.  In  order  that  the  imposed  conditions  may  be  satisfied,  it  is  necessary 
that  B  =  0  ;  the  integral  w  then  becomes  a  regular  function  of  z. 


Ex.  2.     Obtain  the  integrals  of  the  equation 
s2w"  =  2zw'  -  2w  (1  -  w}  -  2 

which  vanish  and  have  a  derivative  that  is  not  infinite,  when  z  =  0. 


z2w'2 
-  w}  -  2  —  —  , 
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(The  complete  primitive  is 


Ex.  3.     Consider  the  equation 
z2  ^v"  =  (wi  +  %  —  1  )  zw'  -  mnw  +  2kz  +  (a,  6,  c,  /,  g,  h\  zw',  wt  z}2  +  lz3  +  .  .  .  , 

so  as  to  obtain  uniform  integrals,  which  are  finite  and  have  finite  first  and 
second  derivatives,  when  z=0. 

If  such  an  integral  can  exist,  and  if  a  be  its  value  when  0  =  0,  then  we  have 
0=  —mna  +  ca2, 

so  that  either  a  =  0  or  a  =  -  mn/c.     The  general  expression  in  the  vicinity  of 
z=0  must  be  of  the  form 

w  —  a  = 
For  this  value,  we  have 


2  (p  —  m}(p-n)6pzP; 
P=I 
and  accordingly, 

(p  —  m}(p-n}6v—  coefficient  of  zv  in  2kz  +  (a,  6,  c,  /,  grh$zw',  w,  z}'2  +  ... 


say,  the  foregoing  expression  being  substituted  for  w. 
The  O-equation  is  easily  obtained  :  for 

/ioo  =  m  +  n  ~  !  >     /oio  =  -  mn> 
and  therefore 

O2 

that  is, 

(Q-(m-2)}{0-(»-2)}=0. 

Hence,  if  7«  and  ?i  be  positive  integers,  the  equation  does  not  unconditionally 
possess  regular  integrals  of  the  required  type. 

As  a  special  instance,  let  m=l,  n  —  2.     Then  taking  the  value  0  of  a,  the 
condition  for  the  possession  of  regular  integrals  is 

£=0. 

Similarly  for  the  value  -  2/c  of  a. 

Again,  let  m  =  2,  n  =  3.    Then  taking  the  value  0  of  a,  the  condition  for  the 
possession  of  regular  integrals  is 


the  value  of  62  is  given  by 


the  value  of  63  is  arbitrary,  and  the  subsequent  coefficients  are  expressible  in 
terms  of  03  .  There  thus  is  an  infinitude  of  regular  integrals,  if  the  condition 
is  satisfied.  Similarly  for  the  value  —  6/c  of  a. 
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INTEGRALS  OF  AN  EQUATION  zmw(m]  =/(zm~^w(m~l))  ...,  zw',  w,  z). 

211.     A  like  result  holds  for  an  equation,  which  is  of  any  order 
m  and  of  similar  form,  say 

dmw      „  dm~lw  dm~'2w  dw 


Let  a  denote  a  root  of 

/(0,0,  ...,0,a,0)  =  0, 

in  which  all  the  arguments  of  f,  except  lu,  have  been  made  zero ; 
and  lety,.  denote  the  value  of 

9  /.  /  „,  ,  dm~liu  dw  \ 

1 — 1  /y  /tn       v  1 

j*m-i  '  •••>  z  iv  '  w»  *]• 


when,  after  differentiation,  w  is  made  equal  to  a,  and  all  the  other 
arguments  are  made  zero:  r  having  the  values  1,  2,  ...,  m.  Also, 
let  Em(£l)  denote 

!,  (m-l)/1  +  (m-2)/2,  (m-2)/2  +  (m-3)/3,  ...,  2/m_2+/m_1,  fm-i+f 
1        ,  0  +  1  ,  0  ,  ...,  0          ,          0 

0  1  ,  fl  +  2  ,  ...,  0          ,          0 

00  1  00 


0  0  ,  0  ,   ...,  1  ,  G  +  wi-1. 

where  the  last  constituent  in  the  first  row  differs  in  form  from  the 
preceding  m  —  2  constituents  in  that  row.  The  expanded  form  of 
Em  (O)  is  easily  obtained  ;  thus 

E3  (II)  =  {(!>  +  3  -fy  (O  +  1)  -  (2/i  +/,)}  (0  +  2)  +  (/,+/,), 

4  -/O  (n  +  1)  -  (3/1  +  2/a)}  (n  +  2) 


and  so  on.  Lastly,  let  H/,  H/,  ...,  flm'  denote  the  m  roots  of  the 
algebraical  equation  Em  (H)  =  0  ;  and  let  Hi=H/  +  m,  for  i=l,  .  .  .,  m. 
Then  we  have  the  following  theorems  :  — 

If  no  one  of  the  quantities  ni}  ...,  Ow  is  a  positive  integer, 
then  a  solution  of  the  equation  exists,  which  acquires  the  value  a, 
when  z  =  0,  and  is  expressible  in  the  form  of  a  regular  function  of 
z  :  but  if  one,  or  more  than  one,  of  those  quantities  is  a  positive 
integer,  then,  unless  a  condition  is  satisfied  among  the  coefficients 
of  /,  there  is  no  such  regular  solution. 
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If  the  roots  O/,  ...,  XV  have  their  real  parts  positive,  though 
they  are  not  themselves  positive  integers,  and  no  two  of  them  be 
equal,  and  if  Cl'K+lt  ...,  fl'm  have  their  real  parts  negative,  (but,  if 
actually  integers,  then  each  <  —  ra),  then  there  is  a  /c-tuple  in 
finitude  of  integrals,  which  acquire  a  value  a  when  2  =  0,  and  are 
expressible  as  regular  functions  of  z^  ',  ...,  z^<  ',  z.  If  of  the  roots 
having  their  real  parts  positive  two  be  equal,  say  fl/  and  fl/, 
then  the  arguments  £n>'  and  z^  of  the  regular  functions,  that 
express  the  integrals,  are  to  be  replaced  by  spi  and  z^  log  z,  and 
the  infinitude  of  integrals  is  only  («  —  l)-tuple;  and  likewise  if 
more  than  two  of  those  roots  be  equal. 

If  a  root  XI'  is  a  positive  integer,  and  if  the  condition  for 
the  existence  of  the  (infinitude  of)  regular  functions  of  z  as 
integrals  of  the  equation  is  not  satisfied,  then  there  exists  an 
infinitude  of  integrals,  which  are  expressible  as  regular  functions 
of  z  and  z  log  #,  arid  acquire  a  value  a  when  z  is  zero.  Similarly, 
if  two  or  more  roots  are  positive  integers. 

In  fact,  propositions  similar  to  those  in  §  210  hold  for  the 
differential  equation  ;  they  depend  upon  the  character  of  the 
root-system  of  the  critical  equation 


Note.  The  character  of  an  integral  being  recognised  in  accord 
ance  with  these  propositions,  its  formal  expression  is  obtainable 
(as  usual)  by  substituting  an  expression  in  the  form  of  a  regular 
function,  which  possesses  that  character,  and  by  determining  the 
coefficients  so  as  to  make  the  equations  satisfied  identically. 


INTEGRALS  OF  AN  EQUATION  zw"—f(w,  w,  z). 

212.     Another  class  of  equations,  represented  by 
zw"  =f(w',  w,  z\ 

where/  is  a  regular  function  of  its  arguments,  can  be  treated  in  a 
similar  manner,  the  integrals  (if  any)  being  required  to  be  finite 
in  the  vicinity  of  z  =  0.  Let  a  be  an  initial  value  assigned  to  w, 
/3  to  wf  ;  then  the  initial  value  of  w"  will  be  infinite  unless 


.  in.  13 
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a   relation  which    accordingly  will   be    assumed    to   be   satisfied. 
Now  take 

w  =  a.  +  $z  +  y,     w'  =  {3  4-  y',     w"  =  y"  ; 
then 


+  ($/2  +/s)  *  +  terms  of  higher  orders, 
the  quantities  y  and  y'  vanishing  with  z.     Hence  the  equations 
may  be  taken  in  the  form 


dz 

similar  to  the  form  discussed  in  §  210.     The  critical  quadratic  is 

(fl  -/x)  fl  =  0, 

the  roots  of  which  are  flt  0  ;  so  that  the  character  of  the  integral 
depends  upon  the  quantity  flt  which  is  the  value  of 

df(w',  w,  z) 
dw'     ~  ' 
when,  after  differentiation,  we  take  w'  =  0,  w  =  a,  z  =  0. 

If  /!  is  not  a  positive  integer,  then  the  equation  possesses 
a  solution  expressible  as  a  regular  function  of  z,  such  that  y 
vanishes  with  z  :  and  the  solution  is  uniquely  determinate.  If 
the  real  part  of  /x  is  then  negative,  this  solution  is  the  only 
integral  of  the  equation  determined  by  the  initial  values  a  and  ft  ; 
but  if  the  real  part  of  J\  is  positive,  though  f^  is  not  itself  a 
positive  integer,  then  an  infinitude  of  integrals  is  determined 
by  the  initial  values  a  and  /3,  these  integrals  being  expressible 
as  regular  functions  of  z  and  z^. 

If  /j  is  a  positive  integer,  then  in  general  the  equation 
possesses  no  solution,  which  is  expressible  in  the  form  of  a  regular 
function  of  z  that  vanishes  with  z\  but  it  possesses  an  infinitude  of 
solutions  determined  by  the  initial  values  a  and  ft,  these  solutions 
being  expressible  as  regular  functions  of  z  and  z  log  z.  But  if  a 
particular  condition  among  the  coefficients  be  satisfied,  there  is  an 
infinitude  of  solutions,  expressible  in  the  form  of  regular  functions 
of  z  and  determined  by  the  initial  values  a  and  $  :  in  that  case, 
such  solutions  are  the  only  integrals  of  the  equation  determined 
by  those  initial  values. 
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Such  integrals  are,  of  course,  only  a  particular  class  of  in 
tegrals  ;  and  if  the  initial  values  a  and  /3  be  such  that  f(ft,  a,  0) 
is  not  zero,  then  the  subsequent  inferences  are  no  longer  valid. 
The  point  z  =  0  then  usually  is  an  essential  singularity. 

Note.     There  is  a  corresponding  result  for  an  equation 
dmw      J<Lm-^w 


of  order  m  ;  the  critical  equation  has  m  —  1  roots  equal  to  zero  and 
one  root  equal  to/!,  where  /i  is  the  value  of 

d 


when  the  initial  values  are  substituted  after  differentiation.  The 
results  are  similar  to  those  for  the  equation  of  order  2,  and  depend 
upon  the  value  of  /j  in  the  same  manner  as  for  that  lower  order*. 

Ex.     Consider  the  equation 

a2zw"  =  (zw1  —  «0)2  —  c2. 

If  the  integral,  supposed  to  be  finite  when  z=Q,  has  an  initial  value  a,  we 
have  a2=c2,  so  that  a  =  ±c  :  and  /3  remains  arbitrary.  With  the  substitutions 
of  the  text,  we  have 


and  therefore,  since  -^z(zy'  -y)  =  zy",  the  only  regular  solution  of  the  equa 
tion  is 

Zy'-y  =  ^ 

that  is,  with  the  condition  y'  =  0  when  2  =  0,  we  have  y  =  0  as  the  solution,  and 
therefore  the  integral  of  the  original  equation  is 


10 
subject  to  the  condition  assigned. 

As  the  equation  can   be  integrated  by  quadratures,   it  is  possible  to 
compare  this  result  with  the  complete  primitive.     Let 

a2  drj 

zv/  —  iv=  ---  ^; 
?7   dz 

after  substitution,  the  equation  for  ?/  is 

dh,        c* 
^~^=°' 
so  that 


*  See  also  Konigsberger,  Theorie  d.  Differentialgleichungen,  pp.  411  —  416. 

13—2 
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and  therefore 


Consequently, 


Aea'-Bdz 


which  is  the  complete  primitive;  it  contains  two  arbitrary  constants,  viz. 
C  and  the  fraction  B/A.     Denoting  this  fraction  by  k,  we  have 

dz 


so  that 

iv  =  c  — -r  —  -, roi  -7i  z  log  z  +  a  regular  function  of  z, 

l+k      (l+k}2  a2 

this  regular  function  vanishing  with  z. 

If  initially  w=c,  then  k  =  0  and  the  term  in  zlog  z  disappears  ;  if  initially 
20=  —c,  then  k=ao  and  the  term  in  zlog  z  again  disappears  ;  for  any  other 
assigned  initial  value  of  w,  the  term  in  z  log  z  remains. 


NON-REGULAR  INTEGRALS  OF  -w"  =f(w',  w,  z). 

213.  The  simplest  deviation  from  the  previous  conditions 
arises,  when  the  initial  value  assigned  to  w'  is  infinite.  In  that 
case,  we  make  z  the  dependent  variable  arid  w  the  independent 
variable,  so  that 

,      1  *          1    /, 

z=w"    w  =-7>z> 

and  the  equations  are 


The  initial  conditions  now  are  that  z  =  c>  and  z'  =  0,  when  w  =  a. 

If  z'  =  0,  z  =  c,  w  =  a,  constitute  an  ordinary  combination  for 
the  function  g,  the  preceding  existence-theorem  applies  :  and  the 
solution  is 

(gf-c=J(w-«)s^(0,  c,  «)+..., 

so  that,  if  g  (0,  c,  a)  is  different  from  zero,  we  have 
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where  P  is  a   regular  function   of  its  argument,  and   does   not 
vanish  when  z  =  c  :    and  if  g  (0,  c,  a)  is  zero,  we   have  a  result 

of  the  form 

i  i 

W-OL  =  (Z-  cjl  R  {(z  -  c)n], 

where    n  >  2,    and    R   is    a    regular   function    of    its   argument, 
which  does  not  vanish  when  z  =  c.     But  when  z'  is  an  integral 

factor  of  g,  so  that  -  g  (z'  ,  z,  w)   is   regular   in    the   vicinity  of 
z  —  0,  z  —  c,  w  =  a,  then  we  have 


everywhere  in  the  domain  considered  :  so  that  no  solution  of  the 
original  equation  exists,  which  can  express  w  as  a  function  of  z, 
unless  the  combination  of  values  is  a  point  of  indeterminateness 
for  the  equation. 

If,  however,  z  —  0,  z  —  c,  w  —  a,  constitute  a  non-ordinary 
combination  for  the  function  g,  then,  instead  of  making  the 
transformation  which  leaves  w  as  the  independent  variable,  it 
is  better  and  simpler  to  investigate  the  existence  of  the  integrals 
(if  any)  by  the  methods,  which  are  used  in  connection  with  a 
combination  of  values  that  constitute  an  accidental  singularity 
of  the  first  kind  or  of  the  second  kind,  taking  as  the  sole  initial 
condition  that  w  shall  acquire  a  value  a  when  z  =  c. 

Ex.     Determine  a  solution  of  the  equation 

„  cPw  .  /dw\3 

WW^(cW-aZ\-dz)  ' 

such  that  w  =  a  and  —  =-  =  oo  when  z  =  c. 
dz 

214.  Deviations  (other  than  that  just  considered)  from  the 
initial  conditions,  which  uniquely  determine  the  existence  of  an 
integral  of  the  equation  expressible  as  a  regular  function  of  z, 
may  occur  in  various  ways. 

It  is  unnecessary  to  take  any  detailed  account  of  two  of  the 
simplest  cases.  One  of  these  arises  when  the  initial  value  of  z  is 

infinite  :  we  take  a  new  variable  z  (—-  ,  as  usual  j  ,  and  we  have 

zero  as  the  new  initial  value.  The  other  arises  when  the  initial 
value  of  w  is  infinite  :  a  similar  transformation  leads  to  zero  as  the 
initial  value  of  the  new  variable. 
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As  regards  the  possibility  of  an  infinite  initial  value  of  w', 
sometimes  it  is  a  condition  that  may  be  imposed  upon  the 
equation  (and  the  equation  is  then  treated  as  in  §  213)  :  some 
times  it  is  a  condition  evolved  by  the  form  of  the  equation  itself. 
Accordingly,  in  many  cases,  the  assignment  of  an  initial  value  to 
w'  will  be  left  open. 

The  most  important  class  of  cases  is  constituted  by  those, 
in  which  the  assigned  initial  values  constitute  a  non-ordinary 
combination  for  the  function  f(w',  iv,  z)  on  account  of  its  form. 
To  the  discussion  of  some  of  these  we  now  proceed. 

ACCIDENTAL  SINGULARITY  OF  THE  FIRST  KIND. 

215.  First,  suppose  that  the  values  w  -  /3,  w=a,  z  =  c 
constitute  an  accidental  singularity  of  the  first  kind  of  the 
function  /,  so  that  (Note,  Chapter  i)  /  can  be  represented  in 
the  form 

77-i-  -v  =  P  (*>'  ~  &  w  -  a,  z  -  c\ 
/  (wf,  w,  z) 

where  P  is  a  regular  function  of  w',  w,  z,  which  vanishes  at  &,  a,  c. 
In  order  to  discuss  the  solution,  we  retain  w'  as  a  variable,  making 
it  now  the  independent  variable  ;  so  that  we  have 

*L  =  P(w'-p,  w-*>  z-c)     \ 
aw 


-fr  W-CL,  *-c). 
dw 


Suppose  that  terms  occur  in  P,  independent  of  w  -  a.  and  z-c~, 
and  let  the  lowest  power  of  w' -  ft  in  P  occurring  alone  be 
^  <y  _  £)» ;  then  we  have,  as  in  other  cases  with  similar 
expressions, 


8  (wf  -  £) 
n+I^  } 

where  R  and  8  denote  regular  functions  of  their  arguments,  each 
of  them  becoming  equal  to  unity  when  w'  =  f$.     Thus 

7?    \(*      /»V*+il 
**i  \\z  —  u)      j , 
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where  ft  denotes  a  regular  function  of  its  argument,  which  becomes 
equal  to  unity  when  z  —  a  ;  and  therefore 


{(z  -  a)"*1}, 

where  R2  denotes  a  regular  function  of  its  argument,  which  does 
not  vanish  when  z  =  a.  The  point  z  =  a  is  thus  a  branch-point 
for  n  +  1  branches  of  the  integral  of  the  equation,  which  circulate 
round  the  point  a;  they  are  equal  to  one  another  at  the  point,  and 
have  their  first  derivatives  equal  to  one  another  at  the  point. 

If  however  no  terms  occur  in  P  which  involve  w'  —  /3  alone, 
the  preceding  inference  is  not  justified  :  the  only  regular  solution 
of  the  equations  is  the  solution  w  =  a,  which  requires  that  /3  should 
vanish:  so  that  no  regular  solution  of  any  kind  exists,  unless  /8  =  0. 
But  non-regular  solutions  may  exist  satisfying  the  conditions  :  the 
characteristics  of  these  will  depend  upon  the  form  of  P. 

To  examine  the  possible  cases,  we  effect  a  slight  transformation 
on  the  equation.  Let 

z  —  c  =  x, 

w  -  a  =  ft  as  +  y  ; 
so  that 

«,'-£  =  y',       W"  =  y". 

The  equation  in  the  new  dependent  variable  is  subject  to  the 
conditions  that  y'  —  0,  and  y  =  0,  when  x  —  0.  Also,  let 

P  (wf  -  13,  w  -  a,  z  -  c)  =  P  (y,  fix  +  y,  x) 


so  that  as,  by  hypothesis,  there  is  no  term  in  P  involving  w  —  j3 
alone,  there  is  no  term  in  Q  involving  y  alone  ;  the  equation 
now  is 


where  Q  is  a  regular  function  of  its  arguments  and  vanishes  with 
them. 

Note.  Sometimes,  however,  it  appears  that  aj  solution  w  may 
acquire  a  value  a,  when  z  =  c,  but  that  no  definite  precedent 
assignment  of  @  is  possible  :  that,  in  fact,  the  equation  possesses 
a  solution,  only  if  the  value  of  w'  (for  z  —  c)  is  determined  by  the 
form  of  the  equation  and  not  by  external  added  conditions.  In 
that  case,  we  take  z  —  c  =  x,  w  —  a  =  y,  w  —y'  \  and  the  initial 
conditions  then  are  that  y  =  0,  when  x  —  0. 
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216.  It  may  happen  that  Q(y',  y,  x)  has  a  factor,  which  is  a 
function  of  y  and  x  alone  :  let  y  —f(x)  be  a  linear  factor  of  this 
function.  If  /(O)  is  not  zero,  then  y  —f(x)  does  not  vanish 
for  the  assigned  conditions:  and  therefore  the  linear  factor  does 
not  contribute  to  the  vanishing  of  Q,  so  that  it  ceases  to  be 
important  for  the  determination  of  the  leading  term  in  y.  If 
/(O)  is  zero,  then  we  take 

y  -/O)  =  «» 

(unless  f(x)  is  zero  for  all  values  of  x,  and  then  no  change  of 
variable  is  necessary)  :  v  vanishes  when  x  =  0.  The  other  factors 
of  Q  may,  or  may  not,  together  vanish  as  a  product,  when  v  =  0, 
#  =  0. 

To  determine  the  leading  term  in  v,  we  assume  that,  for 
sufficiently  small  values  of  \ac\,  we  may  take 


v  = 


where  p  >  0.  For  this  substitution,  let  kp  +  l  be  the  index  of  the 
lowest  power  of  x  occurring  in  Q,  where  k^l.  If  k>l,  I  may  be 
negative.  Then  since 


and  if  the  lowest  term  in  y"  is  of  the  same  order  as  the  lowest 
term  in  v",  we  have 

p  —  2  +  kp  +  I 

as  the  index  of  the  lowest  term  on  the  left-hand  side  :  hence 
IJL  —  2  +  k/j,  +  I  =  0, 

which  gives  rise  to  a  value  of  //,.  If  //,  be  negative,  we  infer  that 
no  integral  of  the  specified  kind  exists.  If  //,  be  positive  but  less 
than  unity,  then  v'  is  infinite,  when  x  =  0  ;  so  that,  if  only  finite 
values  of  ft  are  to  be  retained,  again  no  integral  of  the  specified 
kind  exists.  If  p  be  positive  and  greater  than  unity,  then  v  is  0, 
when  x  =  0  ;  so  that  /'  (0)  is  the  value  of  y't  when  x  =  0  ;  and,  if 
this  is  the  value  of  ft,  an  integral  does  exist.  And  so  on,  for  each 
such  linear  factor  in  succession. 

More  generally,  if,  in  the  case  under  consideration  when 
Q(y,  0,  0)  vanishes  whatever  value  be  assigned  to  y,  there  be 
no  separable  factor  dependent  upon  y  and  x  alone,  it  is  possible 
to  use  Weierstrass's  theorem  for  the  expression  of  Q.  Instead, 
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however,   of  adopting  this  process,  it  is  sufficient  to    take    the 
general  form  of  Q.     Adopting  a  substitution 

y  =  ex*, 

which  is  the  leading  term  in  y  for  sufficiently  small  values  of  |  x 
and  has  p  positive,   we  determine   the  lowest  index  of  powers 
of  x  in 


for  this  substitution.  This  lowest  term  is  made  equal  to  unity,  so 
that  there  is  one  relation  to  determine  //-,  and  there  is  one  equation 
to  determine  c.  (Sometimes  the  relation  determining  /JL  is  satisfied 
identically ;  and  the  equation  for  c  may  then  leave  c  arbitrary,  if 
//,  is  properly  determined.)  If  the  value  of  p  be  greater  than 
unity,  then  all  the  assumptions  made  are  satisfied :  if  the  value  of 
//,  be  positive  but  not  greater  than  unity,  then  y'  is  not  zero  with 
x,  and  the  initial  assumption  as  to  finiteness  in  value  of  ft  is  not 
justified ;  if  /A  be  zero  or  negative,  the  assumptions  are  not  justified, 
and  no  solution  of  the  required  type  exists. 

217.     Ex.  1.     Consider  the  equation 

1 


'w-zw'  -cw'2' 

as  regards  solutions  (if  any)  denned  by  the  initial  conditions  w  =  0,  w'  =  0, 
when  2  =  0. 

The  reciprocal  of  the  expression  for  w"  is  regular  in  the  vicinity  of  these 
initial  zero  values.     We  have 

dz 

—  —  =  —  cw  2  -  zw  +  w, 
dw 


so  that 

and  therefore 


dw  , 

-—  =  —  cw*  —  zw2  +  ww  ; 
dw 


34/3 


the  point  z  =  0  being  accordingly  a  branch-point  round  which  three  branches 
of  the  integral  circulate. 

As  a  matter  of  fact,  the  integral  can  be  obtained  by  quadratures.     The 
equations  are 


dw  dz 
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hence 

dz       dw 


and  therefore 

£+—"•*. 

so  that 

z  =  —  2c?0'  +  w4  sin  w'  -+•  .#  cos  w'. 
Therefore 


—  _  2c  -  cuP+B  (w1  cos  «?'  -  sin  w')  +  ^  (cos  w'  +  w'  sin  w'). 
Now  w'  =  0,  iv  =  0,  2  =  0  are  the  initial  values  :  hence 


and  consequently 

z  =  -  2c  (w'  -  sin  w'), 

w  =  -  2c  (1  —  cos  w'  -  w'  sin  w')  -  civ'2, 
and  their  expressions  as  regular  functions  of  w'  are 

oo       f  _  1  \n 

^       ;      ,./2«  +  i 


,2n 

w  " 


the  summation  being  for  integer  values  of  n.    In  this  form,  w'  can  be  regarded 
as  an  intermediate  variable. 

Ex.  2.     Required  the  solution  (if  any)  of  the  equation 


such  that  w=0  when  2  =  0.  t,r 

That  no  integral  exists,  unless  /3  (as  the  initial  value  of  w')  is  infinite,  can 

easily  be  seen.    For  taking  sufficiently  small  values  of  z  ,  the  most  important 

term  in  a  function  that  vanishes  with  z  is  of  the  form  w=czn,  where  n>0  ; 

then  iv"  =  n  (n  -  1)  czn  ~  2  +  .  .  .  ,  so  that  we  must  have 

n  -  2  =  -  3?i, 

that  is,  %  =  £.     In  this  case,  the  most  important  term  in  w'  is  \cz~*-,  which  is 

infinite  when  z  =  0  :  so  that  /3  must  be  infinite. 

The  complete  primitive  can  be  obtained  explicitly  in  the  form 


where  a  and  6  are  arbitrary  constants.     If  w  =  0  when  2=0,  then  62  =  a4  :  and 
we  have 


or 
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where  K  =  —  2.     If  /S  be  infinite,  all  the  conditions  are  satisfied:    and  thus 

there  is  an  unlimited  number  of  integrals  (because  AC  is  arbitrary)  satisfying 
the  conditions. 

Ex.  3.     Discuss  similarly  the  equation 


with  the  condition  that  io  =  0,  when  2  =  0.  Prove  that  no  solution  exists 
unless  the  initial  value  of  w'  is  infinite  :  and  that,  if  this  initial  value  is 
infinite,  a  solution  can  be  obtained  involving  an  arbitrary  constant. 

Ex.  4.     Consider  the  equation 


where  G  is  a  polynomial  function  of  its  arguments,  which  vanishes  when 
zw',  w,  Zj  vanish.  To  obtain  the  solutions  (if  any)  which  vanish  when  2=0, 
assume  as  a  leading  term 

w  =  pzP, 

so  that,  as  p,  —  2  is  the  order  of  w  ',  the  lowest  index  in  G  after  substitution  is 
made  must  be  equal  to  2  —  /*.  This  index  being  kp  +  l,  we  have 

kp.  +  l  =  2-H, 
so  that 


as  p  is  to  be  positive,  and  k  is  positive  because  of  the  form  of  Gr,  we  must 
have  I  <  2.     When  /n  is  reduced  to  its  lowest  terms,  let  it  be  ^  ;  we  then  take 


and  w  will  then  be  expressible  as  a  function  of  #,  the  exact  form  of  which 
depends  upon  G. 

As  a  special  illustration,  let  the  equation  be 


aw2  +  bzw'w  -\-  cz'2  ' 

where  a,  b,  c  are  constants.     For  the  substitution  w-^pz*,  the  lowest  terms  in 
G  have  index  2/i  or  2,  equal  to  the  smaller  of  these  values  :  clearly 

M  -  2  +  2/i  =  0, 
so  that  /*  =  §.     It  proves  possible  to  substitute 

22=.^, 

and  still  to  keep  the  terms  in  the  resulting  equation  uniform  in  expression  : 
and  we  take  a  new  dependent  variable  u  in  the  form 

w=xu. 

Then  on  substitution,  the  equation  for  u  is  found  to  be 

*"-'     -  —  *     —  —  -  — 
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where  u'  —  -^-^  ic"  =  -^  •  any  solution  of  this  equation,  which  is  not  infinite 

when  #=0,  leads  to  a  solution  of  the  original  equation.  The  form  is  a 
particular  case  of  that  considered  in  §  210.  We  have,  with  the  notation 
there  used, 


The  initial  value  a,  of  u,  is  given  by  /(O,  a,  0)  =  0,  that  is, 

a=-3(46  +  6a)-*; 
and  then 


Thus  when  #=0,  the  value  of  u',  being  -       *m      ,  is 

/100+/010 


which  remains  finite  unless  b=  —%a. 

The  critical  quadratic  determining  the  character  of  the  solution  is 
180  +  106 


the  roots  evidently  depending  upon  the  value  of  -  .     If  neither  root  be  a 

Ck 

positive  integer,  then  a  solution  u  exists  which  is  finite,  when  #  =  0,  and  is  a 
regular  function  of  x  :  that  is,  there  exists  a  solution  of  the  original  equation, 
which  is  a  regular  function  of  z*.  If  the  roots  ^  and  Q2  have  their  real  parts 
negative,  then  this  solution  is  the  only  solution,  which  vanishes  with  z  ;  but  if 
their  real  parts  are  positive,  though  they  are  not  themselves  positive  integers, 
then  there  exists  a  double  infinitude  of  solutions  of  the  original  equation,  which 
vanish  with  z,  and  are  expressible  as  regular  functions  of  z^,  z^\  z*a*. 

Knowing  the  character  of  the  actual  solutions,  their  form  can  be  obtained 
by  postulating  a  series  of  the  appropriate  character  with  unknown  coefficients. 
When  this  is  substituted,  so  that  the  equation  must  be  satisfied  identically, 
the  comparison  of  coefficients  leads  to  relations  that  determine  the  unknown 
coefficients  in  the  postulated  series. 

Ex.  5.     Discuss  the  integrals  (if  any)  of  the  equation 

~(a,  6,  c,/;#,  klzw',  iv,  z)'2' 

which  are  finite  when  z  —  Q.  Consider,  in  particular,  the  case  when  a  =  0, 
6  =  0,  c  =  0. 

Ex.  6.     Consider  the  equation 


solutions  (if  any)  are  required  such  that  w  —  0,  w'  =  (3,  when  2=0. 
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Direct  quadrature  of  the  equation  leads  to  the  result 


where  A  and  B  are  constants,  arbitrary  so  far  as  concerns  the  quadrature.     If 
the  solution  required  is  limited  by  the  condition,  that  the  integral  is  to  be 
regular,  then  A  must  be  zero:  and  then  w'  =  0,  so  that,  if  /3  is  different  from 
zero,  no  regular  solution  exists  subject  to  the  assigned  conditions. 
We  have,  for  the  more  general  solution, 


Now  the  origin  is  an  essential  singularity  of  the  integral :  so  that  e  1/2r,  by 
making  z  approach  the  origin,  can  be  made  to  have  any  value  there.  Let  it 
approach  the  origin,  so  that  e~llz  in  the  limit  acquires  the  value  /3 ;  then  A  =  l. 
With  this  path,  we  have  iv  =  B  when  z  =  0,  so  that  B=0:  and  thus 

iv  =  z2e~llz 

is  a  solution,  which  satisfies  the  conditions,  when  z  approaches  the  origin  in 
the  specified  way. 

Ex.  7.     Is  there  any  solution  of  the  equation 

„        (w  —  zw')2 

such  that  10  =  a  when  z  =  a,  where  a  is  a  constant  and  a  is  arbitrary  ? 
Taking 

we  have 


so  that  the  equation  is 


If  for  sufficiently  small  values  of  |  z  -  a  \,  the  most  important  term  in  y  is 
c(z  —  a}*,  where  K  should  have  its  real  part  positive  if  a  solution  of  the  desired 
type  exists,  and  c  is  a  constant,  then  the  most  important  term  in  y  —  zy1  is 
—  o*0(*—  a)*"1,  and  the  most  important  term  in  y"  is  K(K-l)c(z-a)K~2. 
Selecting  the  corresponding  terms  from 

%/'=a(y-*/)2, 

we  have 

a'WK  (<-  1)  (z-  «)2<-2  =  aaVc2  (z-afK~z, 

which  is  satisfied  if  only 

*(/c-l)  =  a/c2. 

Now  <  is  not  zero  :  thus  the  only  admissible  value  is 

1 


If  therefore  the  real  part  of  a  is  less  than  +1,  the  necessary  condition  is 
satisfied. 
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The  most  important  term  in  y'  is  KC  (z-  a)*"1,  that  is,  we  have 


the  value  of  which  depends  upon  the  form  of  a.     If,  for  instance,  a  = 
then 


and 

K-l  ,_«  =  2|c|<r', 

-where  6  is  the  argument  of  z  —  a  as  it  vanishes,  and  |c|  is  so  far  arbitrary. 
Hence  any  initial  value  can  be  assigned  to  w',  and  the  variable  z  can  be  made 
i,o  approach  a,  so  that  the  assigned  initial  value  is  acquired  at  z  =  a  :  even  the 
value  w'  =  1  can  be  assigned,  but  then  6  must  be  infinitely  great  and  positive. 
It  proves  possible  to  integrate  the  equation  by  quadratures.  Let 

1 
y  =  zv,        z=-; 

then 

o        dv 


and  therefore 

oP 

We  find 
and  therefore 

the  primitive  of  the  original  equation  thus  is 


If  the  particular  value  of  a,  viz.  £  (1  +i),  be  adopted,  the  primitive  can  be 
taken  in  the  form 


where  C  is  arbitrary,  and  the  condition  that  w  =  a  when  z=  a  has  been  used. 

Ex.  8.     Discuss  in  the  same  manner  the  possibility  of  the  existence  of 
solutions  of  the  equation 


when  w  is  required  to  assume  a  value  a  at  the  point  z  =  a. 
Ex.  9.     Consider  the  equations 
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with  the  condition  that  ,y  =  0  when  37  =  0,  for  various  values  of  the  positive 
integer  n. 

To  obtain  the  leading  term  we  assume,  as  explained, 

y=p*f, 

so  that,  for  this  substitution,  we  have 


and  therefore 

y"  (y-xy'}n-  - 
Accordingly,  we  take 

/i 
so  that 


and  then 

i  i 

n+1 


which  determines  p  :  the  determination  being  effective  unless  n=l,  when  p 
becomes  infinite. 


Hence  when  n>l,  a  value  of  y  is  obtained  equal  to  zero  when  #=0  :  it  is 
such  that  ?/'  is  infinite  when  #=0.  But,  if  71  =  1,  the  value  of  p  is  infinite  on 
the  foregoing  determination. 

The  equation  can  be  integrated  by  quadratures.     Since 

S<r-flO—  *»•, 

we  have 

<y-jgtf*1--i(»+i)**, 

no  constant  being  added,  because  y  and  xy'  vanish  when  #=0.     Thus 


and  therefore 


3f=.d#-y— 

where  A  is  arbitrary. 

If  %>1,  the  value  of  y  when  #=0  is  infinite. 

If  n  =  l,  the  form  obtained  ceases  to  be  effective.     It  is  easy  to  shew  that 
a  solution  of 

n  a 

vanishing  when  #=0,  is 

y  —  Ax  —  ( —  of  x  log  x, 
where  A  is  arbitrary  ;  evidently  y'  is  infinite  when  #=0. 
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ACCIDENTAL  SINGULARITY  OF  THE  SECOND  KIND  FOR 
w"  —f(w't  w,  z). 

218.  Next,  suppose  that  the  values  iu'  =  /3,  W  =  CL,  z  =  c 
constitute  an  accidental  singularity  of  the  second  kind  (Note, 
Chapter  i)  for  the  function  f(w',  w,  z),  so  that  the  equation  takes 
the  form 


where  P-^  and  Ql  are  regular  functions  of  their  arguments,  and 
vanish  when  w'  =  f$,  w  =  a.y  z-c.     Write 

z  —  c  +  x, 

w  =  a  +  fix  +  y, 

w'  =  &  +  y',    w"  =  y"  ; 
then  the  equation  is 

,,  = 


where  P  and  Q  are  regular  functions  of  their  arguments,  and  vanish 
when  x  =  0,  y  =  0,  y'  =  0.  As  initial  conditions,  we  require  that  y 
shall  vanish  with  x  :  frequently  integrals  exist,  though  of  such  a 
nature  that  y  does  not  vanish  with  a?  :  accordingly,  the  condition 
as  regards  y'  will  be  left  open,  so  that  those  cases  may  be 
included,  which  make  yf  finite  (but  not  zero)  or  even  infinite 
when  #  =  0:  but  where  an  initial  condition  can  be  imposed,  it 
will  be  used  for  the  fuller  determination  of  the  integral.  (The 
alternative,  in  effect,  deals  with  the  possibility  that  ff  may  be 
infinite:  and  the  corresponding  substitutions  would  be  z-c  =  x, 
w  =  a  +  y,  w'  =  y'.) 

Without  taking,  in  successive  detail,  all  the  more  important  of 
the  forms  that  thus  may  arise,  consider  the  most  general  of  them 
all;  let 


where  1  4-  m  +  n  ^  1  for  P,  and  X  +  /*  +  v  ^  1  for  Q.     Since  y  is  to 
vanish  with  a?,  let  its  leading  term  for  sufficiently  small  values  of 

|  a;  |  be  denoted  by 

y  =  cuc9, 

where  0  is  a  positive  quantity  ;   if  y   also  vanishes  when  x  =  0, 
then    9   will    be    greater    than    unity.      When   such   a   form   is 
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substituted  for  y  in  P  and  Q,  let  the  terms  of  lowest  index  in 
powers  of  x  be  selected  in  both  the  functions.  Let  the  term  in  P, 
which  has  aimn  for  its  coefficient,  be  one  of  the  terms  of  lowest 
index  thus  selected  :  the  aggregate  of  terms  of  that  index  will  be 

x(l+m)  e+n-i  222  almna.l+mOl, 

the  summation  extending  over  all  the  terms  which  have  this 
common  lowest  index.  Similarly,  in  Q,  let  the  corresponding 
aggregate  of  terms  with  lowest  index  be 

^(A+M)0+,-A  222 
Now 

y"Q(y'>y,  x}  = 

hence,  equating  the  indices  of  the  lowest  powers  on  the  two  sides, 
we  have 

0-2  +  (\  +  /j,)0  +  v-\  =  (l  +  m)  0  +  n-l- 

and  equating  their  coefficients,  we  have* 

oi6  (0  -  1)  222  cv,*A+^  =  222  almncP™ffl. 
The  index-equation  gives 

^  _  2  +  n  -  I  -(v-\) 
~\  +  fj,  +  l—(l  +  m)  ' 

In  order  to  obtain  the  suitable  values  of  6  as  given  by  this 
fraction,  we  use  a  Puiseux  diagram  as  in  other  cases  (§§  39  —  42). 
Referred  to  a  pair  of  rectangular  axes  OX,  OY,  all  the  points 
I  +  m,  2  +  n  —  I,  connected  with  terms  in  the  function  P,  are  to 
be  marked:  likewise  all  the  points  X.  +  /A  +  1,  v  —  X,  connected 
with  terms  in  the  function  Q.  Through  a  point  of  algebraically 
smallest  abscissa  a  line  is  drawn  parallel  to  TO,  and  is  made  to 
turn  in  the  counterclockwise  sense  until  it  meets  one  or  more 
points  ;  then  it  turns  about  the  last  of  these  in  the  same  sense 
until  it  meets  others  ;  and  so  on,  until  it  is  parallel  to  OX.  As 
before,  0  is  the  tangent  of  the  inclination,  to  the  direction  XO,  of 
the  line  joining  the  point  (I  +  m,  2  +  n  —  1}  to  the  point  (X  +  //,  +  1, 
v  —  X)  ;  the  orders  of  the  corresponding  terms  in  the  equation 
y"  Q  =  P}  in  powers  of  x,  are 

-\-2,     (Z  +  m)  0  +  2  +  ft  -  Z  -  2  ; 


*  The  preceding  equation  assumes  that  6  is  not  unity,  by  taking  9  -  2  for  the 
index  of  x  in  y"  :  the  necessary  correction,  when  6  is  unity,  is  provided  in  the 
succeeding  equation  by  the  factor  1-6.  So  in  other  cases. 

F.  ill.  14 
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in  virtue  of  the  value  of  6,  these  are  equal  to  one  another.  On 
account  of  the  mode  of  obtaining  the  portion  of  broken  line, 
which  determines  this  quantity  6,  all  other  indices  of  powers  of  x, 
after  the  substitution  y  x  xe  is  made,  are  greater  than  those  selected. 

Now  0,  unless  it  is   indeterminate,  is   the   quotient   of  two 
numbers;    when    this    fraction    is    in   its   lowest   terms,   let   its 

expression  be  -.  (When  0  is  indeterminate,  the  cause  may  be 
solely  owing  to  the  fact  that  particular  points  on  the  line  give  rise 
to  -  as  the  expression,  and  other  points  on  the  line  will  (as  in 

§  41)  give  a  determinate  expression  for  0  :  or  the  cause  may  be 
that  the  portion  of  line  is  indeterminate,  and  this  will  be  dealt 
with  separately  :  see  §  225.)  Equating  the  two  expressions  for  6, 
we  deduce  the  relation 

p(l  +  m)  +  q  (n  -  1)  =p  (1  +  X  +  fi)  +  q  (v  -  \  -  2) 

-'# 

say. 

219.     The  variables  now  are  changed  according  to  the  sub 

stitutions 

x  =  tf,     y  =  utp, 

where  u  is  different  from  zero  when  t  (and  x)  vanish.     Then 


inserting  all  these  values  in  the  equation 

y"QW,y,«)=P  &,»,«), 

we  have 


f 

r       c*    /  du       \K  ~l 

x    222  —  - 1 1  —  +  vu }  &&*+&**<*-*  4  ... 
I  q*\dt  J 

=  222a<7(*t 

nt       \        r1  + 


where  the  unexpressed  terms  on  the  two  sides  involve   powers 
of  t  that  are  higher  than  those  in  the  expressed  terms ;  and  the 
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aggregates  of  the  unexpressed  terms  are  regular  functions  of  u 
and  pu  4-  t  -T7  ,  besides  involving  these  higher  powers  of  t.     Now 

the  index  of  the  lowest  power  of  t  on  the  left-hand  side  in  the 
expressed  terms  is 

=  p  —  2q  +  vq  +  p,p  +  \  (p  —  q) 


say  ;  that  on  the  right  similarly  is 

-  q) 


and  every  other  index  of   a  power  of  t  in  succeeding  terms  is 
greater  than  N.     Dividing  out  by  tNt  we  have 


dt 


where  -Kj  and  R2  are  regular  functions  of  their  arguments.  In 
the  summations  on  the  two  sides,  the  included  terms  correspond 
to  points  lying  upon  that  portion  of  the  broken  line,  which 

determines  the  fraction  -  and  thus  gives  rise  to  the  transfor 
mation  of  variables  adopted. 

220.     As  u  is  to  be  different  from  zero  when  t  =  0,  let  its  value 
be  a  :  also  let 

^(a)  =  22Sc^(£)V(P- 


Then  a  must  be  a  (non-zero)  root  of  the  equation 

F(a)  =  0. 

First,  let  a  not  be  a  root  of  Fl  (a)  =  0 ;  and  let 

u  =  «  +  v, 

14—2 
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so  that  v  must  vanish  with  t.     The  coefficient  of 


s 


where   $   is   a  regular  function  of  its   arguments   and   vanishes 
when  they  vanish.     Let  all  the  other  terms  be  transferred  to  the 

/y  ci\ 

right-hand  side  :  their  aggregate  is  a  regular  function  of  tt  v,  t-^y 
which  vanishes  when  they  vanish,  say  T  (t  j-  ,  v,  £J  ,  so  that 


Since  Fl  (a)  is  not  zero,  the  fraction  can  be  expanded  as  a  regular 

function  of  t~,v,t  which,  owing  to  the  form  of  T,  vanishes  when 
d/t 

those  quantities  vanish:  and  we  manifestly  may  incorporate  the 

term  (2jp  -  q  +  1)  t^-  from  the  left-hand  side.    Thus  the  final  form 
etc 

is 


where  /  is  a  regular  function  of  its  arguments  and  vanishes  when 
they  vanish. 

Secondly,  let  a  be  a  root  of  Fl  (a)  =  0  as  well  a,s  of  F(a)  =  0 : 
since  Fl(a)  =  0,  the  expansion  that  leads  to  the  last  form  is  not 
possible.  It  is  clear  that  the  equation  can  be  taken  in  the  form 


where  g  and  h  are  regular  functions  of  their  arguments,  and  vanish 
when  their  arguments  vanish. 

221.     Further,  it  has  been  assumed  that  the  terms,  which,  in 
arising  out  of  the  equation 

i 
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contribute  (after  the  selected  substitution  for  y)  to  the  lowest 
power  of  x,  are  drawn  from  both  sides  of  the  equation.  But  a 
reference  to  the  tableau  of  points  for  the  line,  by  which  the  index 
of  that  substitution  is  obtained,  shews  that  the  line  may  be 
determined  by  points  associated  with  P  only,  or  by  points  associated 
with  Q  only.  If  this  should  happen,  then  the  terms  contributing 
to  the  lowest  power  of  x  are  drawn  from  one  side  of  the  equation 
only :  so  that  the  preceding  reduced  form  is  no  longer  obtained. 

Thus  suppose  that  a  particular  substitution  is  determined 
solely  by  a  particular  group  of  terms  in  P,  and  that  all  the  terms 
in  y"Q  are  higher  in  index  for  that  substitution  than  those  terms 
in  P.  Then  the  corresponding  transformation  gives 


+     tt 

ql        dt     ^  ) 


where  5  is  a  positive  integer  ^  1.     Now  u  is  to  have  a  value,  say  a, 
different  from  zero  when  t  =  0 ;  hence  we  must  have 


and  we  choose  a  non-zero  root  of  F2  (a.)  =  0. 

We  accordingly  take 

u  =  OL  +  v. 
The  numerator  becomes 

dv 


where  T  is  a  regular  function  of  its  arguments  and  vanishes  when 
they  all  vanish.     The  denominator  becomes 


If  the  root  of  F2  (a)  =  0  does  not  make  F±  (a)  vanish,  the  fraction 
can  be  expanded  as  a  regular  function  of  t  -^ ,  v,  t,  which  vanishes 
when  they  vanish.  Transferring  the  terms 

ts \(2p  -q  +  I)t-£+p(p-q)(v  +  a) 
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from  the  left  to  the  right  side,  and  absorbing  them  in  the  regular 
function,  we  do  not  alter  the  general  character  of  the  latter  ;  and 
thus  the  final  form  of  the  equation  is 


where  s  is  a  positive  integer  ^  1,  and  /  is  a  regular  function  which 
vanishes  when  all  its  arguments  vanish. 

If,  however,  the  root  of  F2  (a)  =  0  is  also  a  root  of  Fl  (a)  =  0, 
the  preceding  expansion  is  not  possible  :  and  the  resulting  equation 
for  v  can  be  taken  in  the  form 

dv 


where  g  and  h  are  regular  functions,  both  of  which  vanish  with 
their  arguments. 

If  on  the  other  hand  a  substitution  is  determined  by  a  group 
of  terms  in  Q,  so  that  all  the  lowest  terms  in  P  are  of  an  order  in 
t  higher  than  those  in  y"Q,  the  equation  becomes 


=  v 


and  u  is  to  be  different  from  zero  when  t  =  0.     If  then  a  be  the 
value  of  u  when  £  =  0,  we  must  have 


p(p-q)     S2 

and  we  choose  a  non-zero  root  of  this  equation.  (If  p  =  q,  then 
a  thus  far  remains  arbitrary  :  in  that  case,  we  can  remove  a  factor 
t  from  both  sides  of  the  equation.)  We  take 


where  v  vanishes  when  t  =  0  :  the  dimensions  of  v  in  powers  of  t, 
and  the  form  of  the  equation  in  v,  depend  upon  the  forms  of  the 
regular  functions  Rl  and  R2. 
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222.     As  regards  the  form 


where  v  is  to  vanish  with  t,  the  tests  have  already  been  obtained 
in  §  210;  the  first  of  them  being  satisfied,  viz.  that  v  —  Q  when 
z  =  0,  because  /(O,  0,  0)  =  0.  With  the  notation  of  that  investiga 
tion,  the  critical  quadratic  is 

n2  -  n  (/100  -  3)  +  2  -  2/100  -/010  =  o. 

Let  its  roots  be  Hj  and  Ha 

lf  neither  f^  nor  H2  is  an  integer,  or  if,  when  either  is  an 
integer,  it  is  less  than  —  1,  then  there  exists  a  solution  of  the 
foregoing  equation,  which  is  a  regular  function  of  t  ;  it  vanishes 
when  t  =  0,  and  it  has 

_flWL 

yioo  "K/oio 

(which  is  finite  or  zero)  as  the  value  of  its  first  derivative  when 
t  =  0.  Consequently,  in  such  cases,  there  exists  a  solution  of  the 
original  equation,  which  acquires  a  value  a  when  z=  c;  it  is  expressible 

in  the  form  of  a  regular  function  of  afl,  that  is,  the  point  z  =  c  is  a 
branch-point  for  the  integral  of  the  equation.  The  integral  is 
composed  of  a  number  of  groups  of  branches  :  each  group  consists 
of  a  single  circulating  set,  the  branches  of  each  of  the  groups  being 
equal  to  one  another  at  z  =  c  :  the  number  of  groups  is  the  number 
of  non-zero  distinct  roots  of  the  coefficient-equation  for  u. 

If  Oj  and  fi2,  though  not  positive  integers,  have  their  real 
parts  positive,  then  there  is  a  double  infinitude  of  solutions  of  the 
-y-equation,  which  vanish  with  t  and  are  expressible  as  regular 
functions  of  t,  £°s  £"2  ;  so  that  the  original  equation  then  possesses, 
in  the  vicinity  of  z  =  c,  corresponding  solutions,  which  at  z  =  c 

acquire  a  common  value,  and  are  expressible  as  regular  functions 

i      G!      o, 
of  eft,  #«,  a?0. 

If  either  na,  or  f!2,  or  both  f^  and  112,  be  an  integer  ^  —  1, 
then  the  ^-equation  has  no  regular  solution,  which  vanishes  with 
t,  unless  a  condition  is  satisfied  :  but  it  has  an  infinitude  of 
solutions,  which  vanish  with  t  and  are  expressible  in  the  form  of 
regular  functions  of  t  and  t  log  t.  The  original  equation  then  has 
an  infinitude  of  solutions,  which  acquire  a  common  value  at  z  —  c 
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1  1 

and  are  expressible  as  regular  functions  of  afl   and   afl  logos.  If 

however   the   condition   is  satisfied,    the    equation    possesses  no 

solutions  of  this  non-regular  class  :  but  it  then  possesses  an  in 

finitude  of  solutions,  which  acquire  a  common  value  at  z  =  c,  and 

i 
are  expressible  as  regular  functions  of  afl. 

Ex.  1.     Consider  the  equation 

aw'  +  bw  +  cz 

ID  =  ___  . 

aw+j&o+yz 

so  as  to  obtain  integrals  (if  any)  such  that  w  =  0,  ?0'  =  0,  when  z  =  Q. 

When  the  tableau  of  points  is  constructed,  the  points  for  the  numerator 
are  1,  1  :  1,  2  :  0,  3  ;  those  for  the  denominator  are  2,  —  1  :  2,  0  :  1,  1.  It  is 
at  once  clear  that  there  is  only  one  value  of  6,  viz.  0  =  2  ;  and  so  we  take 

W  =  Z2U, 

where  u  is  not  to  vanish  with  z.     Then 

~       a  (zu'  -r^u]  -\-bzu  +  c 


. 

a  (ZU  +  Zu)  +  $ZU  -f  y 

so  that,  if  £  denote  the  value  of  u  when  z=0,  we  have 


and  therefore 

4a£  =  a  -  y  ±  {(a  -  y)2  +  4ca}*. 
Now  let 

w  =  £  +  v, 
so  that  v  vanishes  with  u  ;  we  have 


y  -f  2a 
and  therefore,  unless  y  +  2a^  =  0,  we  have 


where  /  is  a  regular  function  of  its  arguments  and  vanishes  with  them. 

Solutions  of  this  equation  are  required  which  vanish  with  z.  Because 
/(O,  0,  0)  vanishes,  the  first  test  of  §  210  is  satisfied.  The  quantities  there 
denoted  by/100,/010,  are 


so  that  the  critical  quadratic,  being 

a2  -  a  (/ioo  -  3)  -  2/100  -/010  +2=0, 

IS 

02-Q(p 
the  roots  of  which  are 
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One  of  these  roots  is  a  negative  integer.     As  regards  the  other,  let 

ay —  ca 

then 


where  either  sign  of  the  radical  can  be  taken  :  so  that  the  character  of  the 
root  p  —  3  depends  upon  the  value  of  p. 

If  for  either  value  of  p,  the  real  part  of  p  -  3  is  negative,  then  the  equation 
possesses  one  and  only  one  solution  (for  that  value  of  p)  which  vanishes 
with  z\  it  is  a  regular  function  of  z. 

If  for  either  value  of  p,  the  real  part  ofp-l(  =  p  —  3  +  2,  §  210)  is  positive, 
though  p  —  1  is  not  a  positive  integer,  the  equation  possesses  an  infinitude  of 
solutions  (for  that  value  of  p)  which  vanish  with  z  ;  they  are  regular  functions 
of  z  and  zp~l.  If  p  -  1  is  a  positive  integer,  then  the  equation  possesses  an 
infinitude  of  solutions,  which  vanish  with  z,  and  are  regular  functions  of  z 
and  z  log  z  ;  but  for  particular  cases,  when  the  appropriate  relation  among  the 
coefficients  is  satisfied  (§  210),  the  solutions,  which  vanish  with  z,  are  infinite 
in  number  (i.e.  the  solution  contains  an  arbitrary  constant),  and  they  are 
regular  functions  of  z. 

To  obtain  the  actual  expression  of  the  regular  functions,  which  are 
solutions  of  the  equation,  let 


then 

aw'  +bw+cs=z[c  +  2a£  +  2  (makm 


2  ( 

m=3 

and  therefore 

2  mm-l£ 


The  terms  independent  of  z  on  the  two  sides  are  equal  ;   by  equating  the 
coefficients  of  zm~2  on  the  two  sides,  we  have 


where  K'm_l  is  an  aggregate  of  coefficients  Ic  with  suffix  less  than  m,  and 
therefore 


™  •«*»»—  ii 

say.     Taking  account  of  the  expression  for  p,  this  gives 
m  (y  +  2a£)  (m  -\-p}Jcm-=  Km^  , 
and  the  smallest  value  of  m  for  which  this  holds  is  wi  =  3. 

Now  if  p  -  1  is  not  a  positive  integer,  p  cannot  have  any  one  of  the  values 
2,  3,  .  .  .  ;  hence  the  foregoing  equations,  for  the  successive  values  of  m, 
determine  the  coefficients  &,,  &4,  ...  uniquely  in  terms  of  £.  Thus  there  are 
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two  regular  integrals  of  the  required  type,  corresponding  to  the  two  values 
off 

If  p  -  1  be  a  positive  integer,  then  the  coefficient  of  kp+i  vanishes  ;  hence 
kp+i  is  infinite,  unless 

JTp-0, 

and  this  is  the  condition  specified.  If  this  condition  be  not  satisfied,  then 
the  corresponding  integral  as  a  regular  function  of  z  does  not  exist.  If  the 
condition  be  satisfied,  then  kp  is  arbitrary  ;  the  remaining  equations  determine 
the  succeeding  coefficients  £,  which  involve  kp  :  and  then  there  is  an  infinitude 
of  regular  integrals  for  this  value  of  p.  (It  should  be  noted  that,  as  the 
product  of  the  two  values  of  p  is  unity,  the  eventuality  considered  can  arise 

for  only  one  of  them  at  the  utmost.)  In  particular,  if  p  =  2,  then  £=  -~r-^  , 
and 


so  that,  if  A"2=0,  then  either 

a  =  2y,  or  a  =  2y  +  —  -. 
P 

If  a  has  neither  of  these  values,  there  is  no  integral  in  the  form  of  a  regular 
function,  such  that  ?v  =  0,  w'  =  0,  when  0  =  0  ;  if  it  has  either  of  them,  then  k3  is 
arbitrary,  and  there  is  an  infinitude  of  regular  integrals. 

If  when  p  =  2,  K2  is  not  zero,  then  the  equation  has  an  infinitude  of 
integrals,  which  vanish  with  z,  and  are  expressible  as  regular  functions  of  z 
and  z  log  z.  The  form  is 


*m  (z  log  *)"' 
the  double  summation  extending  over  values  of  m  and  n,  such  that 

m  ^  2,     m  +  n  ^4  ; 

the  coefficient  6  is  arbitrary  and  enters  into  the  expression  of  the  coefficients 
cmn  :  and  it  must  be  remembered  that,  because  p  =  2,  the  relation 

2  (a  +  -y)2  =  9  (ay  —  ca) 
is  satisfied. 

Similarly  for  higher  integer  values  of  p. 

Ex.  2.     Discuss  in  a  similar  manner  the  equation 

w'-frz 
=  'yf^W^ 
so  as  to  obtain  the  integrals  w  (if  any)  such  that  w  and  w'  vanish  with  z. 

Ex.  3.     Consider  the  equation 

,,azw'+bw+cz 


to  obtain  integrals  which  vanish  when  2  =  0. 
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The  points  to  be  marked  in  the  tableau  as  belonging  to  the  numerator  are 
1,  2  :  1,  2  :  0,  3  ;  and  those  to  be  marked  as  belonging  to  the  denominator 
are  2,  0  :  2,  0:  1,1.  There  are  seen  to  be  two  possible  values  of  0,  viz.  2,  1. 

First,  let  0=2,  and  write 

w  =  z2u  : 
then  the  equation  for  u  is 

a.//, 

^+ 

Let 

then  the  equation  for  v  is 

--  (3  +  2 


1     /  c        \      /        c    \ 

aU,s(  ~  +v)  +  (a aVisV 

J      V2y        /       \         y     / 


so  that 

z2v"=f(zv',  v,z\ 

where  /  is  a  regular  function  of  its  arguments  and  vanishes  with  them.     The 
quantities  denoted  by  /1005  /oio  are 

/  100  =  ~  4,    Jow  =  ~  2  ; 
so  that  the  critical  quadratic  is 


Each  of  the  roots  is  a  negative  integer  less  than  -  1  ;  hence  there  is  one 
integral  of  the  equation  in  the  form  of  a  regular  function  of  z,  which  vanishes 
with  z  ;  and  this  solution  is  the  only  solution  (for  the  value  6  =  2),  which 
vanishes  with  z.  Accordingly,  knowing  that  a  regular  solution  exists  of  which 
the  leading  term  involves  22,  we  take 


substituting  in  the  original  equation  and  multiplying  up  by  the  denominator, 
we  find 


which  must  be  an  identity.     Hence 


+  (/3  +  3a)  £3  .  2£2  , 


and  so  on  :  these  equations  determine  the  coefficients  Jc  in  succession. 

Secondly,  let  0  =  1,  and  write 

iv=zu  : 
then  the  equation  for  u  is 

„     o  , 
zu  +2* 

Let 

u  =p  +  qz  +rz2  +  v0, 
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choosing  p,  q,  r,  so  that  vz  is  of  the  third  order  at  least,  that  is,  so  that  v  and 
v'  vanish  when  z=0.  Accordingly,  we  substitute  and  equate  terms  of  lowest 
order  on  the  two  sides  :  we  find,  from  terms  of  order  zero,  that 

from  terms  of  order  unity,  that 


and  then  the  rest  of  the  equation  is 

z2v"+4zv'  +  2v  =  regular  function  of  zv\  v,  z, 

the  regular  function  containing  no  term  in  zv'  alone,  or  in  v  alone,  or  in  z 
alone.     The  critical  equation  therefore  is 


the  same  as  before.  Thus  there  is  only  one  solution  of  the  equation  in  v, 
which  vanishes  with  z  and  the  derivative  of  which  vanishes  with  z  :  and  thus 
there  is  only  one  solution  (for  the  value  (9  =  1)  of  the  original  equation  which 
vanishes  with  z,  this  solution  being  regular.  Moreover,  p  is  arbitrary,  and 
this  is  the  initial  value  of  -w'  ;  hence  the  integral  is  made  determinate 
uniquely  by  assigning  an  initial  value  to  w'.  Knowing  that  such  a  solution 
exists,  we  can  obtain  its  formal  expression  as  in  the  former  case  for  0  =  2. 


REMAINING  REDUCED  FORMS  OF  §  221. 
223.     As  regards  the  form 


where  s  is  a  positive  integer  greater  than  zero,  it  is  easy  to  see,  by 
taking  one  of  even  the  simplest  forms  of  the  equati6n,  that  the  point 
z  =  0  is  an  essential  singularity  of  the  complete  primitive,  and  the 
equation  does  not  unconditionally  possess  an  integral,  which  is  a 
regular  function  of  z  and  vanishes  with  z.  Thus  consider  the 
simple  form 

s?w"  =  czw'  —  2civ  4-  P  (z}> 

where  P  (z)  is  a  regular  function  of  z,  say  in  the  form 

P  (z)  =  a,z3  +  2a.2z*  +  3asz*  +  .  .  .  , 
the  power-series  being  supposed  to  converge.     We  have 


f. 


dz  =  a^ 
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say,  so  that  Q  (z)  converges.     The  equation  is 


that  is, 

d 
E 

and  therefore 


where  J.  is  an  arbitrary  constant.     Hence 


c      c 


_ 

w  =  Be  z  +  Ae~ze*  dz  +  e~z 


If  5  be  different  from  zero,  the  point  z  =  0  is  an  essential  singu 
larity  of  the  integral.  Also  z  =  0  is  easily  seen  to  be  an  essential 
singularity  of  the  function,  which  is  represented  by  the  integral 


If  therefore  the  equation  is  to  possess  a  regular  integral,  we  must 
have  A  =  0,  B  =  0. 

Further,  if  R  (z)  =  22Q  (z\  the  integral,  on  the  assumption  that 
A  and  B  are  zero,  is 


choosing  the  constant  of  integration  so  that  v  =  0  (if  it  exist) 
when  z  =  0.  But  it  is  known  (§  82)  that  this  series  does  not 
converge,  unless  c  is  a  zero  of  a  special  function,  closely  allied 
with  R  (z}.  That  this  may  be  the  case,  we  must  have 

Oi        OaC       Ct3C2 

21314!  ' 

a  condition  (§  82)  which  is  necessary  and  sufficient  to  secure  the 
convergence  of  the  expression  of  w  in  powers  of  z,  that  is,  for  the 
existence  of  an  integral  expressible  as  a  regular  function  of  z 
vanishing  with  z. 

Hence,  in  even  a  simple  case,  the  equation  does  not  uncon 
ditionally  possess  a  regular  integral  that  vanishes  with  z. 
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Ex.     Discuss  the  possible  integrals  of  the  equations 

£  +  2, 


in  the  vicinity  of  2  =  0. 


(i) 
(ii)     23  w"  =  aw  (w  —  zw'\ 


224.     As  regards  the  other  forms  which  have  not  been  fully 

reduced,  such  as  e.g. 

dv 


dtf 


where  g  and  h  are  regular  functions  of  their  arguments,  which 
vanish  when  ttv,t-r-  all  are  zero,  we  adopt  the  same  method  of 

the  Puiseux  diagram  as  for  the  first  stage  in  the  reduction  which 
led  to  this  form :  and  for  the  purpose,  we  should  associate  the 
factor  tf  with  the  denominator.  The  following  examples  will 
suffice  to  give  an  indication  of  the  detailed  process. 

Ex.     Discuss  the  equations 

n      2    ,,_a(zw'-p™} 

b(zw'-qw)  ' 
(where  p  and  q  are  integers) : 

(ii)    22«/'=^-7^ 


,  W,  Z) 
(a,  )8,  y\zvf,  w,  z] 


so  as  to  obtain  the  integrals   (if  any),  which  vanish  and  have  their  first 
derivative  not  infinite  when  z=Q.  >-' 


DISCUSSION   OF  THE   INDETERMINATE   CASE   OF   §  218. 

225.  In  the  initial  investigation,  one  case  was  deferred  (§  218), 
viz.  that  in  which  the  deduced  value  of  6  was  indeterminate, 
because  there  was  no  determinate  piece  of  line.  This  can 
happen  only  when  several  points  in  the  tableau  coincide,  and  all 
other  points  (if  any)  in  the  tableau  are  such  as,  with  that 
condensed  point,  to  give  negative  values  for  0. 

As  regards  the  several  points  which  coincide,  being  those 
hich  give  rise  to  the  common  lowest  order  in  powers  of  a?,  the 


w 
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index  of  x  is  of  the  form  k0  +  k';  and  the  index-equation  is  merely 
the  identity 


Now  the  terms  on  the  left-hand  side  of  the  equation 


are  such  that  X  -f  fj,  +  1  =  k,  and  those  on  the  right-hand  side  are 
such  that  I  +  m  =  k.  The  coefficient-equation,  determining  the 
initial  coefficient  a,  is 

a6  (0  -  1)  222  c^a^tf*  =  222  almna^6l  ; 

so  that,  since  X  +  //,  +  1  =  k  and  l  +  m  =  k  for  each  of  the  terms 
included  in  either  of  the  summations,  and  because  zero-values  for 
a  are  to  be  rejected,  the  quantity  a*  can  be  removed  from  the  two 
sides,  and  we  have 

-1  222  c 


The  coefficient-equation  thus  becomes  an  index-equation  :  and  the 
leading  coefficient  a  remains  arbitrary.  Only  such  values  of  0, 
being  roots  of  this  equation,  are  to  be  retained  as  have  their  real 
parts  positive. 

Ex.  1.  The  simplest  case  in  which  the  index-equation  becomes  evanescent, 
because  the  diagram  furnishes  no  line  that  determines  a  quantity  0,  arises 
when  the  numerator  and  the  denominator  in  the  fractional  expression  for  y" 
contain  only  one  term  each.  If,  in  this  form,  the  equation  is 


and  the  index-equation  is  evanescent,  then 


so  that 


say,  where  q  is  an  integer  ;  thus  the  form  of  equation  is 


The  index-equation  is  known  to   be  evanescent.     Substituting  y=a&t  the 
coefficient-equation  reduces  to 


or,  removing  the  zero-root  0  =  0  which  is  to  be  excluded,  we  have 
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only  those  roots  will  be  retained  as  admissible,  which  have  their  real  parts 
positive. 

We  shall  discuss  only  the  case  q>0.     In  connection  with  such  a  root, 

substitute 

y  =  uz°, 

where  u  is  not  to  vanish  when  z  =  0  ;  we  have 


=  <9«  +  2  w  +  (9  +  2)  0«  +  W  +  z2u"2P, 

where  P  is  the  quotient,  by  uq  +  \  of  a  regular  function  of  zu'  and  *,  that  does 
not  vanish  with  zu',  if  u  have  a  value  different  from  zero.  On  account  of  the 
equation  satisfied  by  6,  the  terms  involving  u  alone  on  the  two  sides  cancel  ; 
bringing  the  term  in  zu'  from  the  left  to  the  right-hand  side,  the  coefficient 


say.     Then  the  equation,  on  division  by  KZ,  becomes 

zu"  =  pu'  +  zu''2  —  ; 

and  the  character  of  the  solution  depends  (§  212)  upon  the  value  of  p. 

Clearly  an  arbitrary  initial  value  a,  different  from  zero,  can  be  assigned  to 
u  ;  and  the  initial  value  of  u'  is  zero.  First,  if  p  be  not  an  integer,  then  it 
has  been  proved  (§  212)  that  the  equation  possesses  a  solution,  which  is  a 
regular  function  of  z,  and  acquires  the  value  a  when  2  =  0  :  it  is  not  difficult, 
taking  account  of  the  form  of  P,  to  prove  that  this  solution  is  u  =  a;  and 
then  the  corresponding  solution  of  the  original  equation  is 

y=asfi. 

If,  in  addition,  the  real  part  of  p  should  be  positive,  there  is  an  infinitude 
of  integrals,  which  acquire  the  value  a  when  z  =  0,  and  are  regular  functions 
of  z  and  z*>.  This  is  not  the  case,  if  the  real  part  of  p  is  negative. 

If  p  be  a  positive  integer,  then  in  general  the  only  solution  of  the  equation 
is  u  =  a,  leading  to  the  same  integral  of  the  original  equation  as  before. 

Note.     When  q=(\  the  equation  is 

„     v'2 

*?/  =—  i 
./       y 

and  the  primitive  is 

y«(a*+6)«-i, 

a  and  b  being  arbitrary  :  6  =  0,  when  y  is  to  vanish  with  z. 
When  2=  -  1,  the  equation  is 

*"-£ 

and  the  primitive  is 

y  =  az 
a  and  b  being  arbitrary  :  6  =  0,  when  y  is  to  vanish  with  z. 
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Ex.  2.     Discuss  the  equation  for  negative  values  of  q. 
Ex.  3.     Required  the  integrals  (if  any)  of  the  equation 


which  vanish  with  z. 

The  points  to  be  marked  in  the  tableau,  corresponding  to  the  three  terms 
in  the  numerator,  are  the  point  2,  2  for  each  of  them  :  and  the  point,, 
corresponding  to  the  term  in  the  denominator,  is  also  the  point  2,  2.  There 
thus  is  no  line  derivable  from  the  tableau  :  and  the  index-equation  for  the 
lowest  terms  is  evanescent. 

The  coefficient-equation  for  the  lowest  terms,  on  the  substitution  y  =  az« 
where  a  is  not  zero,  becomes 

0(0-l)-20-0a-l, 

that  is,  0  =  1  or  6  =  %. 

First,  let  0=1  :  and  write 

y  =  uz, 

where  u  is  neither  zero  nor  infinite  when  z  =  0  ;  the  equation  for  u  is 

u'2 

zu  +2u  =  —z  —  , 
u  ' 

a  solution  of  which  manifestly  is  given  by  u  =  constant.  As  a  matter  of  fact, 
the  index-equation  for  the  lowest  term  of  u  (taken  in  the  form  Bz*}  is 
evanescent  ;  the  coefficient-equation  becomes 


that  is, 

202  +  0  =  0. 

The  root  </>=-£  would  make  u  infinite  when  2  =  0  :  it  is  therefore  rejected. 
The  root  0  =  0  makes  u  =  £,  when  2  =  0  :  the  solution  thus  obtainable  is 

a  solution  which  vanishes  when  2  =  0,  and  the  derivative  of  which  acquires  a 
finite  assigned  value  when  2  =  0. 
Secondly,  let  6=^  :  and  write 


where  u  is  not  to  vanish  when  x  =  0.     The  equation  for  y  is 

9d2 
x  - 


dy  /  2 


^  j 

dx        y\    dx 

the  equation  for  u  is,  on  removal  of  a  factor  #, 

d2u     du        x  /du\2 

W   _    _    _  __   __  I    _    l 

dx1      dx         u  \dx) 

Let  a  (different  from  zero  and  not  infinite)  be  the  value  of  u  when  .v  =  0  ;  then 
if  |3  is  the  value  of  -=-  when  #=0,  we  have,  by  §  212, 

0-0, 
and  a  remains  arbitrary.     Thus  we  can  write 


.  in.  15 
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where  v'  is  zero  when  #=0  ;  and  we  have 

<Pv_<to_Jc_  (dv 
X~dx*~  dx     a+v\dx 

The  right-hand  side  is  a  regular  function  of  v,  -7-  ,  x.     The  quantity  flt  of 

§  212,  is  unity;  so  that,  unless  the  appropriate  condition  is  satisfied,  the 
equation  in  v  possesses  no  regular  solution.  But  if  that  condition  be  satisfied, 
the  equation  possesses  an  unlimited  number  of  regular  solutions,  which  vanish 
with  x  ;  that  is,  there  is  a  solution  involving  an  arbitrary  constant.  That 
the  latter  is  the  case,  can  be  seen  at  once  :  for,  since  /3  =  0,  a  regular  solution, 
if  it  exist,  must  be  of  the  form 

V 
so  that 

d2v     dv 


and  therefore  equating  coefficients  in 

*v     dv 


the  terms  in  x  have  disappeared  (which  is  the  condition  for  this  case) :  and 
then 

8aa4  =  —  4a22, 

leaving  a2  arbitrary.     It  is  easy  to  see  that  all  the  odd  powers  of  x  in  v  have 
zero  coefficients. 

Thus  there  exists  an  integral  of  the  original  equation  in  the  form 


where  a  and  a2  are  arbitrary  constants.  As  the  equation  in  v  possesses  an 
infinitude  of  regular  solutions  vanishing  with  x,  there  are  no  non-regular 
solutions  vanishing  with  x\  hence  the  foregoing  integral  of  the  original 
equation  is  (for  0  =  £)  the  only  integral  that  vanishes  with  z. 

The   complete  primitive  of  the   original  equation  can   be  obtained  by 
simple  quadratures  in  the  form 


with  which  both  the  preceding  integrals  should  be  compared. 


CHAPTER   XV. 

EQUATIONS  OF  THE  SECOND  ORDER  AND  DEGREE  HIGHER 

THAN   THE    FlRST*. 

226.  IN  the  preceding  chapter,  the  equations  of  the  second 
order  were  taken  to  be  of  the  first  degree:  so  that,  in  every 
instance,  the  value  of  w"  could  be  expressed  as  a  uniform  function 
of  w',  w,  z,  though  not  always  as  a  regular  function  of  those 
quantities.  For  particular  combinations  of  initial  values,  the 
expression  for  w"  might  become  infinite  or  might  become  in 
determinate  :  but  the  expression,  being  uniform  in  the  immediate 

*  For  a  very  limited  portion  of  the  investigations  contained  in  this  chapter,  the 
memoirs  quoted  at  the  beginning  of  Chapter  xui  may  be  consulted.  With  hardly 
an  exception,  the  present  discussion  is  limited  (as  the  title  indicates)  to  equations 
of  the  second  order.  Some  of  the  results  obtained  for  the  second  order  can  be  at 
once  stated  for  an  equation  of  the  nth  order  by  a  mere  generalisation  of  the  symbols. 

In  particular,  the  novel  method  expounded  in  Chapter  vin,  for  the  singular 
solutions  of  equations  of  the  first  order,  finds  its  natural  generalisation  in  the 
present  chapter  for  equations  of  the  second  order  ;  and  it  will  easily  be  seen  that  it 
is  capable  of  extension  to  equations  of  higher  order. 

Moreover,  as  there  is  a  geometrical  interpretation  for  equations  of  the  first  order, 
associated  with  the  theory  of  envelopes,  there  is  a  corresponding  geometrical  inter 
pretation  for  equations  of  the  second  order,  associated  with  the  theory  of  osculants. 
A  full  development  of  this  theory  (which,  so  far  as  I  know,  has  not  been  attempted, 
either  from  a  geometrical  or  an  analytical  standpoint)  might  be  expected  to  throw 
at  least  as  much  light  upon  the  relation  of  singular  integrals  to  complete  primitives 
of  equations  of  the  second  order,  as  has  the  theory  of  envelopes  in  the  corresponding 
question  of  equations  of  the  first  order.  Further,  as  the  circle  is  the  simplest 
curve,  determined  by  three-point  contact  with  a  curve,  (so  that  the  values  of 
y,  y',  y"  are  the  same  for  the  curve  and  the  circle),  the  geometrical  interpretation 
of  singular  solutions  naturally  leads  to  the  introduction  of  the  osculating  circle,  and 
thence,  as  will  be  seen  in  this  chapter,  to  the  theory  of  (circular)  osculants. 
Similarly,  for  the  equations  of  the  third  order,  the  corresponding  discussion  could 
lead  to  the  theory  of  parabolic  osculants  (that  is,  parabolas  with  four-point  contact) 
and  associated  loci ;  and  likewise  for  equations  of  the  fourth  order,  the  discussion 
could  lead  to  the  theory  of  conic  osculants  (that  is,  conies  with  five-point  contact) 
and  associated  loci. 
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vicinity  of  such  values,  could  be  used  to  indicate  the  character  of 
the  integral. 

We  shall  now  consider  equations  of  the  second  order,  which  are 
of  a  degree  higher  than  the  first ;  they  will  be  taken  algebraical 
in  w",  w',  and  generally  also  in  w,  but  merely  analytical  in  z.  The 
first  purpose  is  the  determination  of  the  number  and  the  char 
acter  of  those  integrals  of  the  equation,  which  satisfy  the  condition 
of  acquiring  an  assigned  value  for  an  assigned  value  of  z.  The 
corresponding  condition,  as  regards  their  first  derivative  also, 
will  sometimes  (but  not  universally)  be  exacted  ;  though  it  may 
happen  that  the  equation  and  the  initially  assigned  value  of  w 
may  combine  to  determine  a  value  or  values  of  w'  for  the  assigned 
value  of  z.  The  equation  will  be  denoted  by 

F (z,  w,  w',  w")  =  0, 
of  degree  n  in  w"  in  the  most  general  case. 

Manifestly  it  is  possible,  if  it  be  desired,  to  make  the  discussion 
depend  upon  that  in  Chapter  xin,  which  deals  with  the  integrals 
of  two  simultaneous  equations  of  the  first  order.  For  this  purpose, 
we  take  w  and  (w'  =)  v  as  the  two  dependent  variables :  the 

equations  are 

F  =  F(ztw,v,V)  =  Q 

G  =  W-v--=0 

where  V  =  -,-  ,  TT  =  -j-  .     The  critical  function  is  the  Jacobian  of 
dz  dz 

F  and  G  with  regard  to  V  and  W :  in  this  case  it  is 

dF 
dV 

which  accordingly  must  play  a  critical  part  in 'the  properties  of 
the  integrals  determined  by  the  equation.  The  characteristics  of 
the  integrals  are  better  investigated  independently:  and  associated 
geometrical  interpretations  (for  real  values  of  the  variables)  will 
be  connected  with  curvature  relations  of  plane  curves,  instead  of 
with  tangential  relations  of  tortuous  curves. 
As  regards  the  equation 

F(z,  w,w,  w")  =  0, 

let  z  =  c,  w  =  a,  w'  =  /9  be  an  initial  set  of  values :  then  if  7  denote 
an  initial  value  of  w",  the  whole  set  of  initial  values  satisfy 

F(ct*,0,y)  =  0, 
which  accordingly  is  an  equation  of  order  n  to  determine  7. 
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Simple  roots  7. 

227.     First,  let  7  be  a  root  of  this  equation,  which  is  finite  and 
unrepeated.     In  connection  with  the  original  equation,  assume 

z  —  c  =  x, 

w  —  a  =  fix  4-  fax*  4-  y, 
w'  —  ft  =  7#  4-  y', 

w"  -  y  =  y"> 

so  that  y"  =  0,  when  x  =  0  ;  thus  y  will  be  of  order  higher  than  1 
in  powers  of  x,  and  y  will  be  of  order  higher  than  2  in  powers  of 
#,  for  sufficiently  small  values  of  \x\.  Substitute  these  values  in 
the  original  equation,  so  that 

0  =  F(c  4-  x,  a  4-  &x  4-  fax*  +  y,  (3  +  <yx  4-  y',  7  4-  y") 


where  •=—  ,    •  •  are  the  values  of  -r—  ,    ,  .  when,  after  differentiation. 

3c  9s 

the  values  c,  a,  /3,  7  are  substituted  for  z,  w,  w',  w".     Now  7  is  an 

~\  rr 
unrepeated  root,  so  that  =—  is  not  zero  :  the  equation  therefore  may 

be  solved,  giving  y"  explicitly  as  a  regular  function  of  x,  y,  y',  in 
the  form 


where  the  regular  function  f  vanishes  when  x  =  0,  y  =  0,  y'  —  0. 
Hence  this  equation  is  a  differential  equation  to  determine  y,  the 
initial  conditions  being  that  y  =  0,  y'=Q,  when  #  =  0.  By  §  209, 
we  know  that  there  exists  a  solution,  expressible  in  the  form  of  a 
regular  function  of  x,  subject  to  the  initial  conditions  ;  also  we 
know  that  this  is  the  only  regular  solution. 

It  therefore  follows  that  a  root  7  of  the  equation 
F(c,  «,  &  7)  =  0, 

which  is  finite  and  unrepeated,  determines  an  integral  of  the 
equation  which,  in  the  immediate  vicinity  of  z  =  c,  is  a  regular 
function  of  z  satisfying  the  initial  conditions.  This  holds  for  each 
simple  finite  root  :  so  that  there  are  as  many  such  regular  integrals 
as  there  are  simple  finite  roots. 
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Multiple  roots  7. 

228.     Secondly,  let  7  be  a  root  of  the  equation,  which  is  finite 
and  of  multiplicity  m  ;  then 


8        °'  (r-'l.  ...,*-!> 

The  lowest  power  of  y"  alone,  that  occurs  in  the  transformed 
equation  after  effecting  the  same  substitution  as  before,  is  y"m. 

7}]?         f)W        dfi1 
If^r  —  h  /3  TT  —  h7^-7;  is  not  zero,  then  a  term  involving  the  first 

cc          OOL         dp 

power  of  x  alone  also  occurs.  The  other  terms  involve  y,  or  y  '.  or 
higher  powers  of  #,  or  combinations  of  y,  y,  and  x,  or  powers  of  y" 
with  index  <  m  in  combination  with  x,  y,  y',  or  powers  of  y"  with 
index  >ra,  and  so  on.  With  the  hypothesis  adopted,  take 

y  =  x*u,     y  =  xv, 
so  that  u  and  v  vanish  with  x  ;  then  the  equation  becomes 


where  R  and  S  are  regular  functions  of  their  arguments  and  do 
riot  vanish  when  their  arguments  vanish.  This  equation  can  be 
solved  for  y",  with  the  result 

1  _!_ 

y"  =  xm  g  (V,  U,  Xm\ 

where  g  is  a  regular  function  of  its  arguments,  which  does  not 
vanish  when  v  =  0,  u  =  0,  x  —  0.  To  obtain  the  integral,  let 

x  =  tm  ' 
then  the  equations  are 

t  -T-  +  mv  =  my"  =  mtg  (v,  u,  t) 

Cl/L 

t  ~r  +  %mu  =  m  —  —  mv 
at  x 

the  initial  conditions  being  that  0  =  0,  u  =  0,  when  t  =  0.  The 
critical  quadratic  is 

(fl  +  m)  (ft  +  2m)  =  0, 

so  that,  as  m  is  an  integer  ^  2,  both  the  roots  of  this  quadratic  are 
negative  integers  less  than  -1.  Accordingly,  the  equations  for 
u  and  v  have  solutions,  which  are  expressible  as  regular  functions 
of  t  and  vanish  with  t:  and  they  constitute  the  only  solutions 
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determined  by  the  condition  of  vanishing  with  t.     Hence  there  is 

a  solution  of  the  original  equation,  determined  by  the    initial 

_i 

conditions,  and  expressible  as  a  regular  function  of  (z  —  c)m  :  that 
is,  corresponding  to  the  m-tuple  finite  root,  there  is  a  cyclical 
group  of  m  branches  of  the  integral  which,  at  z  =  c,  have  a  common 
value  a  and,  for  their  first  derivatives,  have  a  common  value  j3. 
To  obtain  the  form  of  the  expression,  let  g  (0,  0,  0)  =  p  ;  then 


ptP(t), 

r 


m+ 

where  Q(t)  and  P(t)  are  regular  functions  of  t  such  that  P(0)  =  1, 
Q(0)  =  l.  Hence  the  cyclical  group  of  branches  of  the  integral 
is  given  by 

w  -  a  =  £  (z  -  c)  +  £7  (z  -  c)2 

+  7  -  Tw  -  IN  (z  ~  c^p  ^  '  c)™]> 

(1+  ±)(2  +  -) 
V        ra/  \        mj 

where  7  is  the  root  of  multiplicity  m,  and  p  is  the  value  of  g  (0,  0,  0). 

It  has  been  assumed  that  the  term  involving  the  first  power  of 
a)  exists  in  the  transformed  equation.  It  is  necessary  to  take  the 
alternative  possibility  into  account,  and  consequently  to  suppose 
that 


. 

dc      ^  da.      '  8/3 

r\  77T 

Various  cases  arise  for  consideration  according  as  ^  is  not  zero, 

Cft 

or  ^7s  =  0  and  —   not  zero,  and  so  on.     The  generally  effective 

dp  OOL 

method  for  such  cases  is  of  even  wider  application  than  to  these 
immediately  :  and  therefore  the  discussion  of  the  cases  will  be 
deferred  until  that  method  is  discussed  (see  §  230,  Exx.  2,  3,  4). 
It  will  be  seen  that  the  integral  is  composed  of  a  number  of 
branches,  equal  to  the  multiplicity  of  the  root  7  of  the  equation 

F(c,  a,  £,  7>  =  0: 

these  branches  are  such  that  they  acquire  a  common  value  at 
z  =  c,  their  first  derivatives  acquire  a  common  value  there,  and 
their  second  derivatives  acquire  a  common  value  there;  but  the 
third  derivatives  are  not,  in  general,  all  equal  to  one  another, 
though  they  may,  in  sets,  have  a  value  common  to  a  set. 


232  EQUATIONS   EVANESCENT  [229. 

Evanescent  form  of  F—  0. 

229.  Next,  it  might  happen  that,  for  the  initial  values 
assigned  to  w  and  w'  when  z  =  c,  the  equation  F(c,  a,  /3,  7)  =  0  is 
evanescent,  so  that  no  inference  as  to  the  value  of  7  can  be  drawn. 
We  then  take 

z  —  c  =  x,     w  —  a  =  y, 

so  that  w'  =  y'  and  w"  =  y",  using  this  form  so  as  to  admit  of 
possibly  infinite  values  for  /3  and  7;  and  we  assume  that  the 
equation  takes  the  form 

F=  2222  aklmny"ky'ly™x-  =  0, 

which  now  will  be  supposed  an  evanescent  equation  when  x  =  0, 
y  =  0.  (If  /S  is  known  to  be  finite,  the  substitution 

w  —  a.  =  &x  +  y 

leads  to  an  equation  of  the  same  form.)  To  determine  the 
integrals  (if  any)  in  the  immediate  vicinity  of  x  =  0,  which  vanish 
with  x,  we  assume 

y  =  p&, 

for  sufficiently  small  values  of  x  :  and  we  equate  to  zero  the 
coefficient  of  the  lowest  power  of  x  that  arises  after  substitution. 
To  this  lowest  power,  let  the  terms 


contribute  ;  since  the  index  is  the  same  for  both,  we  have 
k  (fju  -  2)  +  I  (p  -  1)  +  ra//  +  n  =  k'  (p  -  2)  +  I'  (/*  -  1)  +  m'fi  +  ri, 

so  that  , 

_  n  -  2fc7  -I'  -(n  -2k  -I) 
^  ==  k  +  l+  m-(ti  +  l'  +  m)  ' 

We  mark,  in  a  tableau  referred  to  rectangular  axes  Of  and  Orj, 
all  the  points  k  +  I  +  m,  n  —  2&  —  /,  corresponding  to  the  terms  in 
the  transformed  equation  ;  and  with  these  we  construct  a  Puiseux 
diagram  in  the  usual  manner  (§§  39  —  42).  If  any  portion  of  the 
broken  line  thus  obtained  gives  a  positive  value  for  //,  —  being  the 
tangent  of  the  inclination  of  that  portion  to  the  axis  f  0  —  such 
value  gives  an  appropriate  substitution. 

The  coefficient  of  this  lowest  term  is  to  be  made  zero:  we 
thence  have  a  relation  that  determines  one  or  more  non-zero 
values  of  p. 
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Z) 
Let  yu.,  the  ratio  of  two  integers,  be  - ,  when  expressed  in  its 

lowest  terms;   and  take 

x  =  tf,     y  =  utP, 

where  u  is  to  acquire  the  (non-zero)  value  p  when  t  —  0.  Then  on 
removing  the  lowest  power  of  t,  the  equation  takes  the  form 

2222  aklrnn  Yf/k  Y'lum  +  tR  (?u",  tuf,  u,  t)  =  0, 
where  R  is  a  regular  function  of  its  arguments,  F'  denotes 

-(tu'+pu), 

Y"  denotes 

-  [t*u"  +  (2p  -  q  +  1)  tu'  +  p(p-q)  u}, 

u'  and  u"  are  the  first  and  the  second  derivatives  of  u  with  regard 
to  t :  and  the  summation  extends  over  all  the  terms,  that  give  rise 
to  the  lowest  power  of  t.  Manifestly,  the  equation  determining 
p  is 


\q 

and  only  non-zero  roots  are  to  be  retained. 

Let  pl  be  such  a  root :  and  write 

u  —  pl  4-  v, 
1     ,_  1 

p  *  ~Pl          p  V> 


q  +  1)  tu  +p(p  -  q)  u=p  (p  -  q)(Rl  +  J)  ; 

then  on  substituting  in  H  the  value   for  tzu"  given  by  the  last 
equation,  we  have 


2222  aklmn 

+  tRl(tv',  v,  t,  J)  =  0, 

where  ^  is  a  regular  function  of  fa/,  v,  ^,  /.  This  is  the  equation 
to  determine  <7;  we  thus  obtain  the  various  equations  (if  there  be 
more  than  one)  satisfied  by  the  quantity  u  associated  with  pl. 

If  pl  be  such  that  the  quantity 
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is   not   zero,  that   is,   if,   for   the   initial   values   considered,   the 
equation 


is  not  satisfied,  then  in  the  foregoing  equation  for  J,  there  is  a 
term  involving  the  first  power  of  J  alone  ;  and  thus  it  follows  that 
J  is  expressible  as  a  regular  function  of  tv',  v,  t,  which  vanishes 
with  its  arguments.  We  then  have 

Vv"  +  (2p-q  +  l)tv'  +  p(p-q)v=p(p-  q)J(tv',  v,  t)  ; 

the  character  of  the  quantity  v  (if  any)  then  determined  depends 
(§210)  upon  the  coefficients  of  tv'  and  of  v  on  the  right-hand  side. 
If  however  pl  is  such  that  the  coefficient  of  the  first  power 
of  J  vanishes,  that  is,  if  the  equation 

aZ_o 
W 

is  satisfied  for  the  initial  values,  then  the  preceding  determination 
of  J  is  not  effective.  We  then  are,  in  fact,  in  a  position  much  the 
same  as  at  first,  though  it  is  simpler:  as  will  appear,  we  must 
begin  with  the  equation  which  determines  /1}  again  applying  the 
method  which  so  far  has  been  applied  in  this  section  to  F  =  0. 

Note.  It  should,  moreover,  be  remarked  that  the  application 
of  the  Puiseux  diagram,  while  effective  for  the  case  when  the 
original  equation  becomes  evanescent  for  the  initial  values,  can  be 
made  to  cases  where  the  original  equation,  though  not  evanescent, 
does  not  readily  lend  itself  to  any  algebraical  solution  for  y".  It 
then  is  frequently  convenient  to  know  the  leading  term,  say  pa?, 
in  y,  because  of  the  assistance  thereby  rendered  towards  that 
algebraical  solution  ;  and  accordingly  the  method  is  then  adopted 
for  the  purpose,  particularly  in  connection  with  some  of  the  cases 
left  over  for  consideration. 

Some  examples  will  serve  to  illustrate  in  detail  the  process 
indicated. 

230.     Ex.  1.     Determine  the  integrals  (if  any)  of  the  equation 


which  vanish  with  z. 

Insertion  of  initial  values  makes  the  equation  evanescent.  Constructing 
the  Puiseux  diagram,  we  mark  the  points  2,  -  3  :  4,  -  4  :  0,  1  ;  and  thus  there 
are  two  values  of  0,  viz.  0=£,  0  =  2. 
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First,  let  6  =  %  ;  and  write 

z  =  t\     tv  =  ut, 
so  that 

/     1  dw      1  ,    , 
W  =  2tdt=2t(tU 

1  d2w       1   dw 


~4t^ 
where  u'  and  u"  are  derivatives  of  u  with  regard  to  t.     Substituting,  we  find 

a2  (t2u"  +  tu'  -  u)2  +  (t2u"  +  tu'  -  u)  (tu'  +  u)2u  =  166V5. 

Now  u  is  to  be  finite  and  different  from  zero  when  t  is  0:  if  therefore  its 
value  be  p,  we  have 

Solving  the  quadratic  for  t2u"+tu'  -  u,  we  have 

2a2  (t2u"  +  tu'  -u)  +  (tu'  +  u] 
Let  u  =  p+v;  so  that 

u2  (u + tu')*  -H  64«262£6  =  u2  (u  +  tu')*  •!  1+  - 

and  therefore 

{u2  (u  +  tu')*+64a2b2t?}*=  ±u  (u  +  tu')2  (I+fiQ), 

where  P  and  Q  are  regular  functions  of  t,  v,  and  tv'. 
With  the  positive  sign,  we  have 

1 2u"  +tu'-u=~.u(u+  tu')2  Q ; 


but  p  =  0  is  the  only  value  given  by  this  equation  when  t  —  0  :  and  we 
therefore  neglect  it. 

With  the  negative  sign,  we  have 

t2u"  +  tu'-u=--2u(u  +  tu')2  (I  +%t6  Q\ 
or  taking  u=p  +  v,  we  have 

*  V  +  tv'-v=  -  3v  -  2tv'  +  $  (>',  v,  t), 

where  S  is  a  regular  function,  the  terms  of  which  are  of  at  least  the  second 
order  in  their  arguments  :  and  v  is  to  vanish  with  t.  The  quantities  (§  210) 
denoted  by  fm  ,  fm  ,  fm  ,  are 

/ioo=-3,    /oio=-2,    /ooi  =  0; 
so  that  /3  =  0  (or  v'  vanishes  with  t),  and  the  critical  quadratic  is 


having  Q  =  —  3  +  i  for  its  roots.  The  real  parts  of  both  roots  are  negative,  the 
roots  themselves  being  complex  :  hence  there  is  a  solution  in  the  form  of  a 
regular  function  of  t,  which  vanishes  with  t.  It  is  the  only  solution  which 
vanishes  with  t. 

This  holds  for  each  of  the  two  values  of  p,  viz.  p=±a:  it  is  manifest  from 
the  original  equation  that  the  two  values  of  w,  satisfying  the  equation,  have 
their  sum  zero. 
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Secondly,  let  0  =  2;  and  write 


w  =  uz*. 
Then,  after  removal  of  a  factor  z,  the  equation  for  u  is 

a2  (0V'  +  4zu'  +  2w)2  +  (z*u"  +  4u'z  +  2*0  (zuf  +  2w)2  ^3  = 
so  that,  solving  for  z2u",  we  have 


=  ±  -  +z^Rl  (zu,  u,  z}. 


Clearly 


where  v  vanishes  with  2  ;  and  then 

z  V  +  4zv'  +  2t> 
The  quantities  /100,/010,/001  of  §  210  are 

/100  =  ~  4'      /010  =  ~~  2>      /001  =  ^> 

so  that  )3=0  (or  v'  vanishes  with  z}  :  and  the  critical  quadratic  is 


As  the  two  roots  of  this  are  negative  integers  less  than  -  1,  there  is  a  solution 
of  the  equation,  which  is  expressible  as  a  regular  function  of  z,  and  vanishes 

with  z  :  it  is  the  only  solution,  (  for  this  value  of  6  and  with  either  sign  of  -J, 
which  vanishes  with  z. 

This  holds  for  each  of  the  values  of  u,  when  2  =  0:  it  is  again  manifest 
from  the  original  equation  that  the  two  values  of  w,  satisfying  the  equation, 
have  their  sum  zero. 

Thus  the  solutions  of  the  equation,  which  vanish  with  2,  are 


where  P  (z}  and  Q  (z)  are  regular  functions  of  z,  each  of  which  is  equal  to  unity 
when  2=0.  ,,r 

Ex.  2.     Find  the  integrals  vanishing  with  x  (if  any)  of  the  equation 

fy"2 + gy'  +  ha?  +  Zkxy"  +  lz3  =  0, 
where  /,  g,  h,  &,  I  are  constants. 

The  points  to  be  marked  in  the  tableau  are  2,  -  4  for  the  first  term :  1,  -  1 
for  the  second :  0,  2  for  the  third :  1,  -  1  for  the  fourth :  0,  3  for  the  fifth. 
They  determine  a  single  line  for  which  /*  =  3,  the  first  four  lying  upon  it:  and 

so  we  take 

y  =  ux*,    y'  =  vx2, 

where  u  and  v  are  not  zero  when  #=0.     We  have 

vxz  _  y>  _  y&  (x-d  +  3w), 

so  that 

x 
and 
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so  that  substituting  in  the  original  equation,  we  have 

f(xv'  +  2v)2  +gv  +  h  +  Zk  (xv1  +  2y)  +  Ix  =  0. 

This  is  merely  a  quadratic  in  i/,  and  so  it  could  easily  be  solved  explicitly  :  we 
adopt,  however,  a  different  method,  which  is  suitable  for  equations  that  cannot 
so  easily  be  solved.  Let  p  and  o-  be  the  values  of  u  and  v,  when  x  =  0  :  and  let 

u  =  p+U,     v  =  <r+V, 
where  £7  and  V  vanish  when  x  —  0:  then 

3/3  =  0-, 


are  the  deductions  from  the  first  equation.     From  the  second,  we  have 


<r  will  be  used  to  denote  any  root  of  it.     Now  let  £  denote  asv'  +  2v,  so  that  20- 
is  the  initial  value  of  £  :  then 


Hence 

/  (£2  -  (2<r)2}  +  2k  (£  -  2cr)  +g  (  v  -  o-)  +  Ix  =  0, 
and  therefore 


But 

thus 


the  right-hand  side  being  a  regular  function  of  x,  V,  and  xV,  and  the 
unexpressed  terms  (=T,  say)  being  of  at  least  the  second  order  in  &,  T7, 
and  xV.  Writing 


the  equations  are 


and  the  critical  quadratic  is 

One  of  the  roots,  -  3,  is  a  negative  integer  <  —  1 :  the  other  is  —  e,  upon  the 
character  of  which  the  solution  depends. 

If  e  be  a  negative  integer,  then  in  general  (Chap,  xn)  there  is  no  solution 
of  the  equation,  which  is  expressible  as  a  regular  function  of  x  and  vanishes 
with  x ;  though  there  may  be  an  unlimited  number,  if  the  appropriate  relation  of 
§§  179,  180  is  satisfied.  There  is  a  solution  which  vanishes  with  #,  contains 
an  arbitrary  constant,  and  is  expressible  as  a  regular  function  of  x  and 
#  log  #;  but  if  the  relation  of  §§  179,  180  appropriate  to  the  existence  of 
regular  integrals  is  satisfied,  the  non-regular  integral  does  not  exist. 
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If  f,  though  not  a  negative  integer,  has  its  real  part  negative,  then  the 
equation  possesses  a  solution,  which  vanishes  with  x  and  is  a  regular  function 
of  x  :  it  also  possesses  a  solution,  which  vanishes  with  x,  contains  an  arbitrary 
constant,  and  is  expressible  as  a  regular  function  of  x  and  &—«. 

If  e  has  its  real  part  positive,  then  the  equation  possesses  a  solution, 
which  vanishes  with  x  and  is  expressible  as  a  regular  function  of  x  :  it  is  the 
only  solution,  which  vanishes  with  x. 

In  general,  there  are  two  roots  of  the  equation 


and  each  root  determines  a  corresponding  quantity  e  :  the  above  tests  must 
be  applied  in  connection  with  each  of  the  two  quantities. 

The  solution  is,  however,  ineffective  if,  for  either  of  the  roots  (it  cannot 

in  general  hold  for  both), 

£  +  2/,r  =  0, 

which  is  the  condition  that,  for  the  initial  values, 

a^-o 
ay    ' 

when  the  irrelevant  factor  x  is  rejected.     We  then  have 


for  the  one  root,  the  earlier  form  being  valid  for  the  other  root.  By  actual 
substitution  and  comparison  of  coefficients,  which  will  be  found  to  lead  to 
diverging  series,  it  can  be  proved  that,  when  I  is  different  from  zero,  there  is 
no  solution  of  this  equation  which  vanishes  with  x.  Hence,  for  this  case, 
there  is  no  corresponding  solution  of  the  original  equation  :  and  it  is  only  in 
connection  with  the  other  root  of  the  quadratic  that  a  solution  exists.  It  is 
easy  to  see  that  the  case  contemplated  is  a  special  case,  which  can  arise  only 
if  the  relation 

among  the  coefficients  is  satisfied. 

The  general  value  of  y  is 

y  = 
in  connection  with  the  respective  values  of  o-. 

Note.     One  of  the  cases,  left  undecided  in  §  228,  can  be  made  to  depend 

upon  this  result.     Let 

dF 


OO  T7T 

and  suppose  that  ~  -2  is  not  zero  :  then  the  equation  is 

0=/y2+^y'+AA-2  +  2^y"+  other  terms  of  higher  order, 
where 
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All  the  preceding  analysis  applies  except  that,  in  the  equation 


the  regular  function  T  is  less  simple  than  in  the  particular  result,  though  its 
general  character  is  the  same. 

The  quantity  e  that  determines  the  character  of  the  solution  is 


provided  the  condition,  which  makes  it  possible  to  have  &  +  2/«j  =  0,  is  not 
satisfied.  According  to  the  form  of  e,  we  have  the  various  inferences.  In 
every  case,  corresponding  to  a  solution  y,  there  is  a  value  of  w  given  by 

w  =  a  +  /3  0  -  c)  +^y  (2  -  c)2-f  #, 

so  that  the  different  branches  of  the  integral,  that  correspond  to  the  (repeated) 
value  y,  are  equal  to  one  another  at  z  =  c,  have  their  first  derivatives  equal  to 
one  another,  and  their  second  derivatives  equal  to  one  another  :  but,  in 
general,  their  third  derivatives  are  not  equal  to  one  another. 

We  assume  for  the  present  purpose  that  g  and  k  do  not  simultaneously 
vanish  ;  otherwise  the  term 


would  arise  for  consideration.  (This  term  would  affect  the  characteristic 
form  of  the  solution,  only  if  the  terms  in  x*  and  #3  were  explicitly  absent  from 
the  equation.) 

7)  T/7 

If  g  vanishes  but  not  k,  that  is,  if  ^7  =  0  without  other  conditions,  then 

op 

f  =  2  :  we  have  the  third  of  the  alternatives  as  giving,  for  each  of  the  two 
values  of  o-,  the  sole  solutions  of  the  required  type  that  exist. 

Ex.  3.     Consider  the  equation 


to  obtain  integrals  (if  any)  such  that  y  =  0,  3/'  =  0,  when  %  =  0:  the  coefficients 
/,  g,  h,  k,  I  being  constants. 

The  points  to  be  marked  in  the  tableau  are 

3,  -6:  1,  -1:  0,  2:  1,  -1:  1,  0: 

for  the  terms  in  succession  ;  there  are  two  values  of  /A,  viz.  /Lt  =  f  ,  /*  =  3. 
First,  let  M  =  f  •  and  write 

x  =  t\    y  =  uP,    y'  =  v$, 
where  u  and  v  are  different  from  zero  when  t  =  Q.     Then 


so  that 
Also 

so  that  the  equation,  after  substitution  and  removal  of  a  factor  t3,  becomes 
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Let  u  =  p,  v  =  <r,  when  £=0;  then 

5p  =  2o-, 
and 


Now  o-^O,  so  that  there  are  two  roots  of  this  equation  suitable,  being  such 

that 

¥ 
We  have 


and  therefore 

...,       ~ 

Now  let 

u  =  p+U,     V  =  (T+  F, 

where  U  and  F  vanish  when  £  =  0;  then 


,  ,  ,F_ 


where  T  is  a  regular  function  of  its  arguments. 
The  critical  quadratic  for  these  equations  is 


O     I J 

+ 


where 


the  conclusions  as  regards  the  character  of  the  solutions  are  similar  to  those 
in  Ex.  2. 

Secondly,  let  /*  =  3  ;  we  write 

y  =  ux*,    y  =  vx2. 
We  have 

and 

y 

so  that,  substituting  and  removing  a  factor  .r2,  we  find 

fa  (xv'  +  2  y)3  +pv  +  h  +  k  (xv'  +  2t>)  4-  ?tw?  =  0. 

Let  p  and  o-  (both  different  from  zero)  be  the  values  of  u  and  v  when  <  =  0, 
so  that 


there  thus  is  one  value  for  o-.     (It  is  assumed  that  h  is  not  zero  :  for  the  term 
hx2  in  the  equation  helps  to  determine  the  value  p.  =  3.)     Let 

<M  =  p+£7,     -0  =  <r+F, 
so  that  we  have 

a?ff'+3ff»F, 

U=  regular  function  of  a?,  v,  xv'. 


230.]  EVANESCENT   EQUATIONS  241 

The  critical  quadratic  is 


the  conclusions,  as  regards  the  possible  integrals,  depend  upon  [the  form  of 
2-f<7,  and  are  similar  to  those  in  Ex.  2. 

Thus  in  general  there  are  three  kinds  of  solutions  for  this  equation  :  the 
first  two  are  such  that  2/=0,  y  =  0,  y"  =  0,  y=oo,  when  x=0  •  the  third  is 

such  that  y  =  0,  #'  =  0,  #"  =  0,  y'"  =  -     +2yp  when  #=0. 

Note.     Another  of  the  cases,  left  undecided  in   §  228,  can  be  made  to 
depend  upon  this  result.     Let 

dF       dF       dF 


d2F  dF  .  d3F 

and  suppose  that  -—5  as  well  as  -~—  is  zero  :  but  not     -^  .     The  equation  is 
oy*  Oy  9y3 

0  =fy"  3+gy'  +  hx*  +  Zkxy"  +ly+  higher  terms, 
where 

dF 


and  h,  k  are  as  before  (Ex.  2,  Note).     All  the  analysis  of  the  preceding 
example  applies,  except  that,  in  the  equation 


the  regular  function  T  is  less  simple  than  in  the  example,  though  its  general 
character  is  the  same. 

We  thus  have  the  various  inferences  as  regards  the  possible  solutions  y. 
The  corresponding  values  of  w  are  given  by 


so  that  the  three  branches  of  the  integral,  corresponding  to  the  triple  root  y, 
have  a  common  value  at  c,  have  their  first  derivatives  equal  to  one  another, 
and  their  second  derivatives  equal  to  one  another,  at  that  point  •  but  of  the 
third  derivatives,  two  are  infinite  in  value  and  the  third  is  finite  at  the  point. 

Ex.  4.     Obtain  the  integrals  of  the  equation 

fy"m  +  gy'  +  ^2  +  kxy"  +fy=o, 

(where  m  is  an  integer  >3)  such  that  y  =  0,  j/'  =  0,  when  x=0:  and  discuss  the 
relations  of  the  m  branches  to  one  another. 

Apply  the  results  to  the  case,  left  undecided  in  §  228,  when 


and 


for  r=l,  2,   ...,  ra-1,  but  not  for  r=m:    and  indicate  the  relations  of  the 
m  branches  of  the  solution  of  the  original  equation  to  one  another. 

F.  III.  16 
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Ex.  5.     Obtain  the  integrals  of  the  equation 

(z*ww"  -  z*w'2  +  w2)2  =  4zw  (zw1  -  w)3, 
which  are  such  that  w=0,  w'=@,  when  z  =  0. 
[The  primitive  is 


w=@ze   «(*-«), 
/3,  c  being  arbitrary  constants.] 

Infinite  values  of  7. 

231.  Lastly,  it  may  happen  that,  for  the  initially  assigned 
values  of  z,  w,  w',  the  equation 

F(c,«,&<y)  =  0 

determines,  not  m  values  (equal  or  unequal  in  sets  or  singly),  but 
only  m  —  n  values,  of  7  :  in  fact,  that  it  is  only  of  degree  m  —  n 
in  7,  though  the  original  differential  equation  is  of  degree  m.  The 
inference  is  that,  for  those  initial  values,  n  of  the  values  of  7  are 
infinite.  In  order  to  take  account  of  the  branches  of  the  integral 
(if  any)  associable  with  such  values,  we  write 

z-c  =  x,     w  -  a  =  fix  +  y,     lu  =&  +  y,     w"  =  y", 
in  the  original  equation  ;  and  we  consider  those  values  of  —  /,  which 

are  zero  when  x,  y,  y'  vanish,  given  by  the  transformed  equation  of 

the  form 

u,y"m  +  ^y™-1  +  w2//m-2  4-  .  .  .  +  Um  =  0, 

so  that  u0,  ul}  ...  ,  iin-i  vanish  with  x,  y,  y'. 

There  are  two  ways  of  proceeding.  The  simplest  case  occurs 
when  n=  1,  so  that  u0  is  the  only  coefficient  that  vanishes,  when 
x,  y,  y  vanish.  Then  one  value  of  y"  is  infinite  for  these  initial 
values  :  the  corresponding  root  of  the  algebraical  equation  is 


^  3 
y  u,       u  u, 


where  P  is  a  regular  function  of  a?,  y,  y',  which  is  equal  to  unity 
when  its  arguments  vanish.     Hence 

1  ««i 

y  =-' 
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where  u^/P  can  be  expressed  as  a  regular  function  of  a?,  y,  ij, 
This  regular  function  uJP  is  finite  when  x,  y,  y'  vanish,  because  P 
then  is  unity  ;  and  it  is  not  zero  when  they  vanish,  because  u^  is 
not  zero.  Hence 


=  _ 


p  (x>  y>  y')  ' 

where  p  and  q  are  regular  functions  of  their  arguments,  of  which  q 
does  not  vanish  and  p  does  vanish  when  x  =  0,  y  =  0,  y  =  0.  The 
combination  of  initial  values  is  therefore  an  accidental  singularity 
of  the  first  kind  for  the  quantity  y"  thus  determined:  the  character 
of  such  a  combination,  in  relation  to  the  corresponding  integral, 
has  already  been  discussed  (§  215).  It  is  known  that,  in  general, 
the  point  c  is  an  algebraical  branch-  point  ;  and  the  integral 
consists  of  a  number  of  branches  which  have  a  common  value 
there,  the  first  derivatives  of  which  have  a  common  value  there, 
and  the  second  derivatives  of  which  become  infinite  there. 

The  other  method  of  proceeding  applies  to  the  case  just 
considered  :  but  it  applies  also  to  other  and  more  complex  cases, 
when  the  infinite  value  of  y"  is  multiple,  and  when  the  explicit 
determination  of  y"  in  terms  of  x,  y,  y'  may  be  difficult  or 
practically  unattainable.  We  assume 

y  =  par, 

as  the  leading  term  of  an  integral  for  sufficiently  small  values  of 
|  x  :  and  we  construct  the  customary  Puiseux  diagram.  When 
the  broken  line  in  the  diagram  has  been  obtained,  those  portions 
of  it,  for  which  1  <  //,  <  2,  correspond  to  the  present  case  :  and  the 
method  of  proceeding  is  precisely  similar  to  that  in  preceding 
cases. 

It  may  be  added  that  this  latter  method  is  also  suited  for  the 
discussion  of  what  is  practically  an  omitted  case,  owing  to  a  tacit 
assumption.  The  form  of  the  equation  may  require  that  integrals, 
which  acquire  an  assigned  value  for  an  initial  value  of  the  variable, 
have  all  their  derivatives  infinite  for  that  initial  value  :  so  that  /3 
would  be  infinite.  We  should  then  assume 

w  —  a  =  y,     w'  =  y  ,     w"  =  y",     z  —  c  =  x  : 

and  for  the  transformed  equation  construct  the  Puiseux  diagram 
in  those  cases,  where  it  proves  impracticable  to  obtain  the  express 
ion  of  y"  in  terms  of  x,  y,  y'.  The  portions  of  the  broken  line,  for 

16—2 
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which  0  <  fi  <  1,  correspond  to  this  case :  the  further  development 
is  as  before. 

In  the  several  cases,  the  point  may  be  an  ordinary  point,  or  it 
may  be  a  branch-point  for  the  integrals :  the  integrals  determined 
have  a  common  value  at  the  point,  a  common  value  (which  may 
be  infinite)  for  their  first  derivatives,  and  a  common  value  (which 
may  be  infinite)  for  their  second  derivatives. 

It  is  unnecessary  to  add  illustrative  examples  since,  in  each 
distinct  set  of  conditions,  the  method  of  proceeding  has  coincided 
with  one  of  the  earlier  methods ;  and  each  of  them  in  its  turn  has 
been  illustrated  by  special  examples. 

Ex.     Obtain  the  integrals  of  the  equation 

(20W  -  5zw'  +  6w)  (2z*w" -  7zw'  +  lOw)  +z*  (4z2w"  -  IZzw'  +  15w)  =  0, 
which  vanish  with  z. 
[The  primitive  is 

w= 
where  a  and  b  are  arbitrary  constants.] 


Summary. 

232.  The  results,  which  have  been  obtained,  may  be  sum 
marised  as  follows  for  the  equation 

F  (z,  w,  w',  w")  =  0, 
taken  to  be  of  degree  m  in  w". 
When  a  root  of  the  equation 

F(c,  «,  A  7)  =  0, 

regarded  as  an  algebraical  equation  in  7,  is  finite  and  distinct 
from  every  other,  an  integral  of  the  equation  thus  determined  is  a 
regular  function  of  z,  which  acquires  an  assigned  value  a.  at  z  =  c, 
and  the  first  derivative  of  which  acquires  an  assigned  value  /tf 
there  :  the  second  derivative  acquires  the  value  7. 

When  a  root  7  of  the  equation  is  finite,  but  of  multiplicity  n 
(where  n  >  1),  then  a  corresponding  integral  of  the  equation  is 
composed  of  n  functions,  which  acquire  a  common  value  a.  at  z  —  c, 
the  first  derivatives  of  which  acquire  a  common  value  /3  at  z  =  c, 
and  the  second  derivatives  of  which  acquire  the  common  value  7 
at  z  —  c :  their  third  derivatives  are,  in  general,  not  all  equal  to 
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one  another,  but  may  be  equal  in  sets,  and  all  of  them  may 
be  unequal  to  one  another.  The  functions,  which  compose  the 
integral,  may  be  regular  functions  or  multiform  functions  of  z, 

When  a  root  7  of  the  equation  is  infinite  and  of  multiplicity  p, 
(where  p  ^  1),  a  corresponding  integral  of  the  equation  is  composed 
of  p  functions,  which  acquire  a  common  value  at  z  =  c  ;  their  first 
derivatives  are  the  same  there,  and  likewise  their  second  deriva 
tives  (being  infinite)  :  their  third  derivatives  likewise  are  infinite, 
but  the  infinity  is  not,  in  general,  the  same  for  all.  The  functions, 
which  compose  the  integral,  are  generally  multiform  functions 
of  z. 

Combining  these  results  for  all  the  roots,  we  have  the 
composite  integral  of  the  equation  as  determined  by  assigned 
initial  values. 

The  test  of  multiplicity  of  a  root  7  is  that  it  should  also  satisfy 
the  equation 


so  that  it  is  a  root  common  to  the  two  equations 


dF 
Let  A  (c,  a,  ft)  be  the  eliminant  of  F  and  —  :  then  if  the  relation 

A  =  0  is  not  satisfied,  the  roots  7  are  distinct  :  if  it  is  satisfied,  at 
least  one  of  the  roots  7  is  of  multiple  occurrence. 


GEOMETRICAL  INTERPRETATION. 

233.  As  in  the  case  of  an  equation  of  the  first  order,  so  also 
in  the  case  of  the  equation  of  the  second  order,  it  is  convenient  to 
associate  a  geometrical  interpretation  with  the  analytical  results. 
The  variables  w  and  z  are  restricted  to  have  only  real  values: 
and  the  integral  relation  between  w  and  zy  involving  a  couple  of 
arbitrary  constants  when  it  is  the  primitive,  then  represents  a 
doubly-infinite  system  of  curves.  The  quantity  w  at  any  point 
determines  the  direction  of  the  tangent  to  the  curve  :  and  the 
quantity  w" ',  in  conjunction  with  w't  determines  the  curvature  at 
the  point. 
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Denoting  any  arbitrary  point  z,  w  in  the  plane  by  c,  a,  we  have 
a  limited  number  of  directions  j3  through  the  point,  determined 
by  roots  of  the  equation 

A  (c,  a,  £)  =  0  ; 

let  these  be  denoted  by  ft,  ...  ,  ft,  among  which  /3  =  oo  will  be 
considered  to  be  included  :  and  let  w  =  £  denote  any  other  direc 
tion  through  the  point,  f  being  a  parametric  quantity  which  can 
range  between  -f  oo  and  —  oo  .  Then  assigning  a  value  f  to  w'y  the 
differential  equation  of  degree  m  and  order  two  defines  m  integral 
curves,  which  pass  through  the  point  and  have  a  common  tangent 
there :  but  the  curvatures  of  the  m  curves  are  distinct  from  one 
another.  As  the  direction  f  swings  round  the  point  c,  a,  the 
m  curves  touching  one  another  move  with  it ;  they  keep  their 
curvatures  unequal  at  the  point,  so  long  as  f  does  riot  coincide 
with  one  of  the  quantities  ft.  But  when  f  is  equal  to  any  one  of 
these  quantities  ft  the  m  curves  through  the  point,  which  touch  one 
another,  do  not  have  all  their  curvatures  unequal :  one  group  of 
curves,  containing  two  or  more  members,  will  certainly  have  the 
curvatures  of  all  members  of  that  group  equal  to  one  another,  so 
that  the  curves  osculate  at  the  point :  and  there  may  be  more 
than  one  of  such  groups,  the  common  curvature  of  a  group  not 
being  the  same  as  that  of  another  group.  Those  of  the  m  curves, 
which  do  not  belong  to  such  a  group,  have  each  of  them  its  own 
curvature,  distinct  from  all  the  other  curvatures  of  the  curves 
touching  one  another.  When  the  swinging  tangent  passes  through 
a  critical  direction  ft,  and  resumes  a  parametric  direction  f,  the  m 
curvatures  of  the  touching  curves  again  become  distinct. 

In  general,  the  point  c,  a  is  a  critical  point  (such  as  a  cusp  of 
appropriate  order)  for  those  curves,  which  have  equal  curvature, 
and  the  critical  direction  /3  for  their  common  tangent:  it  is  an 
ordinary  point  for  the  other  curves,  each  with  its  own  isolated 
curvature,  which  have  that  critical  direction  for  its  tangent :  and 
it  is  an  ordinary  point  for  curves  through  it,  which  have  a 
parametric  (non-critical)  direction.  Not  every  critical  point, 
however,  is  a  cusp:  thus  it  can  happen  that  the  curvature  is 
infinite  (the  circle  of  curvature  being  a  point),  and  the  curve  may 
be  continuous  through  the  point :  such  a  case  is  provided  by  the 
curve 

W3  =  25, 
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when,  at  the  origin,  we  assign  a  parametric  direction  coinciding 
with  the  axis  of  z. 

Similarly,  a  direction  through  z  =  c,  provided  by  ft  =  oo  ,  does 
not  necessarily  provide  a  critical  point  on  the  integral  curve, 
though  the  value  z  =  c  may  be  a  branch-point  of  the  integral 
function.  For  instance,  let 

w*  =  zG  (z\ 

where  G  (z)  is  a  regular  function  of  z,  such  that  G  (0)  =  1 ;  then 
z  =  0  is  an  ordinary  point  of  the  curve,  the  direction  coinciding 
with  the  axis  of  w.  The  discrimination  in  such  a  case  would  be 
possible,  by  making  z  the  dependent  variable  and  w  the  indepen 
dent  variable :  it  would  be  effected,  as  for  the  other  critical  values 
if  necessary,  by  consideration  of  the  properties  of  the  differential 
equation  itself. 

Taking  then  the  point  c,  a  as  a  moving  point,  and  a  parametric 
direction  f  as  accompanying  the  point,  the  integral  curves  move 
with  them ;  they  change  their  curvature,  alike  with  the  variation 
of  f  through  the  moving  point,  and  with  the  motion  of  the  point. 


THE  DISCRIMINANT  OF  F  =  0 :   SINGULAR  SOLUTIONS. 

234.  Instead  of  considering  the  discriminant  of  F(c,  a,  /3,  7) 
with  regard  to  7,  consider  the  discriminant  of  F  (z,  w,  w',  w")  with 
regard  to  w" ;  and  let 

A  (z,  w,  w')  =  0 
be  the  eliminant  of 

F(z,  w,  <  w"}  =  0,     gj^  F(z,  w,  w',  w"}  =  0. 

The  functional  relation  of  w'  and  w"  to  w  does  not  arise  in  the 
course  of  the  elimination :  and,  in  effect,  all  that  is  done  is  to 
eliminate  q  between  the  equations 

F(z,  w,  p,  q)  =  0,     g-  F(zt  w,  p,  q)  =  0, 

with  the  result 

A  (z,  w,  p)  =  0. 

Now  when  q  is  determined  from  F=Q  in  terms  of  z,  w,  p,  and 
is  substituted  in  the  other  equation,  the  result  (being  rationalised) 


248  DISCRIMINANT   OF   AN  [234. 

is  A  =  0.     When  the  value  of  q  is  substituted  in  F  =  0,  the  result 
is  an  identity,  so  that 

dF     dFdw     dFdp_ 

dz      dw  dz      dp  dz  ~ 

ri  n  ^  77* 

the  term  in  -^  disappearing  on  account  of  ^—  =  0.     Let  ®  denote 
dF     dF       dF 

so  that 

e  =  ^Y  -— }    —  (  -^ 

Moreover,  the  value  of  p  satisfies 

suppose  that  p  =  -7- ,  so  that  A  =  0  becomes 
ctz 

A  0,  w,  w')  =  0, 
an  equation  of  the  first  order.     We  now  have 


dz 


_ 

q 


consequently,  if  q  =  w",  we  must  have  ®  =  0,  that  is,  if  a  solution 
of  the  equation 

F(z,  w,  w',  w")  =  0 
is  such  as  to  satisfy 

dF(z,  w,  w',  w") 


then  it  must  also  satisfy 


—-'—  0 
•~\    n  —  "i 

dw 


dF     dF    ,      dF    „      _ 
«-  4-  ^-  w '  +  ,r— ,  w  '=  0 ; 

oz      dw          dw 

and  if  a  value  of  w"  given  by  F  =  0  satisfies  the  other  two  equations, 
the  corresponding  value  ofw  is  given  by  the  equation 

A  (z,  w,  w')  =  0, 

rlF 

where  A  is  the  eliminant  of  F  and  =• 

dw 

It  is  clear  that,  in  general,  the  equation 

dF        dF        dF 
^-+p^-  +  o'^  =  0 
dz      ^  dw      a  dp 
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is  not  satisfied  solely  as  a  consequence  of 


If  this  were  so,  the  three  equations  would  not  determine  p,  q,  w, 
as  functions  of  zt  but  would  determine  only  two  of  them  ;  that  is 
to  say,  regarded  as  involving  p,  q,  w,  there  would  be  a  functional 
relation  between  FZ)  Fq,  F,  where 

dF        dF        dF       „      dF 


and  therefore  the  relation 

",  F*,  F, 


p,  q,  w 

would  be  satisfied.  This  is  an  equation  affecting  the  form  of  F, 
which  is  supposed  quite  general  ;  consequently,  it  is  not  satisfied 
by  any  assigned  function  F. 

Hence,  in  general,  it  is  possible  to  eliminate  only  two  of  the 
quantities,  say  p  and  q,  between  F  =  0,  Fz  =  0,  Fq  =  0:  let  the 
result  be  denoted  by 

E  =  E(z,  w)  =  0. 

235.  Suppose  that,  in  a  particular  case,  it  is  the  fact  that  one 
of  the  equations 

^=0,     Fq  =  0,    Fz  =  0, 

say  the  third,  is  satisfied  in  virtue  of  the  other  two.  To  form  A, 
one  method  would  be  to  solve  Fq  —  0  for  g,  substitute  the  various 
roots  in  F  in  turn,  and  take  the  product  of  the  substituted  results, 

say 

A  =  II  (F). 

Let  F'  denote  the  factor  F  which  vanishes  (and  secures  the 
vanishing  of  F)  in  virtue  of  that  value  of  q,  which  satisfies  the 
three  equations  :  and  suppose,  for  simplicity,  that  no  one  of  the 
other  factors  of  A  vanishes.  Thus  we  can  take 


Then 


But  Fz  =Q,F'  =  0;  hence  Az  -  0,  that  is, 

9A     3A    ,      8A     „ 

~  --  h  ^—  W  +  r—>  W    =  0, 

dz       dw  dw 
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in  virtue  of  the  value  of  q  =  w",  which  satisfies  the  three  equations. 
Consequently,  if  the  three  equations  are  definitely  satisfied  by  the 
one  value  of  w"  in  virtue  of  A  =  0,  then  also  the  equation 


8A     8A    ,  ,  8A     „ 
-^-  +  ^—  w  +  ,,— ,  w  —  0 
oz      ow          ow 


is  satisfied. 


Clearly,  if  the  three  equations  are  not  definitely  satisfied  by 
the  one  value  of  w"  in  virtue  of  A  =  0,  then 

8A     8A    ,      8A     „ 

3-  +  5—  W   +  r— ,  W 

d£      ow  ow 

does  not  vanish  for  that  value. 

236.     Now 

A  (z,  w,  w'}  =  0 

is  an  equation  of  the  first  order :  if  it  be  of  degree  K  in  w',  there 
are  in  general  K  solutions,  such  that  w  =  OL  when  z  —  c ;  and  they 
acquire  ft,  ...,  /3K  as  the  values  of  their  first  derivatives  re 
spectively  at  z  =  c,  these  quantities  being  the  roots  of 

A(c,  «,£)  =  (). 
Consider  integrals  of 

F(z,  w,  w',  w")  =  0, 

such  that  w  =  a,  w'  =  j3,  when  z  =  c  ;  then  the  values  of  w"  at  c  are 
given  by 

F(c,a,ft,y)  =  0, 

some  of  which  are  equal  to  one  another  (while  the  rest  of  them 
may  be  unequal)  because  A  (c,  a,  /3)  =  0.  These  values  determine 
integrals.  Each  value  7',  whose  occurrence  is  simple,  determines 
a  regular  function  of  z  —  c,  which  has  the  common  value  a  at  c, 
the  first  derivative  of  which  has  the  common  value  ft,  and  the 
second  derivative  of  which  has  an  isolated  value  7'  there :  also  7 

?\T? 

is  such  that  —  is  not  zero,  when  that  value  of  7  is  substituted. 
dy 

A  value  7",  whose  occurrence  is  multiple,  determines  a  number 
of  functions,  which  have  the  common  value  a  at  c,  the  first 
derivatives  of  which  have  the  common  value  ft  there,  and  the 
second  derivatives  of  which  are  equal  to  7"  there:  also  7"  is  such 

r)  JJ1 

that  =—  is  zero,  when  that  value  of  7  is  substituted. 
87 
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[r)  #n 
is  not  zero,  there  is  no  relation 
fyjy-y 

between  the  second  derivative  of  the  solution  of  F=0,  and  the 
second  derivative  of  the  solution  of  A  =  0,  for  the  values  c,  a,  j3. 

Next.  7"  is  such  that     -5-  is  zero.     If  7"  be  such  that 

L*yj7-y 

8A        ,  3A        „  3A 

AS,    =  —    +W    T$-  +  W     5—,, 

dz  dw  dw 

does  not  vanish  for  z,  w,  w',  w"  =  c,  a,  /3,  7"  —  and  this  is  the  case 
in  general  —  there  is  no  relation  between  the  second  derivative  of 
the  solution  of  F=0,  and  the  second  derivative  of  the  solution 
of  A  =  0,  for  the  values  c,  a,  @.  If,  however,  7"  be  such  that 


is  satisfied  for  z,  w,  wf,  w"  —  c,  a,  /9,  7",  then  the  second  derivative 
of  the  solution  of  F=0  is  the  same  as  the  second  derivative  of 
the  solution  of  A  =  0  ;  as  this  holds  for  the  solution  of  A  =  0  in 
general,  this  solution  can  be  regarded  as  a  solution  of  F=Q. 
It  is  a  singular  solution. 

Now  consider  the  equation 

E(z,w)  =  0'3 

let  c,  a  denote  simultaneous  values  of  z  and  w,  that  satisfy  the 
equation.  Construct  a  solution  of 

A  (2,  w,  w'}  =  0, 

such  that  w  =  a,  when  z  =  c  :  let  w't  thus  determined,  have  a  value 
/S,  when  z  =  c.  Construct  a  solution  of 

F(z,  w,  w',  w")  =  0, 

such  that  w  =  a,  w'  =  @,  when  z  =  c  ;  let  w"  have  a  value  7  at  c, 
and  suppose  that  this  is  one  of  the  multiple  roots  of 

F  (c,  a,  /3,  7)  =  0  : 
multiple  roots  of  F  —  0  exist,  because  A  (c,  a,  /3)  =  0.     Hence 


O   777 

Now  since  ^  is  the  eliminant  of  F,  —  ,  and   [Fz]z=c,  and  since 

87 

^  77T 

Ey  F,  ^-  all  vanish,  it  follows  that 
07 

3F        dF       dF     . 
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and  therefore,  as  in  §  235,  that 

3A        ,  8A        „  3A 
—  +  w  =-  +  w"  ^-i  =  0, 

dz  dw  dw 

when  z  =  c.  Hence  the  second  derivative  of  the  solution  of  A  =  0 
is,  at  the  particular  point  c,  equal  to  the  second  derivative  of  the 
solution  of  F=Q:  that  is,  the  solutions  of  F—  0  and  A  =  0  agree, 
at  the  point  c,  up  to  their  second  derivatives  inclusive.  The 
solution  of  A  =  0  is  then  a  solution  of  F  =  0  at  the  point  ;  but  this 
holds  only  at  the  point,  and  not  for  variation  from  the  point. 

237.     It  has  been  seen  that,  if  the  equations 

,,     .      dF  dF       ,dF       ,,dF 

F=0,  " 


~-,     -  --  —  7, 

dw  dz          dw          dw 

O  ET 

are  satisfied  in  virtue  of  the  eliminant  of  F  and  JT—T,  ,  say 

dw 

A  (z,  w,  w'}  =  0, 

then  an  integral  of  A  =  0  can  provide  a  singular  solution  of  the 
equation  F  =  0.  Now  for  the  particular  values  of  w'  given  by 

dF 
A  =  0,  the  equations  F  =  0,  ^~'/~/=  0  are  simultaneously  satisfied  : 

but,  in  general,  the  third  equation  then  is  not  satisfied.  It  is, 
however,  possible  to  construct  the  form  of  F,  for  which  it  is 
identically  satisfied  :  so  that  the  corresponding  equation  will  have 
a  singular  solution.  To  obtain  these,  it  is  sufficient  to  regard 

dF       ,  dF       „  dF 
«-  +  «/  r-  -f  w  ^—  -,  =  0 

dz          dw          dw 

as  a  partial  differential  equation  satisfied  by  the  form  of  F,  a 
function  involving  z,  w,  w',  w"  ;  we  take  the  most  general  integral 
of  this  formal  equation.  The  subsidiary  system  is 

dz  _  dw  _  dw'  __  dw" 
~\^~w'~  w"  ~  IT  ' 

three  independent  integrals  are 


and  therefore  the  most  general  form  of  F  is 
F=  <&  (w",  w"z  -  w,  w"z2  - 
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where  <3>  is  any  arbitrary  function  of  its  three  arguments :  say 


To  obtain  the  primitive,  we  have 

dF  _  /d<&        d<&       28<£ 
dz      \dtfj        du2         da. 

7  Tjl 

so  that,  as  F  =  0  permanently,  and  therefore  —  =  0,  we  can  have 

w'"  =  0  :  that  is, 

w"  =  a, 

where  a  is  an  arbitrary  constant.     Hence,  since 

-T-  (w"z  -  w')  =  zw'"  =  0, 

we  have 

zw"  —w'  =  j3: 
and  similarly 

so  that 

2w  —  7  -  2@z  +  az2, 
with  the  relation 


among  the  arbitrary  constants. 

An  equation  of  this  form  possesses  singular  solutions*. 

7  IT? 

Ex.     Prove  that  the  alternative  equivalent  of  -=-  =  0,  given  by 


leads  to  a  singular  solution  of  the  original  equation. 

(Dixon.) 

238.  Only  very  brief  indications  have  been  given  as  to  the 
relation,  borne  to  the  original  equation,  by  singular  solutions  of 
A  =  0,  when  they  exist.  Such  a  solution  provides  a  value  of  w' 
which,  with  the  value  of  w,  satisfies  A  =  0  ;  if  it  does  not  also 
provide  a  value  of  w"  which,  with  the  values  of  w  and  w',  satisfies 
F=Q,  it  is  not  an  integral  of  that  equation.  If,  however,  the 
condition  be  satisfied,  it  is  a  singular  integral  of  the  equation 
of  the  second  kind. 

*  This  class  of  equations  was  obtained,  otherwise  and  (I  believe)  for  the  first 
time,  by  Dixon,  Phil.  Trans.  (1895,  A),  pp.  563  —  564.  He  regards  it  as  an  extension 
of  Clairaut's  form 

$  («/,  zw'  —  w)=.Q, 

of  equations  of  the  first  order;  and  he  obtains  it  for  equations  of  order  n. 
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Ex.     Prove  that   an   equation  F(z,  w,  w', 
integral  of  the  second  kind,  if  the  equations 

O    Try  O   TTT 

w    n      °*     n       dj^ 
•r=u,     sr}8*"*     t3 


[238. 
possesses  a  singular 


-o, 


S3  +a.^.«'    »     dw+dzdw" 


^- ,  + 


dw'dw 


w', 


dw'dw" 


=  0, 


}zdw"     dw"dw  dw"dw' 

are  all  satisfied  by  the  same  values  of  w'  and  w",  in  virtue  of  a  single  relation 
Q(z,  w)  =  0:  which  relation  is,  in  fact,  the  singular  integral  of  the  second  kind. 
Are  these  conditions  necessary  as  well  as  sufficient  ? 

239.     To  resume  the  geometrical  interpretation,  we  can  ex 
hibit  the  relations  between  the  equations 


A  (a,  y,y')=0>, 

as  follows. 

Denote  by  x  =  c,  y  =  a,  any  point  in  the  plane  not  lying  on  the 
curve  E  =  0.  Through  that  point,  there  will  in  general  pass  a 
(finite)  number  of  curves,  which  satisfy  the  equation  A  =  0  :  let  the 
tangents  at  the  point  be  called  the  critical  lines,  and  the  curves 
be  called  the  critical  curves. 

Through  the  point  c,  a,  and  touching  any  line  that  is  not  one 
of  the  critical  lines,  there  pass  a  finite  number  of  qurves  satisfying 
the  equation  F  =  0;  these  curves,  which  possess  a  common  tan 
gent,  have  their  curvatures  distinct  from  one  another.  Through 
the  point  c,  a,  and  touching  one  of  the  critical  lines,  there  pass  a 
finite  number  of  curves  satisfying  the  equation  F=0;  they  all 
touch  the  critical  curve  which  has  the  critical  line  for  a  tangent ; 
two  or  more  of  them  have  the  same  curvature,  and  there  may  be 
more  than  one  set,  the  members  in  a  set  having  the  same  curva 
ture,  but  except  for  the  curves  in  such  set  or  sets,  the  curvatures 
are  distinct :  and  in  general,  no  one  of  these  curves  is  osculated 
by  the  critical  curve.  The  condition  for  osculation  is  that 
8A  8A  ,  3A  //  =  Q 
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should  be  satisfied ;  since  the  point  c,  a  is  not  on  the  curve  E  =  0, 
the  condition  is  not  satisfied. 

When  the  curve  E=0  does  not  exist,  the  condition  for  oscula 
tion  is  satisfied  identically ;  the  equation  of  the  osculating  critical 
curve  then  is  a  singular  integral  of  the  original  equation. 

The  critical  curves  may  have  an  envelope,  so  that  the  envelope 
is  a  curve  satisfying  the  equation  A  =  0.  Even  if  the  critical 
curves  provide  a  singular  integral  of  the  original  equation,  their 
envelope  will  not  do  so,  unless  it  osculates  them  as  well  as 
envelopes  them.  Should  the  latter  condition  be  satisfied,  it  pro 
vides  a  second  singular  integral  of  the  original  equation. 

Denote  by  x  —  c' ,  y  =  a',  any  point  in  the  plane  lying  on  the 
curve  E  =  Q.  Through  that  point  there  will,  in  general,  pass  a 
(finite)  number  of  curves  satisfying  the  equation  A  =  0  ;  let  the 
curves  be  called  the  sub-critical  curves,  and  their  tangents  at 
the  point  be  called  the  sub-critical  lines.  The  sole  difference 
from  the  case,  when  the  point  c,  a  lies  off  the  curve  E  =  0,  is 
in  the  case  of  curves,  which  satisfy  the  equation  F  =  0  and  touch 
a  sub-critical  line,  and  when  therefore  also  the  sub-critical  curve 
has  that  line  for  its  tangent ;  the  sub -critical  curve  osculates  one 
of  the  set  of  curves,  which  have  the  same  curvature  at  the  point, 
though  it  does  not  osculate  any  of  the  remainder. 

It  thus  is  possible  to  construct  instances  of  equations  of  the 
second  order,  which  certainly  possess  singular  solutions  of  one  kind 
or  of  both  kinds:  though  the  following  process*  is  not  essentially 
necessary  to  the  existence  of  such  solutions.  Take  any  curve  A, 
other  than  a  straight  line  in  general  (though  this  condition  need 
not  be  observed  universally).  Construct  a  series  of  curves  Alt 
osculating  the  curve  A  and  depending  upon  a  parameter,  which 
will  give  a  family  of  osculating  curves :  also  a  series  of  curves  Sl , 
touching  but  not  osculating  A  and  depending  upon  one  parameter. 
Next,  construct  a  series  of  curves  A2  osculating  the  curves  Al}  so 
that  their  equation  contains  the  parameter  in  A^  and  another  inde 
pendent  parameter;  the  equation  will  thus  contain  two  independent 

*  It  is  indicated  by  Dixon,  Phil.  Trans.  (1895,  A),  p.  562,  in  connection  with 
equations  of  order  n,  solely  as  regards  those  which  possess  singular  solutions  of 
all  classes.  An  instance,  in  which  the  mode  of  construction  does  not  obviously 
imply  the  existence  of  a  singular  integral,  and  which  in  fact  does  possess  such  an 
integral,  is  given  by  the  first  of  the  succeeding  examples. 
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parameters.  Construct  a  series  of  curves  B2  in  the  same  relation 
to  the  curves  B^  as  A2  to  Al}  and  containing  two  independent 
parameters :  likewise  a  series  of  curves  touching  (but  not  osculating) 
one  or  more  of  the  curves  Bl}  so  that  their  equation  contains  two 
independent  parameters. 

Then  regarding  the  constants  of  the  original  equation  as 
non-parametric  constants,  the  equations  of  the  respective  families 
AS,  52,  Gz  each  contain  two  independent  parameters.  They  there 
fore  are  integral  equivalents  of  respective  differential  equations 
of  the  second  order. 

The  differential  equation  of  A2  will  certainly  possess  a  singular 
integral  of  the  first  kind,  being  the  equation  of  Al :  and  it  may 
possess  other  singular  integrals  of  the  first  kind.  It  will  also 
possess  a  singular  integral  of  the  second  kind,  being  the  equation 
of  A;  and  it  may  possess  other  singular  integrals  of  the  second 
kind,  if  A-^  possess  osculating  envelopes  other  than  A. 

The  differential  equation  of  B2  will  certainly  possess  a  singular 
integral  of  the  first  kind,  being  the  equation  of  Bl ;  and  it  may 
possess  other  singular  integrals  of  the  first  kind.  It  will  not  of 
necessity  possess  a  singular  integral  of  the  second  kind :  this, 
however,  can  occur,  if  B^  possesses  an  osculating  envelope,  but  it 
is  not  the  equation  of  A :  and,  in  general,  it  is  not  the  case. 

The  differential  equation  of  (72  will  not,  of  necessity,  possess  a 
singular  integral  of  the  first  kind :  this,  however,  can  occur  if  C2 
possesses  an  osculating  envelope,  but  it  is  not  the  equation  of  Bl : 
and,  in  general,  it  is  not  the  case.  Similarly  it  will  not,  in  general, 
possess  a  singular  integral  of  the  second  kind. 

Ex.  1.     Consider  the  equation 


where  p 

The  primitive  is 

It  can  be  interpreted  as  the  doubly-infinite  aggregate  of  circles  having 
double  contact  with  the  singly-infinite  aggregate  of  parabolas,  which  touch  the 
axis  of  y,  have  their  axis  parallel  to  the  axis  of  #,  and  are  of  latus  rectum  2«. 
In  the  first  place,  it  is  clear  that  a  parabola,  which  is  an  envelope  (but  not  an 
osculating  envelope)  of  the  single  infinitude  of  circles  for  variations  of  ft 
is  not  part  of  a  first  singular  integral ;  and  also  that  the  axis  of  y,  which 
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is  an  envelope  (but  not  an  osculating  envelope)  alike  of  the  parabolas  and  the 
circles,  is  not  part  of  a  singular  integral. 

dF 

The  eliminant  of  ^=0  and  •=-  =0  is 
dq 

A  =  (  1  +jt?2)2  {a2p2  -  a  (a  -  2x]  (  1  +^2)}  =  0. 
Evidently  p2  +  I  =  0  gives 


which  satisfy  the  original  equation.     We  have 

y  +  ix=A,    y-ix=B, 

two  singular  first  integrals  ;   there  is  no  corresponding  singular  second  in 
tegral  for  either  of  them. 

Taking  the  alternative  part  of  A  =  0,  we  have 

,     \OL-X 
p2  =  2  ; 

3B 

the  (repeated)  value  of  q  given  by  the  original  equation  is 


But  from  the  above  value  of  p  derived  through  A=0,  we  have 

dp  —  \cb 

so  that 

dp 

where  the  latter  q  is  that  given  by  the  equation.     Hence  the  equation 


\a~x 
=2— 


p= 

x 


provides  a  singular  integral  of  the  original  equation  :  its  primitive  is  obtained 
by  the  elimination  of  0  between 


The  equation  A  =  0  has  no  singular  integral  other  than  ^=0;    this   does 
not  provide  any  solution  of  the  original  equation. 

Continuing  the  geometrical  interpretation  of  the  results,  we  see  that  the 
first  singular  integral  is  the  (singly-infinite)  family  of  cycloids,  which  touch 
the  axis  of  y  at  their  vertices,  and  have  their  cusps  on  a  parallel  to  the  axis  of 
y  given  by  x=^a.  As  regards  the  osculation  of  any  circle 

(y-a)2  +  (^-/3)2=2«.r 

F.   III.  17 
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id 

} 


of  the  primitive  at  any  point,  by  the  cycloid  passing  through  the  point, 
we  have 


I 

for  the  circle.  Now  p  and  q  are  to  be  the  same  for  the  circle  and  the  cycloid, 
as  of  course  x  and  y  (being  the  coordinates  of  the  common  point) :  but  for 
the  cycloid 


and  therefore 
Thus 


Hence  for  real  points  of  contact,  we  must  have  2/3  negative  (or  zero)  ;  and  if 
2/3  be  negative,  then  a  +  2/3  >  0.     In  that  case,  we  have 


and  so  there  is  a  real  value  for  <   :  also 


and  therefore 

a 
so  that 

c=a  —  £«(<£  —  sin0),  or  = 

If  ^  be  zero,  then  #=0,  y  =  a,  <£=0,  c  =  a. 
As  regards  the  circles 


we  thus  have  three  cases,  in  their  relation  to  tangency  and  osculation  by  the 
cycloid 


If  /3  >  0,  the  point  of  osculation  is  imaginary. 

If  /3=0,  the  point  of  osculation  is  the  vertex  of  the  cycloid  ;  c  =  a  :  and 
the  circle  then  is  the  circle  of  curvature  of  the  parabola  (y  -  a)2  =  lax  at  its 
vertex.  The  circle  of  curvature,  the  parabola,  and  the  cycloid,  have  a  common 
centre  of  curvature  at 

x=a,    y  =  a. 

If  /3  <  0  and  2/3  +  a  >  0,  the  circle  has  imaginary  double  contact  with  the 
parabola  (y  —  af  =  Zax.  The  points  of  osculation  are  two,  viz. 
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on  the  circle  ;  the  two  cycloids  are  determined  by 


=  +a  sn 
where 

cos  0  =  1+—. 

If  /3<0  and  2/3  +  a  <0,  the  circle  is  imaginary. 
As  regards  the  equation 


the  line  x=\a  is  a  locus  of  cusps  of  the  cycloids  :  it  is  not  a  solution  of  that 
equation.  The  line  #  =  0  is  a  singular  solution,  and  provides  the  same  value 
of  p  at  a  common  point  as  the  cycloid  ;  but  the  curvature  of  the  line  is  zero 
and  that  of  the  cycloid  is  finite,  so  that  the  value  of  q  is  not  the  same  as  for 
the  cycloid  at  the  point,  and  therefore  not  the  same  as  for  the  circle  at  the 
point.  It  does  not  provide  a  singular  integral  of  the  original  equation. 

Ex.  2.     Discuss  the  equation 


as  to  the  relation  between  its  complete  primitive  and  its  singular  solutions. 

(The  equation  represents  the  circles  of  curvature  of  the  family  of  parabolas 
in  the  preceding  question.) 

Ex.  3.     Discuss  the  equation 


as  to  the  relation  between  its  complete  primitive  and  its  singular  solutions. 

(The  equation  represents  the  doubly-infinite  family  of  parabolas 
(y-ayi  =  <2lpx+(32  +  I.  The  ^-envelope  of  this  family  osculates  all  the 
parabolas  for  parametric  values  of  /3  :  yet  it  is  not  a  singular  integral  : 
explain  this.) 

Ex.  4.     Shew  that  the  equation 

y-2yy+l=0 

has  no  singular  solution  ;  and  prove  that  the  primitive  of  A  =  0  is  the  locus  of 
the  cusps  of  the  integral  curves  belonging  to  the  complete  primitive. 

(Goursat.) 
Ex.  5.     Shew  that  the  equation 


has  a  singular  integral  of  the  first  kind  :  and  that  the  discriminant-equation 
A  =  0  has  a  singular  integral  of  its  own,  which  is  not  an  integral  of  the  original 
equation. 

Obtain  the  various  integrals. 

(Lagrange,  Serret,  Goursat.) 
Ex.  6.     Shew  that  the  equation 


17—2 
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has  a  singular  integral  of  the  first  kind,  and  a  singular  integral  of  the  second 
kind.  Obtain  their  equations  :  and  exhibit  the  geometrical  relations  to  one 
another  of  the  respective  integrals. 

(Dixon.) 

Ex.  7.  Let  F(w",  w',  w)  denote  an  irreducible  homogeneous  polynomial 
function  of  its  arguments,  the  coefficients  being  constants  ;  a  solution  of  the 
equation 

F(w",  w',  w)  =  0 
is  given  by 

w  =  Aeez, 

where  A  is  arbitrary,  and  6  is  any  root  of  the  algebraical  equation 

F(6'i,  6,  1)  =  0. 

Determine  whether  the  integral  so  obtained  is  a  particular  form  of  the  general 
primitive  or  is  a  singular  integral. 

(Appell.) 

EQUATIONS  OF  ANY  OKDER  AND  DEGREE. 

240.  It  now  is  easy  to  state  the  results,  obtainable  by  a 
corresponding  line  of  proof,  for  a  single  equation  of  any  order  and 

degree.  Denoting  -^—  by  wr,  we  have  the  most  general  equation 
of  order  n  in  the  form 

F(z,  w,  wlf  ...,  wn)  =  0; 
and  we  denote  by 

FT,(Z,  w,  wl}  ...,  wn_!)=0 
the  eliminant  of 

F=0,     |^  =  0. 

own 

Let  the  degree  of  F  =  0  be  m. 

Then  assigning  values  a,  a1}  ...,  an^  to  w,  w^  ;'...,  Wn-i,  when 
z  =  c,  the  solution  of  the  equation  ^=0  determines  m  functions, 
which,  at  z  =  c,  have  a  common  value,  and  the  first  n  -  1  deriva 
tives  of  which  have  respective  common  values  at  that  point. 
When 

FI(C,  a.,  «!,  ...,  an-i) 

is  different  from  zero,  the  nth  derivatives  of  the  m  functions  are 
distinct  from  one  another  at  z  =  c.  When 


is  zero,  a  set  of  two  or  more  of  the  nth  derivatives  have  a  common 
value,  and  there  may  be  more  than  one  such  set:  the  common 
values  being  different  from  set  to  set,  and  different  from  the 
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single  values  for  the  remaining  functions  :  and  generally  the 
(n  +  l)th  derivatives  are  distinct  from  one  another. 

But  though 

FI(Z,  w,  w^  ...,  ^w_!)  =  0, 

at  the  point,  it  is  not  the  case  that,  in  general,  either  for  a  set  of 
functions  w  or  an  isolated  function  w  arising  as  a  solution  of  F=  0, 
the  value  of  the  nth  derivative  is  the  same  as  the  value  of  the 
nth  derivative  of  a  function,  which  satisfies 

J^O,  w,  wlt  ...,  wn_1)  =  0; 
that  is,  in  general,  a  solution  of  F±  =  0  is  not  a  solution  of  F=0. 

But  if 

dF     dF        %l  dF 

3-  +  -—  w±  +  2  ~—  wr+l  =  0, 

dz      dw          r=i  dwr 

either  identically  or  in  virtue  of 


then  a  solution  of  F^  —  0  such  that  the  value  of  w8  is  as, 
(s  =  0,  1,  .  .  .,  n  —  1),  when  z  —  c,  is  a  solution  of  F=  0  :  it  provides 
a  first  singular  integral.  The  general  primitive  of  Fl  =  Q  then 
is  a  singular  integral  of  F  =  0. 

Further  Fl  =  0,  being  an  equation  of  order  n—1,  can  have 
singular  integrals  :  these  usually  have  their  derivatives,  up  to 
order  n  —  1  inclusive,  equal  to  the  derivatives,  up  to  that  order,  of 
the  complete  primitive  for  a  value  z  —  c  :  but  the  nth  derivatives 
are  usually  not  the  same.  Unless  the  first  singular  integral  of 
Fl  =  0  (should  it  possess  a  singular  integral)  has  its  derivatives  of 
order  n  equal  to  that  of  the  primitive,  it  cannot  provide  a  second 
singular  integral  for  F  =  0. 

And  so  on  in  succession.  It  is  possible,  under  the  proper 
respective  aggregates  of  conditions,  that  an  equation  of  order  n 
and  degree  higher  than  unity  can  possess,  in  addition  to  its 
complete  primitive,  singular  integrals  of  the  first  kind,  the  second 
kind,  up  to  the  nth  kind.  The  complete  primitive  involves  n 
arbitrary  parameters  ;  a  singular  integral  of  the  rth  kind  involves 
n  —  r  arbitrary  parameters,  and  it  is  a  singular  integral  of  each  of 
the  intermediate  equations*. 

*  Reference,   in  this  connection,  should  be  made  to  the  memoirs  by  Mayer, 
Goursat,  and  Dixon,  quoted  in  §  200. 
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Ex.     Let 

us=wnz8-wn_1sz8-i  +  wn_2s(s-l)z8-2-...  +  (-iywn_8s\, 
for  s  =  0,  1,  ...,  n-  shew  that  the  equation 


where  $>  is  an  arbitrary  function  of  its  arguments,  possesses  a  first  singular 
integral  :  and  obtain  the  complete  primitive. 

(Dixon.) 


ANALYTICAL  RELATION  OF  SINGULAR  SOLUTIONS  TO 
THE  PRIMITIVE. 

241.     The  analytical  relation  of  the  primitive  of  the  equation 

F(z,  w,  wf,  w")  =  0 
to  the  primitive  of  the  equation 

A  (z,  w,  w')  =  0, 

when  at  the  particular  point  the  value  of  w'  is  one  of  the  critical 
values,  can  be  exhibited  in  the  vicinity  of  the  point  (and  not 
merely  at  the  point)  as  follows.  Let  w  =  rj  be  the  primitive  of 
the  equation  A  =  0,  so  that 


then  because  A  is  the  eliminant  of  F  =  0  and  ^r—  Tl  =  0,  it  follows 

ow 

that,  among  the  roots  W  of 


some  are  certainly  equal  to  one  another.  Let  f  denote  such  a 
repeated  root,  of  multiplicity  K.  Now  let  ,,< 

w  =  ?;  +  u,     w'  —  ?/  +  u, 

so  that,  at  the  initial  point  z  =  c,  the  values  of  u  and  u'  are  zero  in 
relation  to  the  critical  values  ;  and  let 

w"  =  £+v, 
so  that  the  equation  is 

F(z,  97  +  ^,  y'  +  u',  ?+w)  =  0. 

It  is  known  that  when  u  =  0,  u  =  0,  then  v  =  0  is  a  repeated  root 
of  jP=0,  looked  upon  as  an  equation  in  v,  of  multiplicity  K: 
consequently  the  equation  must  have  the  form 

v*=  G(z,  u,  u,  v)  +  vK+lH(z,  ut  u,  v), 
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where  G  is  a  regular  function  of  z  and  of  the  arguments  u,  u',  v} 
which  vanishes  when  u  =  0,  u'  =  0,  and  H  is  a  regular  function  of 
its  arguments  ;  and  therefore 


=  {G(z,  u,  u,  v)  +  vK+lH(z)  u,  u',  v)Y* 

242.  First,  suppose  that  rj  is  not  an  integral  of  the  equation, 
so  that  f—  ?;"  is  not  identically  zero.  It  is  a  function  of  z  ;  let  c 
denote  an  ordinary  point  of  this  function  (not  being  a  zero),  and  let 


so  that,  in  the  immediate  vicinity  of  z  =  c,  we  have 


As  regards  the  value  of  u  thus  determined,  it  is  dependent 
upon  the  form  of  the  function  G.  Without  entering  into  full 
discussion,  consider  the  case  in  which  G  contains  a  term  au  by 
itself  as  well  as  other  terms  ;  then  au  is  the  most  important  term 
in  the  radical.  Manifestly  C  is  the  leading  term  in  u",  and  there- 
fore  C(z-c)  is  the  leading  term  in  u;  accordingly  we  take 


so  that  U  and  V  vanish  with  t.     Then 


K         Out 


where  H:  is  a  regular  function  of  its  arguments  and  vanishes  with 
them:  that  is, 

t~+ 

Cut 

and 


at 
The  critical  quadratic  of  this  pair  of  equations  is 


264  ANALYTICAL  RELATION  [242. 

so  that,  as  K  is  a  positive  integer  ^  2,  the  only  solutions  of  these 
equations,  which  vanish  with  t,  are  regular  functions  of  t  :  and 


=  tP(t), 

where  P  is  a  regular  function.     Thus 
w  —  f  =  u 


24-1 


which  is  the  relation  between  w,  the  solution  of  the  differential 
equation,  and  77  the  solution  of  A  (2,  w,  w')  =  0,  the  two  functions 
having  their  first  derivatives  equal  at  the  general  point  c.  As  c 
moves,  w  and  TJ  both  change  ;  their  difference  is  of  the  foregoing 
form,  c  being  regarded  as  parametric. 

Now  as  c  moves,  it  may  pass  through  a  zero  of 

r-v, 

the  function  which  is  not  identically  zero.  In  the  immediate 
vicinity  of  such  a  zero,  let  the  leading  term  be 

b(z-oY, 

where  ft  >  0,  so  that,  on  the  present  hypothesis,  we  have 

i 
u"=tb(z-cy  +  ...+  {au'+  ...}«, 

and  therefore  u"  vanishes,  when  z=  c,  as  well  as  u  and  u.  In  the 
immediate  vicinity  of  z  —  c,  let  the  leading  term  in  u  be  of  order 

/j,,  so  that  we  may  take 

U  =  OL(Z-  cY, 

for  sufficiently  small  values  of  z-c\:  the  indices  to  be  com 
pared  are 

,-«,    A  - 


If  £  ^  —     r  ,  we  take 

K—  1 


which  makes  the  first  and  the  third  equal  to  one  another,  and 
neither  of  them  greater  than  the  second.    If  /3  <  ^-j  ,  we  take 
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which  makes  the  first  and  the  second  equal  to  one  another,  and 
both  of  them  less  than  the  third. 
In  the  former  case,  we  take 
z-  c  —  tK~l 

u'=t*(a+U]  , 


so  that  U  and  V  vanish  with  t.     Then  a.  is  given  by  the  equation 

i 


or 


K-l 

K 
K  —  \ 


a  =  (aa)K , 


according  as  /3  >   —  —  or  (3  —  --  -  .    Proceeding  as  before,  we  have 

1C  ~"*  _L  /C        JL 

equations  for  U  and  V  in  the  form 

t  —j  —  h  K  U  =  regular  function  of  t,  U,  V 

(Jit 


dV 


The  critical  quadratic  is 


so  that,  as  K  ^  2,  the  only  solutions  of  the  equation  which  vanish 
with  t  are  regular  functions  of  t,  and  then 


where  P  is  a  regular  function  of  its  argument   that  does  not 
vanish  when  z  =  c. 

In  the  latter  case,  /3  is  less  than  --  -  :    we  suppose  it  to  be 

tC        _!_ 

real  and  (when  expressed  in  its  lowest  terms)  of  the  form  —  .     We 
then  take 


uf  =  p 


u  = 


bq 


bq2 


(p  +q)(p  +  2 
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U  and  V  vanishing  with  t  ;  the  equations  that  determine  these 
new  variables  are 


+  ic  (q  +P)  U  =  t*-<*-*P  G  (t,  U,  F) 
cJV 


where  G  is  a  regular  function  of  its  arguments  ;  also  q  —  (K  — 
which  is  equal  to  q  (K  -  1)  (  -  —  —  -  /3  )  ,  is  a  positive  integer.     As 

\/C  ~~~  -L  / 

before,  the  only  solutions,  which  vanish  with  t,  express  U  and  F  as 
regular  functions  of  t  ;  and  then 

w  —  rj  =u 

i 

=  (z-cy+pp{(z-cy«}, 

where  P  is  a  regular  function  of  its  argument  that  does  not 
vanish  when  z  =  c. 

In  both  of  these  cases,  c  is  a  zero  of  the  non-evanescent 
function  f-?/'-  The  quantity  rj  may  be  regarded  as  a  solution 
of  the  equation  at  the  point  c,  but  not  in  the  immediate  vicinity 
of  this  point  ;  that  is,  it  is  a  solution  only  at  a  point. 

243.  Secondly,  suppose  that  rj  is  a  solution  of  the  equation, 
so  that  f  is  actually  equal  to  vj"  ;  then  v  =  u",  and  the  equation  is 

i 

u"={G(z,u,u,  u")  +  ...}K. 

In  this  case  also  the  form  of  u  depends  upon  the  form  of 
G  (z,  u,  u',  u"),  which  vanishes  with  u  and  u'  :  the  leading  term 
in  u  will  manifestly  be  the  leading  term  in  the  solution  of  the 

equation 

u"K  =  G  (z,  u,  u,  u"). 

Because  u  and  u'  vanish  for  a  parametric  value  c  of  z,  and  because 
G  vanishes  with  u  and  u',  therefore  u"  vanishes  for  that  parametric 
value  c  of  z  ;  hence  the  leading  term  is  of  the  form 

«  (z  -  c)e, 

where  6  >  2,  and  it  can  be  obtained  by  the  method  of  §  229. 
When  6,  if  fractional,  is  in  its  lowest  terms,  let  its  value  be  p/q  : 
we  then  take 

z-c  =  tfl  \ 

u'  =  t*~*  (Ooi  +  U)  I  . 
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With  these  values,  and  taking  account  of  the  way  in  which  6  has 
been  obtained,  we  have 

G(z,ut  u,  u")  =  tK^~W  Glt 

where  ft  is  a  regular  function  of  its  arguments  not  vanishing  with 
t,  U,  F;  and  thus 


q     dt  q 

r     (  f\  _  Q\ 

^   a  4-  regular  function  of  £7  and  V, 


The  form  of  the  solution  depends  upon  the  coefficient  of  U  in 
ft"  :  unless  it  is  such  that  the  first  equation  becomes 


where  no  term  in/"  is  of  dimensions  less  than  two  in  its  arguments, 
and  where  7  is  a  positive  integer,  then  a  solution  exists,  which 
is  a  regular  function  of  t  and  vanishes  with  t.     Consequently 
w  —  T  =  u 


where  P  is  a  regular  function   of  its  argument  that  does  not 
vanish  when  z  =  c. 

It  may  happen  that  the  equation  for  u"  takes  a  form 

u"  =  u{K  (z,  u,  u',  u")}K  , 

where   K  is  a  regular  function  not  vanishing  with  u,  u',  u"  :  a 
solution  is  u  =  0,  and  then 

w  —  TJ  =  0, 

that  is,  the  integral  77  then  is  a  particular  form  of  the  primitive. 
In  the  other  cases,  w  =  rj  is  a  singular  integral  of  the  equation. 

Ex.  1.     Consider  the  equation 

a  W2  -  %a?w'w"  +  9zw  =  0. 
We  have 

A  =  aV2-92i0, 
and  therefore 

«V2-  92/7  =  0, 
so  that 
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Taking 

IV  =  U  +  T],       W'^U'  +  T]',       w"  =  V  +  £, 

where  v  is  to  vanish  with  u  and  uf,  we  have 

«V 
and 

being  the  repeated  root  of 

Hence 

a2v  - 
Now 


Take  any  value  s  =  c,  which  is  not  zero  and  not  a  root  of 

62  +  f/3z-*-  3  2-2-3J^  =  0, 

and  let  3  -  c=Z  ;  then 

v  =  u"  + 

Also 


say,  so  that  the  equation  is 


Now  u  =  0,  u'  =  0,  when  Z=Q  ;  hence  w"=  -C0,  when  ^=0,  and  therefore 
the  leading  term  of  ?/  is  -  CQZ.     Accordingly,  let 


and  the  equation  is 


where  62  is  a  regular  function  containing  no  terms  of  dimensions  lower  than 
2  in  its  arguments  :  also 

^  +  47-4*7=0. 

As  the  critical  quadratic  is 


the  only  solutions  that  vanish  with  t  are  the  regular  functions  of  t,  being 
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and  therefore 


The  values  of  w  and  rj  are  equal  at  z  =  c;  likewise  those  of  w'  and  ?/;  but  the 
values  of  w"  and  17"  are  unequal  at  z  =  c. 

Ex.  2.     Discuss  the  nature  of  the  solution  a?r)=z3  of  the  equation  A  =  0,  in 
relation  to  the  primitive  of  the  equation  just  considered. 

CLASSIFICATION   OF  INTEGRALS  OF  AN   EQUATION  OF  THE 
SECOND  ORDER,  AS  ASSOCIATED  WITH  THE  PRIMITIVE. 

244.  The  preceding  results  offer  initial  suggestions  in  con 
nection  with  the  classification  of  the  integrals  of  a  differential 
equation  of  the  second  order.  The  corresponding  question  for 
equations  of  the  first  order  has  received  ample  consideration  from 
various  writers  :  and,  as  is  not  infrequently  the  case  in  generalising 
theorems,  not  a  few  results  can  be  written  down  for  an  equation 
of  general  order  as  soon  as  the  step,  next  after  the  discussion  of 
the  simplest  instance,  viz.  of  an  equation  of  the  first  order,  has 
been  taken  to  the  discussion  of  one  of  the  second  order.  As  the 
relations  between  the  various  integrals  are  initially  more  of  a 
formal  than  of  a  functional  character,  it  will  be  convenient  from 
the  beginning  to  associate  with  the  differential  equation  the  cus 
tomary  geometrical  interpretation  in  regard  to  plane  curves. 

It  is  known  that,  when  an  integral  equation 

g  (a?,  y,  c)  =  0 
satisfies  a  differential  equation 

4>  O,  y,  p)  -  0, 

and   when   the   integral   curve   has  a   proper   envelope,   which   is 
included  in  the  result  of  the  elimination  of  c  between 


the  equation  of  the  envelope  is  an  integral  of  the  differential 
equation.  The  eliminant  may  include  equations,  which  do  not 
belong  to  the  envelope  :  such  an  one  is  the  node-locus,  for  example, 
and  its  equation  is  not  an  integral  of  the  differential  equation  :  so 
that,  as  is  well  known,  the  c-discriminant  of  the  integral  does  not 
necessarily  provide  a  solution  of  the  differential  equation. 
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As  there  is  thus  such  a  limitation  upon  the  results  achieved 
in  connection  with  the  equation  of  the  first  order,  there  will  be 
corresponding  limitations  upon  results,  which  are  based  merely 
upon  broad  processes,  without  fully  detailed  investigation,  applied 
to  equations  of  the  second  order.  The  succeeding  discussion  must 
therefore  be  regarded  only  as  preliminary. 

245.     Let  there  be  a  doubly-infinite  system  of  curves  repre 

sented  by 

f(x,y,  «,0)  =  0, 

where  a  and  ft  are  two  independent  parameters:  their  equation 
can  be  regarded  as  a  complete  primitive  of  the  differential  equation 
of  the  second  order,  which  results  from  the  elimination  of  a  and  ft 
between  the  three  equations 

o=/, 


So  far  as  regards  elimination  of  a  and  ft,  it  does  not  affect  the 
result  what  their  nature  is,  when  these  three  equations  are  taken 
in  this  form.  If  therefore  it  is  possible  to  determine  them  in  ways 
other  than  as  parameters,  the  final  differential  equation  will  be 
the  same,  if  the  three  equations  keep  the  same  form.  Accordingly, 
we  assume  that  both  a  and  ft  are  functions  of  x  to  be  determined 
(if  possible)  so  that  the  equations  have  the  same  form  ;  where 
convenient,  this  assumption  will  be  replaced  by  the  equivalent 
assumption  that  a  is  a  function  of  x,  and  /3  is  a  function  of  a,  both 
functions  initially  being  unknown. 

No  change  in  the  form  of  the  first  equation  is  thus  caused. 
The  second  equation  remains  unchanged,  provided 


da  dx     3/8  dx 

and  therefore,  if  any  form   of  a  and  ft   other  than   parametric 
constants  be  possible,  it  must  be  included  in  the  relation 
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where  ft'  =  dft/dct.     The  third  equation  remains  unchanged,  pro 
vided 


cLj  dx       dvd&  a      dx 


or  therefore  values,  that  are  not  merely  parametric,  must  be  in 
cluded  in  the  relation 


The  form  of  p  is  to  be  the  same,  for  purposes  of  elimination, 
whether  a  be  parametric  or  variable  :  taking  its  value  from  the 
second  of  the  three  equations,  we  have 


as  a  relation  including  the  possible  forms  of  a  and  @.  If  such 
possible  forms  are  definitely  determinable  and  can  be  associated 
with  the  equation  /=0,  the  new  equation  is  such  that,  in  con 
sequence  of  P  =  0,  the  value  of  p  is  the  same  as  at  first,  and,  in 
consequence  of  Q  =  0,  the  value  of  q  is  the  same  as  at  first:  so  that 
the  new  curve  thus  obtained  can  be  looked  upon  as  an  osculant 
of  the  original  curve. 

Now  from  the  three  equations 

/=0,     P  =  0,     Q  =  0, 
we  can  eliminate  x  and  y,  and  obtain  a  relation 

JP(a,/8)/8')  =  0: 

an  equation  of  the  first  order  to  determine  the  value  of  (B  in  terms 
of  a.  Let  its  complete  primitive  be 

<?(«)/3,«)  =  0, 

where  6  is  the  arbitrary  constant  of  integration.  The  value  of  ft' 
is  given  by 

SO     dG 

^  +  p/3=;°' 

and  from  the  mode  of  derivation,  this  value  agrees  with  the  value 
given  by  P  =  0  :  that  is,  we  have 


We  now  have  three  equations,  viz. 

/=0,     0  =  0,     J(f,G)  = 
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involving  an  arbitrary  constant  6,  the  varied  parameters  a.  and  /3, 
and  the  two  variables  x  and  y  ;  eliminating  a  and  /3  between 
them,  we  have  an  equation 


which   can  be  such    that,  from   the   mode    of  its   derivation,   it 
represents  an  osculant  of  the  curves  given  by  the  equation 

f(x,y,  a,  /3)  =  0, 

and  that  it  satisfies  the  same  differential  equation  of  the  second 
order  as/=0,  though  it  is  not  included  within  the  equation/=0. 

Again,  the  family  of  curves 


may  have  an  envelope  ;  if  they  have,  its  equation  is  included  in 
the  eliminant  of  H  =  0  and 


At  the  point  of  contact  of  any  of  the  curves  with  the  envelope, 
the  direction  of  the  tangent  is  given  by 

dH      dH 

•o-  +  P  IT-  =  °- 

dx          oy 

In  general,  the  contact  between  a  curve  and  its  envelope  is  simple 
only,  and  the  curvatures  are  different  :  thus,  in  general,  the 

eliminant  of  H  =  0  and  ^  =  0  will  not  provide  the  same  value 

Gv 

of  q  as  is  provided  by  H,  though  it  provides  the  same  value  of  p  ; 
the  original  differential  equation  will  then  not  be  satisfied.  But 
if,  in  obtaining  the  envelope,  the  value  of  6  be  such  as  to  give  for 
the  envelope  at  the  point  of  contact  the  same  curvature  as  for  the 
curve  of  the  family,  then  the  original  differential  equation  will  be 
satisfied.  From  the  original  equation  JET  =0  we  have,  when  6  is 
no  longer  merely  parametric, 

dH        dH     _ 

^+p  3-  =  0 

dx      r  dy 

7)  TT 
for  the  curve  and  the  envelope,  provided   -     =  0  :  and  also 
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for  the  curve  and  the  envelope,  provided 

de_ 

dx       ' 


that  is,  (6  being  variable),  provided 

d*H 

~ 


As  the  value  of  p  is  the  same  for  the  curve  and  the  envelope,  the 
last  condition  may  be  replaced  by 


82#  dH 

8^80  dy      dyd0  dx 

If  therefore  the  envelope  of  H  =  0  is  also  an  osculant  of  H  =  0, 
the  three  equations 

H=0,         ~  =  0,         #=0, 
ou 

must  coexist  in  virtue  of  a  single  relation  between  x  and  y.  This 
relation  includes  the  equation  of  the  osculating  envelope,  if  such 
an  envelope  exists. 

The  original  equation  f=  0  may  represent  a  family  of  curves 
that  possess  no  osculant,  though  perhaps  they  possess  a  non- 
osculating  family  of  envelopes.  Similarly  the  equation  H  =  0 
may  represent  a  family  of  curves  that  possess  no  envelope  at  all  : 
the  analytical  equations  are,  however,  of  the  same  form,  and  they 
then  correspond  to  other  geometrical  properties.  Accordingly,  in 
favourable  cases,  the  analytical  equations  may  contain,  in  addition 
to  osculants  and  osculating  envelopes  for  f  =  0  and  H  —  0,  other 
geometrical  properties  and  loci.  The  whole  subject  merits  further 
investigation. 

Ex.  1.     Consider  the  equation 

(y-a)2  +  (^-/3)2  =  2^, 

the  complete  primitive  of  the  differential  equation  in  Ex.  1,  §  239. 
The  equation  P  =  0,  on  division  by  2,  is 


The  equation  $  =  0,  on  division  by  4,  is 

^-/3-(y- 
so  that 

y—a_x— 

-p  =  ~T 

F.   III. 
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on  substituting  these  values  in  the  primitive,  the  equation  to  determine  /3  in 

terms  of  a  is  found  to  be 

/3,2=_2£  +  at 

This,  when  integrated,  gives 

'        r» 

a  —  Q  =  ^a(20  +  sin  20)) 

from  which  0  is  to  be  eliminated.     For  the  osculant,  we  have 

a 


=  £a(l+cos20), 

so  that 

Y—  6  =  |  a  (20  -  sin  20). 

The  values  of  X  and  T  give  the  first  singular  integral  of  the  differential 
equation  as  before. 

There  is  no  second  singular  integral. 

Ex.  2.     The  equation* 

has 

for  its  complete  primitive. 
We  take  /=0  in  the  form 

f==y~'    «/33 
We  have 

3/1  "df 

9y  ox 

the  equation  $  =  0  thus  is 

and  therefore 

The  equation  P=0  is 


which,  on  substitution  for  x  and  reduction,  leads  to 

a2/3'2-/32-i  =  0. 
This  can  be  integrated  at  once,  with  the  result 


*  This  illustration  is  given  by  Dixon,  Phil.  Trans.  (1895,  A),  p.  565:  some  slight 
changes  in  constants  have  been  made. 


245.]  OSCULANTS  275 

-where  6  is  the  arbitrary  constant  of  integration.     To  find  the  equation  of  the 
osculant,  we  eliminate  a,  ft  between  this  equation,  /=  0,  and 


the  value  of  ft'  being 

The  result  of  the  elimination  is 


which  accordingly  is  the  osculant  :  and  H—0  provides  a  first  singular  integral 
of  the  original  differential  equation. 

The  three  equations  which  must  coexist,  if  H=0  is  to  possess  an  oscu 
lating  envelope  and  if  the  original  differential  equation  is  to  possess  a  singular 
integral  of  the  second  kind,  are 

0=ff  X 


'These  are  satisfied  simultaneously  by 


that  is,  a  singular  integral  of  the  second  kind  is  possessed  by  the  original 
•difierential  equation,  and  it  is  given  by 


Ex.  3.     Shew  that  the  equation 
(qy  -  2jo2)6  +  54p3  (qx  +  2p]  (qy  -  2jo2)3  +  243  pG  (qy  -  2p2)2  +  729^  q*  =  Q 

has  the  equation 

(y-/8)(*-o)-4y 

for  its  primitive,  where 

/36  -  54a/33  y  +  243^2  y2  +  729y2  -  0. 

Shew  that  an  osculant  of  the  curve,  being  a  singular  integral  of  the  first 
kind  of  the  difierential  equation,  is  given  by 


Is  the  envelope  of  this  singular  integral  a  singular  integral  of  the  second  kind 
••of  the  difierential  equation  ? 


18—2 


CHAPTER   XVI. 

EQUATIONS  OF  THE  SECOND  ORDER  WITH  SUB-UNIFORM 
INTEGRALS  ;  WITH  SOME  GENERAL  CONSIDERATIONS*. 

246.  IT  has  already  appeared  (Chap,  ix)  that  the  determ 
ination  of  descriptive  properties  of  the  integral  of  a  differential 
equation  of  the  first  order  is  somewhat  laborious  and  inconclusive, 
as  compared  with  the  determination  of  analytic  properties  of 
the  integral  function.  This  divergence  is  still  more  marked  for 
equations  of  higher  order,  partly  owing  to  the  mere  added  com 
plexity  of  the  analysis,  but  chiefly  owing  to  the  fundamental 
difference,  to  which  reference  already  (§  91)  has  been  made,  be 
tween  equations  of  the  first  order  and  those  of  higher  order.  By 
Painleve's  theorem,  it  is  known  that  a  parametric  value  of  the 
variable  may  be  a  pole  or  may  be  an  algebraical  critical  point  for 
the  integral  of  an  equation  of  the  first  order  :  it  cannot  be  an 
essential  singularity  of  the  integral.  But  this  property  does  not 
extend  to  equations  of  higher  orders :  as  was  seen  from  a  simple 

*  As  regards  the  earlier  part  (§§  246—258)  of  this  chapter,  the  following  authors 
may  be  consulted: 

Picard,  Liouville,  4™  Ser.,  t.  v  (1889),  pp.  135—319,  Acta  Math.,  t.  xvn 
(1893),  pp.  297 — 300;  the  subject  is  developed  more  fully  in  the  Theorie 
des  fonctions  algebriques  de  deux  variables  independantes  (t.  i,  1897,  the 
later  volume  to  contain  the  applications)  by  Picard  and  Simart : 
Mittag-Leftier,  Acta  Math.,  t.  xvm  (1894),  pp.  233—245: 
Fransen,  Stockh.  Ofv.,  t.  LII  (1895),  pp.  223—241: 
Wallenberg,  Crelle,  t.  cxix  (1898),  pp.  87—113,  ib.  t.  cxx  (1899),  pp.  113— 

181. 

No  attempt  has  been  made  to  give  an  account  of  investigations  that  relate  to- 
descriptive  properties  of  equations  of  the  second  order,  such  as  are  given  in 
Painleve's  Stockholm  Lectures  (quoted  at  the  beginning  of  Chap.  xiv).  The  prin 
cipal  reason  for  this  omission  is  the  same  as  in  the  case  of  a  single  equation  of  the 
first  order,  stated  in  Chap.  x. 
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example  (§  91),  the  integral  of  an  equation  of  the  second  order 
can  have  a  parametric  essential  singularity. 

A  limited  class  of  equations  of  the  first  order  was  considered 
in  Chapter  IX,  the  assigned  limitation  being  that  the  equations 
should  have  no  parametric  critical  points.  In  the  case  of  these 
equations,  a  parametric  value  of  z  is  either  a  pole  or  an  ordinary 
point  of  the  integral,  for  it  cannot  be  an  essential  singularity  of 
the  integral.  Also,  equations  still  more  limited  were  considered, 
viz.  those  which  have  neither  fixed  nor  parametric  critical  points  ; 
their  integrals  are  uniform  functions  of  the  independent  variable. 

It  is  natural  to  enquire  whether,  taking  account  of  the  funda 
mental  difference  between  equations  of  the  first  order  and  those 
of  (say)  the  second  order,  it  is  possible  to  delimit  corresponding 
classes  of  the  latter.  The  simplest  case  to  investigate  obviously 
is  that,  in  which  the  integrals  either  are  uniform,  or  satisfy  as 
many  of  the  indirect  tests  of  being  uniform  as  can  be  framed. 
Thus  it  is  possible  to  assign  the  conditions  that  no  parametric 
value  of  the  independent  variable  shall  provide  an  algebraic 
critical  point  of  the  integral.  We  can  also  determine  whether 
an  integral  of  an  equation  of  the  second  order  is  uniform  in  the 
vicinity  of  any  point,  when  it  is  determined  by  the  assignment 
of  arbitrary  values  to  itself  and  its  first  derivative  at  the  point. 
But  even  if  all  the  necessary  conditions  are  satisfied,  it  does  not 
follow  that  the  integral  is  a  uniform  function  :  for  the  possibility 
that  the  integral  may  possess  a  parametric  essential  singularity, 
with  either  definite  or  indefinite  branching,  is  not  touched  by 
either  of  the  sets  of  conditions.  It  manifestly  is  not  touched 
by  the  first,  which  deals  with  algebraical  branching  only  ;  it 
manifestly  is  not  touched  by  the  second  because,  if  the  point 
be  an  essential  singularity,  the  assigned  values  will  be  included 
among  the  unlimited  number  which  can  be  acquired  at  an 
essential  singularity. 

For  instance,  consider  the  equation 


If  a  point  a  could  be  an  algebraical  branch-point  (with  either 
finite  or  infinite  values  of  the  function  there),  the  governing  term 
would  have  a  form 

K 

(z  -  a)n  ' 
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where  K  is  a  constant,  and  n  is  some  (non-integer)  positive  or 
negative  rational  quantity.  On  the  left-hand  side,  the  index  of 
the  governing  term  is  —  (6n  -f  5)  ;  on  the  right-hand  side,  it  is 
—  (6n  +  6).  These  two  cannot  be  equal  :  and  therefore  no  con 
ditions  have  to  be  assigned  to  exclude  any  parametric  point  from 
being  a  branch-point.  Also,  taking  the  equation  in  the  form 


w 

and  assigning  initial  arbitrary  values  to  w  and  w  —  the  value  zero 
may  not  be  assigned  to  vu,  because  for  no  number  n  can  there  be 
a  leading  term  K(Z  —  a)~n  —  then  the  equation  determines  three 
separate  functions,  each  of  them  uniform  :  that  is,  it  would  be 
satisfied  by  three  uniform  functions  of  the  variable.  As  a  matter  of 
fact,  the  general  integral  is  not  uniform  :  the  complete  primitive  is- 

w==OLe(z-cr^ 

where  a  and  c  are  arbitrary:  the  parametric  value  c  is  an  essential 
singularity. 

As  another  example  —  it  is  propounded  by  Picard  —  consider 
the  equation,  which  has 

w  =  f>{«  +  log  (*  +  £)} 
for  its  primitive,  a  and  &  being  arbitrary.     The  point 

-  p'  +  e~a 

is  a  (parametric)  pole  of  the  integral,  and  the  (parametric)  point 
-  ft  is  an  essential  singularity  :  there  are  no  algebraical  branch 
points.  The  integral  is  uniform,  only  if  2?n  is  a  period  of  the 
elliptic  functions:  a  condition  which  would  require  a  trans 
cendental  relation  between  the  invariants  g.2  and  gs. 

Still,  the  equations,  which  satisfy  the  conditions,  that  no  para 
metric  point  is  an  algebraic  critical  point,  and  that  the  assignment 
of  initial  arbitrary  values  determines  an  integral  function  (or  a 
limited  number  of  integral  functions)  uniform  in  the  vicinity  of 
the  initial  point,  constitute  a  definite  class.  They  are  called  by 
Picard*  equations  having  their  general  integral  a  apparence 
uniforme:  here,  they  will  be  called  equations  with  sub-uniform 
integrals.  The  further  tests,  necessary  that  the  sub-uniform 

*  "  Memoire  sur  la  theorie  des  fonctions  algebriques  de  deux  variables  inde"- 
pendantes,"  Liouville,  4me  Ser.,  t.  v  (1889),  p.  278;  Acta  Mathematica,  t.  xvn 
(1893),  p.  298. 
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integral  should  really  be  a  uniform  integral,  are  as  yet  un- 
formulated  for  the  general  equation. 

Further,  among  equations  of  the  second  order,  there  are  two 
classes  which  admit  of  immediate  formal  reduction  to  the  first 
order.  One  class  is  constituted  by  those,  from  which  the  de 
pendent  variable  is  explicitly  absent,  so  that  they  have  the  form 

$  (z,  w  ,  w")  =  0  : 
by  taking  w'  =  wlf  the  equation  becomes 

<t>(z,  i^,  w1')  =  0, 

and  the  general  integral  of  the  latter  leads,  after  a  quadrature,  to 
the  general  integral  of  the  former.  The  other  is  constituted  by 
those,  from  which  the  independent  variable  is  explicitly  absent,  so 
that  they  have  the  form 

<£  (w,  w',  w")  =  0. 

By  taking  w'  =  W,  so  that 


=, 

div 
the  equation  becomes 


dwj 

which  is  of  the  first  order  and  has  w  for  the  new  independent 
variable.  The  disadvantage  of  this  form  for  discussion  of  the 
functional  properties  of  the  integral  lies  in  the  fact,  that  the 
independent  variable  is  not  definite,  when  z  acquires  a  value 
which  is  an  essential  singularity  of  w. 

The  latter  class  is  the  more  important  of  the  two.  We  shall 
deal  with  the  case  when  it  is  of  the  first  degree  in  the  derivative 
of  the  second  order. 

PICARD'S  EQUATIONS  OF  SECOND  ORDER  AND  FIRST  DEGREE, 
WITH  SUB- UNIFORM  INTEGRALS. 

247.  We  proceed  therefore  to  the  consideration  of  such 
equations 


/      dw 

7     —  R  (w,  -7- 
dz2          \      dz 


as  have  their  integrals  sub-uniform  :  R  being  rational  in  w  and 
-T- 

CL2 


-T-,  and  being  explicitly  independent  of  z. 
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In  the  first  place,  R  must  be  an  integral  function  of  -=- .     It 

CiZ 

has  been  seen  that,  when  R  has  the  form 

f(zt  w,  w') 
g  (z,  w,  w') ' 

initial  values  of  w  and  w',  which  make  g  vanish  but  not  f,  lead  to 
a  multiform  function  for  the  integral  (§  215):  a  result  excluded 
by  the  hypothesis  of  the  problem.  We  thus  have 

w"  =  AQ  +  A1w'  +  ...  +  Anwn, 

where  A0,  Aly  ...,  An  are  rational  functions  of  w.  Let  mr  be  the 
excess  of  the  degree,  in  w,  of  the  numerator  in  Ar  over  its 
denominator  (for  r  =  1,  ...,  n). 

Next,  let  a  denote  a  value  of  z,  which  is  a  pole  of  w ;  as  the 
integral  is  supposed  to  be  uniform  in  the  immediate  vicinity  of 
a,  it  can  there  be  expanded  in  the  form 


where  K  is  a  constant,  0  is  a  positive  integer,  and  all  the  indices 
of  the  unexpressed  terms  are  greater  than  —  0.  Then  the  ex 
pansion  of  Ar  in  ascending  powers  of  z  —  a  begins  with  a  term  in 
(z  —  a)~6mr,  and  the  expansion  of  Arw'r  begins  with  a  term  in 
(z  —  a)~emr-r(9+v  ;  and  therefore  the  greatest  negative  indices  in 
the  successive  terms  on  the  right-hand  side  are 

0m0,     0??i1  +  0  +  l,     Om.2  +  2  (0+  1),  ... . 
The  negative  index  of  the  single  term  on  the  left  is 

0+2, 

which  accordingly  must  be  equal  to  one  or  more  than  one  (being 
the  greatest)  of  the  indices  on  the  right.  The  most  general  case  is 
that  in  which  all  the  indices  on  the  right  are  equal  to  one  another, 

so  that  we  can  have 

0m0  =  6mr  +  r  (0  +  1), 
and  therefore 

V          07  ' 

for  various  values  of  r.  Now  0  must  be  unity  at  least :  as  all  the 
indices  mr  are  integers,  0  cannot  be  greater  than  unity,  if  the 
above  relation  holds  for  each  of  the  numbers  m ;  hence  we  have 

m0  =  mr  +  2r. 
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If,  however,  the  indices  on  the   right-hand  side  are  not  equal  to  one 
another,  then  a  modification  must  be  made.     For  instance,  let 


6mQ  =  0m2+  2(0  +  1); 
then 

l--, 


which  would  be  satisfied  if  6  =  2,  by  taking 

nil  <  mo  ~  f  ^  mo  ~  2> 

w2  =  ra0  —  3  : 
and  so  on.     It  is  easy  to  see  that,  in  general,  we  have 

mQ  ^  mr  +  2r, 

if  the  net  degree  of  AQ  in  powers  of  (z  -  a)  ~  l  is  not  less  than  the  net  degree  of 
any  other  term. 

Also  the  highest  negative  index  on  the  right-hand  side  must 
be  equal  to  6  +  2,  so  that 

<9+2  =  w06>, 
and  so 


For  the  most  general  case,  the  value  of  6  is  1,  so  that 

m0  =  3  ; 

and  therefore  ml  =  1,  m2  =  —  1,  and  so  on.  The  net  degrees  of  the 
coefficients  of  the  derivatives  of  w  are  thus  3,  1,  —  1,  .... 

Again,  the  integral  is  to  be  a  uniform  function  in  the  vicinity 
of  any  point.  Let  #„  be  any  point  ;  let  the  integral  function  have 
a  value  w0  assigned  to  it  there  ;  then  in  the  immediate  vicinity  of 
z0,  we  have 

w-wQ  =  \(z-z.)K  +  ..., 

the  unexpressed  terms  having  indices  greater  than  K.  As  the 
integral  is  to  be  uniform,  no  such  expansion  can  be  possible  in 
which  K  shall  have  a  fractional  value  ;  in  particular,  K  must  not 

have  a  value  -  ,  where  the  integers  q  and  p  are  prime  to  one  another, 
and  q<p.  For  such  an  expansion,  the  lowest  term  in  z—  z^  on 

the  left-hand  side  would  have  an  index  —  —  2  :    and  as  —  —  1  is 

P  P 

negative,  the  lowest  term  in  z  —  ZQ  on  the  right-hand  side  would 
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have  an  index  (-  —  1]??.     The  equation  could  be  satisfied  (with 


other  conditions  among  coefficients)  if 
P  \P~ 


that  is,  if 


_     -^  _ 

9        71  —  1  ft  —  1  ' 


For  values  of  n  greater  than  2,  such  a  fractional  value  would  thus 
be  possible.  On  the  other  hand,  on  the  hypothesis  adopted,  such 
an  expansion  is  to  be  impossible ;  and  therefore  n  may  not  be 
greater  than  2,  that  is,  the  right-hand  side  of  the  equation  cannot 
have  more  than  three  terms.  The  equations  therefore  have  the 
form 


where  A0t  Alt  A^  are  rational  functions  of  w,  of  net  degrees 
3,  1,  —1,  respectively. 

248.     Transforming  this  equation  momentarily  to  the  form 

dv 
dw 

where  v  denotes  w',  we  have  an  equation  of  the  first  order  in  v  as 
a  function  of  w.  By  the  adopted  hypothesis,  w  is  to  be  regular  in 
the  vicinity  of  any  value  of  zt  and  w'  also  will  be  regular  there ; 
when  therefore  a  relation  between  w  and  w'  is  sought  in  that 
vicinity,  it  is  a  definite  equation  though  the  functions  expressing 
the  relation  may  be  multiform.  Thus,  if 

W-WQ  =  (Z-  c)n  P(z-  c), 

where  P  is  a  regular  function  that  does  not  vanish  with  its 
argument,  then 

w'  =  (z-  c)n~l  Pl  (z  -  c), 
and  therefore 

til)'   =  (<IV  —  Wn}        n  0  i(W   —  W,^)n  I  , 

\  9/  A/      (^  \  w/          )   ' 

that  is,  the  value  of  w  can  be  an  ordinary  point,  or  a  definite 
branch-point,  but  it  cannot  be  a  point  of  indeterminateness,  of  w'. 
If  n  =  1,  the  point  is  an  ordinary  point,  and  w'  is  not  zero  there ; 
if  n  >  1,  the  point  is  a  branch-point,  and  w'  is  zero  there. 
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To  determine  necessary  conditions  (if  any),  let  w0  be  any  point 
in  the  vicinity  of  which  A0,  Aly  A2  are  regular.     Let 


so  that  the  equation  is 

0  +  vAl  +  v*Az. 


When  n  =  1,  the  condition  is  that  v  is  not  zero,  when  u  =  0;  which 
can  be  satisfied  by  taking  an  arbitrary  initial  value  for  v  :  and 
then  we  have 


where  R  is  a  regular  function  of  u,  which  does  not  vanish  with  u. 

We  then  have 

fdu      f  du 


the  inversion  of  which  gives  a  general  integral,  uniform  in  the 
vicinity  of  u  =  0.  Hence,  in  this  case,  no  condition  need  be 
imposed  upon  the  original  equation. 

When  n  >  1,  a  condition  is  that  v  is  zero,  when  u  —  0.    We  have 
du  v 

so  that,  if  Wo  is  not  a  root  of  A0  (say  any  arbitrary  quantity), 
we  have 

that  is, 

so  that  n  =  2.     Then 

z  —  c  — 

where  R  is  a  regular  function  of  its  argument,  which  does  not 
vanish  when  u  =  0.  Effecting  the  quadrature,  and  inverting  the 
relation,  we  have  u  (and  therefore  w  —  w0)  as  a  uniform  function 
of  u.  If  however  w0  is  a  root  of  AQ(w),  the  equation  still  being 

du  _  v 

dv  ~ 
we  have 
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where  Ql  is  a  regular  function  of  v,  and  T  vanishes  with  v.     Now 
taking  the  first  form  of  u,  we  have 


where  Q2  is  regular,  that  is,  -7-  =  0  when  v  =  0.     As  regards  the 
fraction  equal  to  -7-,  it  is 


A^v  +  ArfP  +  Ao'vT  +  powers  of  v 

1  _ 

J.j  -f-  JL2v  -f  ^-o'^7  +  powers  of  v  ' 

that  is,  it  is  not  zero  when  v  =  0.  These  results  are  contra 
dictory:  and  therefore  w0  cannot  be  a  zero  of  A0,  when  n  >  1. 
Hence  when  an  initial  value  w0  is  assigned  to  w,  this  value 
being  an  ordinary  point  of  A0,  A^  Az,  the  general  integral  is 
regular  in  the  vicinity:  either  if  an  arbitrary  value  be  assigned 
to  w'  for  w  =  WH  ;  or  if  a  zero  value  be  assigned  to  w  for 
w  =  w0,  provided  w0  is  not  a  root  of  A9  =  0.  This  is  the  sole 
condition  (and  it  is  one  of  inequality)  to  be  imposed  upon  the 
original  equation,  when  w9  is  an  ordinary  point  of  each  of  the 
quantities  A0,  Alt  Az. 

Next,  let  WQ  be  a  pole  of  one  of  the  coefficients  A0,  AI,  A2,  and 
let  it  be  of  multiplicity  s  ;  then  the  equation  takes  the  form 


where  </>  (v,  w)  is  a  uniform  function  of  v  arid  a  regular  function  of 
w,  of  the  form 


BQ,  Blt  B2  being  regular  functions  of  w,  not  all  of  which  vanish 
when  W  =  WQ.     As  the  lowest  power  of  w  -  w0  in  v  has  1  -  -  for 

its  index,  the  lowest  index  of  powers  of  w  —  WQ  on  the  left-hand 

side  is 

1 
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On  the  right-hand  side,  the  lowest  index  in  the  first  term  is 

1  --  ,  if  B2  does  not  vanish  ;  in  the  second  term  it  is  0,  if  B-^  does 
n 

not  vanish  ;  in  the  third  term  it  is  —  1  +  -  ,  if  B0  does  not  vanish  ; 

and  the  lowest  of  these  must  be  equal  to  s  --  .     If 

n 


,-i—  i+i 

n  n 


so  that 


n 

the  only  possible  integer  values  are  n  =  1,  s  —  1.    If 


the  only  possible  integer  values  are  s  =  I,  n  =  1.    If 

,-i  =  i-i, 

n  n 

then  5  =  1. 

Hence  in  every  case  5  =  1;  thus  no  one  of  the  coefficients 
Ao,A1}Az  can  have  a  multiple  pole,  if  the  integral  of  the  equation 
is  to  have  the  specified  character.  Let  a,  /3,  .  .  .  ,  A  denote  the 
aggregate  of  the  poles  of  AQ,  Al}  A%,  each  of  them  being  simple, 
and  there  being  m  in  all  ;  then  the  equation  has  the  form 

-n  /    \      s\  ,    ^  dw       r.  , 


^ 

dz2  (w  —  a)  (w  —  /3)  .  .  .  (w  —  A) 

where  P,  Q,  R  are  polynomials  in  w,  respectively  of  degrees  m  +  3, 
m  +  1,  m  —  1  at  most. 

In  particular,  if  m  =  0,  there  is  no  function  R  (w),  and  the  term 

(dw\2 
-7-  j   disappears  from  the  right-hand  side. 

249.  The  conditions  that  have  been  obtained  are  necessary  : 
but  they  merely  settle  the  general  type  of  the  equation,  which  can 
have  sub-uniform  integrals  ;  and  they  are  not  sufficient  to  secure 
this  property. 

The  simple  equation 


d2w  _      c      idw\2 
~dz?  ~  w-a  \dz)  ' 
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which  is  an  instance  of  the  general  type,  has 

i 
w  —  a  =  A  (z  —  a)l~c 

for   its   primitive,   A    and    a   being   arbitrary.      This    functional 
expression  for  w  is  not  sub-uniform  (nor  uniform),  unless 

..,.1. 

where  n  is  an  integer  (positive  or  negative).     Thus  one  condition 
upon  the  constant  c  is  necessary. 
On  the  other  hand,  the  equation 

~ 

=  aw*  +  2bw  +  c, 


dz* 
where  a,  b,  c  are  constants,  has 

aw  +  1)  =  6|p  (z  -  K,  #a,  #3) 

for  its  primitive,  the  invariant  #2  being  j-  (62  -  ac),  and  the 
arbitrary  quantities  being  K,  and  the  invariant  g3.  The  primitive 
manifestly  gives  w  as  a  uniform  function  :  and  no  condition  needs 
to  be  imposed  on  the  equation. 

We  proceed  to  obtain  the  further  conditions  that  must  be 
satisfied  for  the  various  forms. 

The  two  cases,  ra  >  0,  m  =  0,  will  be  discussed  separately. 

Case  I  :   m  >  0. 
250.     In  the  former  case,  let 

D(w)  =  (w-a)(w-/3)...(w-  X), 
,so  that  the  equation  is 


d*w  _  P(w)     Q(w)  dw     R(w)  /dw\2  < 
dz*  ~D(w)     D(w)  dz  +~D(w)  \dz)  ; 

or  writing  W  for  -^  ,  we  may  take  it  more  briefly  in  the  form 

P+QW  +  RW* 


.^ 

w   —  W  -j-  = 

dw  D 


Now  if  w  is  a  sub-uniform  function  over  the  plane  of  the  variable, 
.so  that  it  is  uniform  in  the  vicinity  of  any  point,  w,  w',  w"  are 
finite  together  and  are  infinite  together;  a  finite  value  for  any 
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one  of  them  requires  a  finite  value  for  each  of  the  other  two,  and 
likewise  for  an  infinite  value.  Moreover,  it  is  the  general  integral 
which  is  being  discussed,  so  that  there  will  be  two  arbitrary 
constants  in  its  expression.  One  of  these  arises  in  connection 
with  the  independent  variable,  which  manifestly  will  occur  in  a 
form  z  —  c,  where  c  is  arbitrary  ;  so  that  the  integral  must  contain 
one  other  arbitrary  constant,  besides  involving  the  combination 
z  —  c. 

First,  consider  finite  values  of  w.  Let  any  value  w0  be 
assigned  as  an  initial  value  of  w,  and  any  value  W0  be  assigned 
as  an  initial  value  of  W:  so  that  W0  is  finite.  If  w0  is  not  a  root 
of  D,  then,  (subject  to  a  single  condition  of  inequality,  as  has  been 
seen),  the  equation  is  satisfied,  in  connection  with  these  values, 
by  an  integral,  which  is  a  uniform  function  of  z  in  the  vicinity  of 
the  (arbitrarily  assigned)  initial  value  of  z.  Hence  in  connection 
with  such  values,  no  further  condition  needs  to  be  imposed  upon 
the  equation. 

If  however  w0  is  a  root  of  D,  say  a,  then  the  assignment  of 
an  arbitrary  initial  value  to  W  will  make  the  initial  value  of  w" 
infinite  :  and  this  is  to  be  excluded.  Consequently,  the  initial 
value  of  W,  when  a  is  the  initial  value  of  w,  must  satisfy  the 
equation 


Manifestly  there  are  in  general  two  values  :  say  pl  and  p2.  As 
pl  is  definite,  and  as  the  integral  is  to  be  a  general  integral,  it 
follows  that  an  integral,  which  is  determined  by  a  and  p^  as 
initial  values,  must,  in  addition  to  c,  contain  an  arbitrary  constant 
entering  otherwise  than  through  the  initial  values  ;  that  is,  there 
must  be  a  (simple)  infinitude  of  such  integrals.  Similarly,  if  p2  is 
different  from  p1}  there  must  be  a  (simple)  infinitude  of  integrals, 
determined  by  a  and  p2  as  initial  values.  The  necessary  conditions 
can  be  obtained  as  follows. 

In  the  vicinity  of  these  initial  values,  let 

z  —  c  =  x. 

Then  assuming  that  P  (a)  is  not  zero,  so  that  neither  pl  nor  p2  is 
zero  and  therefore  w'  does  not  vanish  at  x  =  0,  we  have 

w  —  a  =  xl(x\ 
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in  the  immediate  vicinity,  /  being  a  regular  function  that  does 
not  vanish  with  x\  and  therefore 

w'  =  J(x\ 

where  J  is  a  regular  function  that  does  not  vanish  with  x.  Hence, 
by  reversing  the  first  equation  and  substituting  in  the  second,  we 

have 

w  =  S  (iv  —  a), 

where  S  is  a  regular  function  that  does  not  vanish  when  w  =  a. 
This  is  evidently  an  integral  equivalent  of 

dW     P  +  QW+RW* 

dw~  0 

so  that  the  integral  of  this  equation,  which  is  determined  by  the 
initial  values  a  and  pl  (or  pz),  must  be  regular.  By  the  preceding 
discussion,  it  must  contain  an  arbitrary  constant;  and  therefore 
conditions  must  be  assigned,  in  order  to  secure  that  there  is  a 
(simple)  infinitude  of  regular  integrals.  Let 

w  -  a.  =  u,     W-p  =  V, 

where  p  stands  for  pl  or  p2;  therefore  V  must  vanish  with  u, 
it  is  a  regular  function  of  u,  and  it  contains  one  arbitrary  con 
stant.  Now 


= 
dw       dn  ' 

<H)  =  U®'  (a)  {!+<!>}, 
where  <l>  vanishes  with  u  ;  also 

A  +  BW  +  CW  2  =  u  {A'  (a)  +pB'  (a)  +p*Cf  (a)} 


the  unexpressed  terms  being  higher  powers  of  u  and  F     Thus  the 

equation  is 

dV     A  +  BW+CW* 

Ud^'     0»  {1  +  <E>} 

= 

where 


and  the  other  terms  are  higher  powers  of  u  and  F.     The  equation 
thus  obtained  is  the  first  typical  reduced  form,  as  discussed  in 
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Chapter  vi  ;  and  it  appears  that  the  equation  can  have  a  single 
infinitude  of  integrals  expressing  V  as  a  regular  function  of  u,, 
which  vanishes  with  u,  only  if 

(i)     X  is  a  positive  integer  :  and 
(ii)     some  relation  holds  among  the  constant  coefficients  on: 

the  right-hand  side. 
Thus  if  X  =  1,  the  relation  is 

K=0. 
If  X  =  2,  and  the  equation  is 

dV 

u-r  =  KU  +  2V+(a^  62,  c2$F,  uf  +  ..., 
cl/u 

the  condition  is 

(02,  62,  c2£*,  -1)2  =  0. 

If  X  =  3,  and  the  equation  is 

dV 

y  +  (as,  63,  c3,  d$V,  u)s+  ..., 


the  condition  is 

2(oa,  62,  CsJ-i*,  I)2.(a2,  &2£-  i*,  1)  =  (03,  63,  c8,  4J-  -J-*,  I)3; 
and  so  on  (§  73,  Ex.  and  Corollary). 

This  holds  for  each  of  the  two  values  pl  and  p2.  It  also  holds 
for  each  of  the  m  roots  of  ®  =  0.  Thus  in  connection  with 
these  particular  finite  values,  it  is  necessary  to  impose  upon  the 
equation 

(i)     2m  descriptive  conditions  of  the  form,  X  =  integer, 
(ii)     2m  relations  among  coefficients, 

in  order  to  secure  that  the  general  integral  is  uniform  in  the 
plane  :  provided  (as  has  been  assumed)  that  A  (a)  is  not  zero,  and 
that  the  roots  pl  and  p2  are  unequal. 

251.  Consider  the  latter  incidental  conditions  separately.  If 
the  roots  p^  and  p2  are  equal,  then 


so  that,  in  the  reduction  for  the  common  value,  X  becomes  zero. 
The  equation  is  then  of  the  second  typical  form  in  Chapter  VI  : 
and  it  appears  (§§  76  —  80)  that  the  equation  does  not  possess  a 
(simple)  infinitude  of  regular  integrals  vanishing  with  u.  Accord 
ingly,  in  this  case,  the  general  integral  of  the  original  equation 
F.  in.  19 
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cannot   be   sub  -uniform  ;    and    therefore   the   condition,   that   the 
quantity 


shall  not  vanish  for  any  root  %  of  @  =  0,  must  be  imposed  upon 
the  equation,  in  order  to  secure  that  the  general  integral  shall  be 
sub-uniform. 

The  other  incidental  proviso  is,  that  A  (a)  is  not  zero.  To 
see  whether  this  must  be  maintained,  we  consider  the  alternative. 
When  a  is  a  root  of  A  (w)  =  0,  one  of  the  roots  of  the  quadratic  in 
f  is  zero,  and  the  other  is  different  from  zero.  To  the  latter,  the 
general  investigation  applies  as  above  :  and  we  therefore  discuss 
the  zero  root.  In  the  immediate  vicinity  of  the  initial  values,  we 

have 

w-a  =  xnP  (x), 

where  P  (x)  does  not  vanish  with  x  ;  the  integer  n  is  greater  than 
1,  because  W  initially  is  zero.  Thus 

W  =  w  =  xn~l  P!  (x), 


and  therefore,  in  the  immediate  vicinity  of  the  initial  values, 


_ 
w'  =  (w-a)    nQ  {(w  -  a.)n}. 

Now  the  root  a  of  ©  is  to  be  a  zero  of  A0.  This  can  happen  in 
two  ways  :  first,  if  A0  is  identically  zero  :  and  secondly,  if  a  is  a 
root  (simple  or  multiple)  of  A0. 

When  A0  is  identically  zero,  the  equation  is 

„  _Alw'  +  A2w'2 
~©~ 

so  that,  taking  w'  —  v,  our  equation  becomes  divisible  by  v  in  the 

form 

dv  _  A!     AS 

duj  =  ~®  +  '®V 
This  can  be  integrated  by  quadratures  in  the  form 
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where  K  is  arbitrary.     Let 


@' 

then 


where  ^  is  a  regular  function  of  w  —  a,  which  does  not  vanish  with 
its  argument.     The  form,  that  should  be  obtained  in  this  case,  is 

!_!  I 

v  =  (w-a)    nQ{(w-a)n}, 

n  being  a  positive  integer  ^  2.     Since  ©  contains  a  factor  w  —  a, 
the  above  expression  is  of  the  appropriate  form,  only  if 
Al(a)=0, 


0'  (a)      P  ~~          n' 

and  when  these  conditions  are  satisfied,  K  being  an  arbitrary  con 
stant,  the  general  integral  is  uniform  in  the  vicinity  considered. 
When  A0  is  not  identically  zero,  take  w  —  a.  =  u,  so  that 

AQ=uB, 
and  B  is  a  polynomial  in  u.     The  equation  now  is 

dv      uB  +  vA,  +  v2A» 
uv  -7-  =  —    ,      —        —  . 

Also 

n  1 

this  must  satisfy 

du  _  ttv{0'(a)  +  ...} 
dv      uB  +  vAi  +  v2A2 ' 

If  A-^  (a)  is  not  zero,  then  u  =  0  (a  persistent  zero)  is  the  integral 
of  this  equation.     Manifestly,  this  is  not  a  general  integral. 

If  A!  (a)  is  zero,  then  A±  has  the  form  uBlt  where  Bl  is  of  the 
same  nature  as  B.  In  this  case,  it  is  easy  to  see  that  the  equation 
cannot  have  the  solution  in  the  required  form,  unless  n  =  2 :  and 
then  the  solution  is 

where  T  is  a  regular  function  of  v,  which  does  not  vanish  with 
v.     Substituting  this  value,  the  equation  becomes,  on  reduction, 

dT  .  „„_„     6' («)  +  ... 


19—2 
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In  order  that   this  may  be  satisfied  by  a  function   T,  which  is 
regular  and  does  not  vanish  with  v,  the  initial  value  K  is  given  by 

e'(«) 


which  determines  K  unless  B(a.)  =  0.  Every  subsequent  coeffi 
cient  in  T  is  then  determinate  ;  so  that  the  integral  does  not 
contain  an  arbitrary  constant,  and  it  therefore  ceases  to  lead  to  a 
general  integral.  If  however  B  (a)  =  0,  so  that  w  —  a.  is  a  repeated 
zero  of  A0,  then  K  is  arbitrary,  provided 


the    integral    contains    an    arbitrary  constant,  thus   leading  to  a 
general  integral. 

252.  Summing  up  the  results,  we  find  that  the  general 
integral  of  the  equation  remains  sub-uniform  for  finite  initial 
values  of  w,  in  the  following  cases  :  — 

(i)      When  AQ  and  ©  have  no  common  factor: 
(ii)     When  a  factor  w  —  a.  of  ©  occurs  in  at  least  the  second 
degree  in  A0)  occurs  in  at  least  the  first  degree  in  Aly 
and  when 

e'(a)  =  24,(a): 

(iii)    When  A0  is  identically  zero,  a  factor  w  -  a  of  ©  occurs 
in  at  least  the  first  degree  in  Alt  and 

_MO} 


is  the  reciprocal  of  a  positive  integer  >rz  : 
the  conditions  obtained  earlier  with  (i)  being  satisfied. 

Lastly,  w'  cannot  be  infinite  when  w  is  finite,  if  the  general 
integral  is  sub-  uniform  ;  so  that  it  must  not  happen  that  the 
equation 


dw  © 

obtained  by  substituting  w'V=I,  should  have  a  variable  integral, 
which  vanishes  for  a  finite  value  of  w. 

If  WQ  be  the  finite   value   and   it  be   not  a  root  of  ©,  then 

{-dw 

since  e  ®  W  is  a  regular  function  of  w  in  the  vicinity  of  w0,  the 
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only  solution  of  the   equation  is  V=(\     This  is  riot  a  variable 
integral  :    that  is,  no  condition  is  thus  imposed. 

7?  (n\ 

If  a,  any  root  of  ©,  be  the  finite  value,  and  if  ^,f  *  be  nega 

tive  or  have  its  real   part  negative,  there  is  such  an  integral, 
which   has 


as  its  leading  term.  This  is  to  be  excluded  :  and  therefore  the 
real  part  of  ^r4  must  be  positive. 

253.     Next,  consider  infinite  values  of  w.     We  take 

1 

w  =  ~; 

u 

because  w  is  sub-uniform,  u  also  is  sub-uniform  for  the  same 
range  of  the  independent  variable  :  but  we  now  need  consider 
only  values  of  it  in  the  vicinity  of  a  zero.  We  have 


u 


so  that,  writing 


e  (1/1 1 

where  P1)  Ql}  JF^  are  rational  functions  of  u,  wrhich  are  regular  in 
the  vicinity  of  u  =  0,  the  equation  acquires  the  form 

W"  =  k-  P,  («)  +  «'<2:  («)  +  «2  [2  -  -R,  («)}]. 

W< 

The  discussion  is  similar  to  that  for  values  of  w  in  the  vicinity  of 
a  root  of  ©  (w)  in  the  former  case :  and  the  result  is  that,  in  order 
to  have  the  general  integral  sub-uniform,  two  descriptive  con 
ditions  must  be  satisfied,  and  two  relations  among  coefficients 
must  hold. 
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Case  II :   m  =  0. 

254.     We  now  pass  to  the  case  when  m=  0 ;  the  equation  is 

w"  =  aw3  +  bw*  4-  cw  +/+  (kw  +  h)  w'. 
As  before,  we  first  take  finite  values  of  w  into  consideration. 

If  an  arbitrary  initial  value  w0  and  an  arbitrary  initial  value 
WQ  be  assigned  to  w  and  w'  respectively,  the  general  integral  so 
determined  is  uniform  in  the  vicinity  of  the  initial  values.  No 
condition  to  be  satisfied  by  the  original  equation  thus  arises. 

If,  still  with  an  initial  arbitrary  value  w0  for  w,  a  zero  value  be 
assigned  to  w',  the  equation  can  be  taken  in  the  form 

v  -r-  =  aw3  +  bw*  +  cw  +f+  (kw  +  h)  v, 
where  v  =  w' ;  then  we  have 

V2  =   21(W  —  WQ)  I  (W  —  WQ), 

where  I  is  a  constant  equal  to  aw<?  4-  bw<?  +  CWQ  +/  and  /  is  a 
regular  function,  which  is  equal  to  1  when  w  =  w0.     Then 


-K- 


where  /is  a  regular  function,  which  is  equal  to  1  when  w  =  w0.  The 
reversion  of  this  gives  an  integral,  that  is  uniform  and  contains  two 
arbitrary  constants  :  it  is  a  general  integral.  The  one  condition 
necessary  is  that  I  should  not  vanish  :  and  this  is  satisfied  when 
WQ  is  arbitrarily  assigned. 

Now  suppose  that  w0  is  not  arbitrarily  assigned  but  is  a  root 
of  I  =  0  :  this  can  effectively  be  secured  by  taking  /=  0.  There 
then  must  be  a  (simple)  infinitude  of  integrals  of  the  equation 

v  -r-  =  aw3  +  bw*  +  cw  +  (kw  +  h)  v, 
aw 
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which  satisfy  the  condition  that  v  =  0,  when  w  =  0.     Let  U  be  a 
new  variable,  such  that 

cw  +  hv  =  v  U ; 
then 

d  U      jj     ,  _    dw 
dv  dv 

cv 

~  aw*  +  bw*  +  cw  +  kwv  +  hv 


(*t  uy 

where  Q  is  an  integral  polynomial  in  v  and  U.  The  initial 
conditions  leave  U  merely  as  a  regular  function  in  the  vicinity 
of  v  =  0.  If  its  value  for  v  =  0  be  X,  then 


say 

X2  -  h\  -  c  =  0. 

Let    U=\+T,  where   T  must  vanish  with  v  and  be  a  regular 
function  of  v  :    we  have 


dv 

the  unexpressed  terms  being  higher  powers.  Quite  independently 
of  the  integrals  of  this  equation — that  is,  whether  there  is  a 
simple  infinitude  or  not — we  have 

cw  =  v  (U  —  h) 


and  therefore 


dw     \  —  h  +  T  -. 
dz=  —  =  -      -  dw, 
v  cw 


so  that  z  cannot  approach  an  assigned  (finite)  value  when  w  =  0. 
The  suggested  initial  values  do  not,  in  fact,  permit  the  integral 
to  be  general  ;  and  therefore  no  condition  is  imposed  upon  the 
original  equation  on  this  score. 

The  equation  must,  of  itself,  exclude  the  possibility  of  an 
infinite  value  of  w'  for  a  finite  value  of  w,  arising  as  part  of  a 
general  integral.  Taking 
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so  that 

,du/  1  dV 

w   =  w  -y—  =  -—--—, 
dw  V3  dw 

we  have 

dV 

-,     =  (aw3+bw2  +  cw  +  d)V3  +  (kw  +  }i)V2, 

with  the  condition  that  F=0  when  w  is  a  finite  quantity.  The 
only  solution  of  the  equation  satisfying  this  condition  is  a  per 
sistent  zero  value  of  F,  independent  of  the  value  of  w.  No 
general  integral  is  thus  determined  :  and  no  condition  is  im 
posed  upon  the  original  equation  on  this  score. 

255.     Passing  next  to  the  consideration  of  infinite  values  of  w, 
we  write 


in  the  equation  :  and  we  discuss  values  of  y  in  the  vicinity  of  its 
zero,  y  being  a  sub-uniform  function,  and  y',  y"  being  therefore 
limited  to  finite  values  for  such  a  range  of  variation  of  y.  The 
equation  is 

,,  =  -  (a  +  by  +  cf  +  cfy3)  +  (A?  +  %)  y  +  2y/2 

y 

The  value  of  y"  is  not  to  be  infinite  when  y  =  0  :  this  limitation 
will  not  be  satisfied,  unless  y'  has  an  initial  value  6  such  that 


This  gives  to  y'  a  definite  initial  value  :  and  therefore,  in  order 
that  the  integral  under  consideration  may  be  general,  there  must 
be  an  arbitrary  constant  in  the  integral  of  the  equation 


dp  _  -  (a+  by  +  cy*  -f  dyz) 
~ 


(where  p  =y'),  determined  by  the  condition  that  p  =  6  when  y  =  0. 

256.  First,  suppose  that  the  roots  of  the  quadratic  in  0'are 
distinct,  and  that  neither  of  them  is  zero.  Denoting  either  of 
them  by  0,  and  remembering  that  0  is  the  initial  value  of  p, 
we  write 
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so  that  P  vanishes  with  y.     The  equation  for  P,  after  reduction,  is 
found  to  be 

dP  _(k  +  40)  P  +  (h6-b)y  +  2P2  +  hyP  -  cf  -  dy5 
ydy~  9  +  P 


the  unexpressed  terms  being  of  higher  order  in  y  and  P.  Now  as 
regards  the  relation  between  y  arid  P,  let  z  =  c  be  the  value,  for 
which  w  is  infinite,  and  y  therefore  zero  :  then,  as  p  is  6  when 
y  =  0,  we  have 

y=0(z-c)I(Z-C\ 

where  /  is  a  function  regular  in  the  vicinity  of  z  =  c,  and  is  equal 
to  1  at  the  point  c.  Hence 


where  J  is  of  the  same  character  as  /  ;  and  therefore 

p  =  OR(y\ 

where  R  is  a  regular  function  of  y,  which  is  equal  to  1  when  y 
vanishes.  Thus  we  have 

P  =  -0+dR(y\ 

that  is,  the  integral  of  the  equation  between  P  and  y  must  give  P 
as  a  regular  function  of  y,  which  vanishes  with  y  and  involves  an 
arbitrary  constant. 

In  order  that  this  may  be  the  character  of  the  integral,  two 
conditions  are  necessary  in  connection  with  a  particular  root  0,  viz. 

(i)     the  quantity  4  +  ^  must  be  a  positive  integer  : 

(ii)    a  relation  among  the  coefficients,  affected  by  the  mag 
nitude  of  this  integer,  must  be  satisfied: 

(Ex.  and  Cor.  §§  72,  73,  75). 

As  the  condition  of  being  sub-uniform  is  to  apply  to  every 
general  integral  of  the  equation,  there  are  two  sets  of  conditions 
to  be  imposed  ;  one  set  in  association  with  each  root  of  the 
quadratic.  Let  Ol  and  #2  denote  the  two  roots  ;  write 

k  k 
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so  that  ml  and  m2  are  integers,  each  ^  —  3.     Then 


ml     mz 

The  latter  relation  can  be  satisfied  by  the  (limited  integer)  values 

of  raj  and  w2,  only  if 

mj  ,  m2  =  —  1  ,  2  ; 

A;  A; 

the  values  of  the  coefficients  4  +  7r>  4  4-  -5-,  are  3  and  6  respec- 

#1  #2 

tively  ;  and  then  the  first  relation  gives 


In  addition  to  this  relation,  there  are  two  other  conditions 
associated  with  the  coefficients  3  and  6  for  the  respective  con 
ditions  :  when  these  are  satisfied,  the  general  integral  of 

w"  =  aw3  +  bw*  +  cw  +  d  +  (kw  +  h)  w' 
is  sub-uniform. 

257.  These  results  have  been  obtained  on  the  supposition 
that  the  roots  are  unequal,  and  different  from  zero. 

If  the  roots  could  be  equal,  and  the  common  root  be  different 
from  zero,  let  it  be  denoted  by  S-.  In  connection  with  this  root, 
there  is  a  corresponding  reduction  :  and  in  the  equation 


the  coefficient  4  +  ^_  is  zero.    No  integral  of  this  equation,  vanishing 
j 

with  y  and  containing  an  arbitrary  constant,  exists  in  the  form 
of  a  regular  function  :  consequently  the  integral  of  the  original 
equation  ceases  to  be  uniform.  The  roots  of  the  quadratic  must 
therefore  be  unequal  :  which  is  a  condition  of  inequality. 

Next,  consider  the  possibility  of  a  zero  root  of  the  quadratic  : 
that  this  may  be  possible,  we  must  have 

a  =  0. 
In  this  case,  let 
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where    the   positive  integer  n  is  greater  than   unity:   thus  the 
relation  between  p  and  y  must  be  of  the  form 


where  /  is  a  regular  function  of  its  argument,  which  does  not 
vanish  when  y  =  0.     The  equation  between  p  and  y  is 

dp  ^- 
P 


dy  y 

and  therefore 

dp          by  +  cy2  +  dif 
ydy  =  -"        p        L+ 

The  left-hand  side  vanishes  when  y  =  0  ;  in  order  that  the  right- 
hand  side  also  may  vanish,  we  must  have 

&=Q. 

Instead  of  proceeding  further  with  this  equation,  we  introduce 
the  two  conditions  a  =  0,  k  =  0,  so  that  the  original  equation  is 

w"  =  bw*  +  cw  +  d  +  hwf. 

We  assume  that  b  is  not  zero;  otherwise  we  have  a  linear  equation 
with  constant  coefficients,  the  general  integral  of  which  is  known  to 
be  uniform.  Let  a  new  variable  u  be  determined  by  the  relation 

c      6 


so  that  the  properties  of  u  are  similar  to  those  of  w  ;  the  equation 
for  u  is 

u"  =  6u*  +  hu'  +  f, 
where 


What  is  required  is  the  condition  (if  any)  between/"  and  h,  which 
shall  make  the  general  integral  of  this  equation  sub-uniform.  The 
preceding  investigation  shews  that  it  is  only  in  connection  with 
variations  of  the  variables,  in  the  vicinity  of  u  =  oo  ,  that  the 
condition  arises  if  at  all. 

Denoting  by  c,  which  can  be  an  arbitrary  quantity,  the  value 
of  z  for  which  u  is  infinite,  let  the  leading  term  in  the  expression 
for  u  in  the  vicinity  of  c  be 
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where  ft  is  not  zero,  and  n  is  a  positive  integer.     Then  in  u",  the 
leading  term  is 


in  6w2,  it  is 


0-c)2"' 
and  in  hu',  it  is 

-nhft 
(z  -  c)n+l  ' 
In  order  that  the  equation  may  be  satisfied,  we  must  have 

n  +  2  =  2n, 


the   former  gives  n  =  2,  and   the  latter  then  gives  #  =  1,  for 
cannot  be  zero*.     Taking  now  z  —  c  =  x,  writing 


and  choosing  the  coefficients  so  that  the  equation  is  satisfied,  the 
relation 


x- 


must  be  an  identity.  It  is  easy  to  see  that,  equating  the 
coefficients  of  successive  powers  of  xy  we  determine  the  coefficients 
in  the  expression  for  u  in  succession—  with  one  exception  :  in  the 
coefficient  of  a?  on  the  two  sides,  the  terms  12c4  cancel.  The 
coefficient  c4  remains  arbitrary  ;  instead  of  a  determining  relation, 
we  have  a  relation  of  condition  which,  in  fact,  is  the  condition 
sought.  We  have 


the    relation    of    condition,    arising    from    the    coefficient    of 
becomes 


*  It  was  in  order  to  have  unity  as  the  coefficient  of  the  leading  term,  that  the 
particular  transformation  from  w  to  u  was  adopted. 
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on   reduction.     Thus   either  h  =  0,  leading   to  the  equation  con 
nected  with  elliptic  functions  as  already  (§  249)  shewn  :  or 

/=-f74> 
so  that  the  equation  is 

u"  =  (in*  +  5yu'  -  f  74, 

and    this    equation   certainly   has  its   integral    of  a    sub-uniform 
character. 

The  method  just  adopted  is  due  to  Mittag-Leffler*;  and  is 
applied  by  him  also  to  the  general  equations  of  §  254. 

258.  As  already  pointed  out  (§  246),  the  process  does  not 
exclude  the  possibility  of  transcendental  branch-points :  so  that 
we  cannot  make  a  further  inference  that  the  integral  is  really 
uniform,  and  not  merely  sub-uniform,  over  the  plane.  One 
method  of  testing  the  result  would  be,  when  possible,  to  obtain 
the  actual  integral  of  the  deduced  equation. 

Picardf  has  devised  a  curious  and  ingenious  method  of  inte 
gration,  which  is  effective  for  such  an  equation,  if  its  integral  be 
uniform  and  not  merely  sub-uniform. 

A  rational  integral  function  of  u  and  u  is  formed  with  dispos 
able  constants ;  these  constants  are  determined  so  as  to  diminish 
as  far  as  possible  the  multiplicity  of  the  pole  of  the  function  thus 
formed ;  the  order  of  the  function  in  u  and  u'  is  chosen,  so  that 
the  point  can  be  a  simple  pole  and  may  be  an  ordinary  point. 
If  an  ordinary  point,  then  an  expression  has  been  obtained  which 
has  no  poles  for  any  finite  value.  If  a  pole,  then  such  a  constant 
multiple  of  the  function  can  be  taken,  that  the  residue^  of  the  pole 
is  unity ;  the  function  in  this  form  being  denoted  by  F,  then 

G  =  el*1* 

is  a  function,  which  has  no  poles  in  the  plane.  Thus  if  the 
integral  of  the  original  equation  really  be  uniform,  the  function 
F  in  the  first  case,  and  the  function  G  in  the  second  case,  is  a 
function  of  z,  which  is  regular  in  the  finite  part  of  the  plane. 

Now  let 

e  =  F- 

we  have  6'  =  Flt 

*  Acta  Math.,  t.  xvin  (1894),  pp.  233—245. 

t  See  the  first  memoir  quoted  at  the  beginning  of  this  chapter ;  in  particular. 
(I.e.),  pp.  283—287. 
J  Th.  Fns.,  p.  42. 
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where  initially  Fl  involves  u,  u',  u"  ;  on  substitution  for  u"  from  the 
original  differential  equation,  it  becomes  a  function  of  u,  u.  Again, 

/J//  77T 

V      =  ^2> 

where  F2  can  be  made  a  function  of  u  and  u'  in  the  same  manner 
as  F!.  Eliminating  u  and  u  between  these  three  equations,  we 
have  a  relation  between  6,  9',  6",  that  is,  a  differential  equation 
of  the  second  order,  which  is  known  to  be  satisfied  by  a  regular 
function  of  z.  Deducing  this  function  and  substituting  in  6  =  F, 
the  new  form  is  an  equation  of  the  first  order,  which  is,  in  fact,  a 
first  integral  of  the  differential  equation. 

Mittag-LefHer,  following  Picard,  has  applied  (Lc.)  this  process 
to  the  equation 


It  is  to  be  noted  that  the  order  of  the  parametric  pole  for  u  is 
2,  and  for  u'  is  3  ;  accordingly  the  degree  of  the  highest  power 
in  the  expression  for  u  is  to  be  even.  In  the  expression 

u*  -f  u  (oj  +  a2u)  +  a3u  +  a4w2  +  a5u*, 

the  order  of  the  pole  is  6,  when  the  coefficients  a1}  ...,  a5  are 
arbitrary  ;  but  the  coefficients  can  be  chosen  so  as  to  reduce  the 
order  to  1,  and  they  are  such  as  to  give 

F  =  u'2  -  (273  +  4r/u)  u'  +  y*u  -  272  u?  -  4<us. 

Moreover  taking  account  of  the  limit  of  definite  development  of  u, 
the  coefficient  c4  being  the  first  that  is  undetermined,  we  find  the 
residue  of  the  simple  pole  of  F  to  be  definite  ;  the  coefficient 

of         -  is,  in  fact, 

-  (6/7  +  975)> 

where  /is  —  f  74  :  in  other  words,  the  residue  is  zero,  and  therefore 
F  has  no  pole  for  any  finite  value  of  z.  Now  F  is  known  to 
satisfy  a  differential  equation  of  the  second  order,  having  as  its 
solution  a  function  of  z,  which  is  regular  over  the  finite  part  of  the 
plane.  Forming  F',  and  eliminating  u"  from  it  by  the  original 
equation,  we  have 


so  that,  in  this  case,  we  do  not  require  to  proceed  so  far  as  the 
equation  of  the  second  order,  which  is  satisfied  by  F.     This  gives 
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where  A  is  arbitrary  :  thus  verifying  the  regular  character  of  F  in 
the  finite  part  of  the  plane.     A  first  integral  of  the  equation  is 


This  equation  is  of  genus  unity,  as  between  u  and  u'  for  its 
variables,  and  the  integral  is  known  to  have  no  parametric 
branch-points  :  it  is  therefore  (§  124)  integrable  by  transforma 
tion  and  quadrature.  Let 

v  =  u  +  ^72  : 
the  equation  is 


or  snce 

v'  -2yv  =  ^yzj-z  ( 
we  take 

ve-2yz  =  y} 

and  then  we  have 


This,  when  integrated  by  quadrature,  gives 


where  B  is  another  arbitrary  constant,  and  0,  —  A  are   the  in 
variants  of  the  elliptic  functions.     Thus  the  general  integral  of 

the  equation 

u"  =  6u2  +  5yu  —  fy1 
is 

^,0,-A 


it  is  a  uniform  function  of  z  and  not  merely  sub-uniform. 

Ex.  1.     Prove  that,  if  the  general  integral  of  the  equation 

w"  =  aw3  +  bw2  +  cw  +/+  (kw  +  h]  w' 

is  sub-uniform,  then  the  equation  can  be  changed,  by  a  transformation  of  the 
dependent  variable  that  does  not  affect  the  character  of  the  integral,  into  one 
of  the  forms 

(i)     w"  +  3ww'  +ws  =  b(w'  +  w2)  +  cw+f: 

(ii)  w"  +  2ww'  =  b(w'  +  w2)  +/  : 

(iii)  w"  =  2ivs-2g2w  +  3gw'  : 

(iv)  w"  =  W*  —  ivw'  +  c  w  : 

(v)  w"  -  w3  -  ww'  +  b(w'  +  w2}  -  |f  b2  w  -  1-|63  : 

(vi)  w"  =  w*-iow'  +  b  (wr  +  w2)  -  ^b2  w  - 
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Integrate  the  first  of  these  completely,  and  the  second  as  far  as  possible, 
using  the  transformation 

wJ-. 

y 

Shew  that,  for  the  third,  the  function  F  is  given  by 

F=(w'  -gw)*-w\ 
and  that  it  satisfies  the  equation 


hence  integrate  the  third  equation. 

Shew  that  the  other  three  can  be   transformed  to  equations,  which  are 
discussed  in  the  text,  by  taking 


and  choosing  the  constant  a  appropriately.     Hence  integrate  the  equations. 

(Mittag-Leffler.) 
Ex.  2.     If  the  coefficients  A0,  Alt  A2  in 

w"  —  A  0  -f-  A-^w'  +  A  2w'2 

have  only  a  single  pole,  it  may  be  taken  at  w  =  0:  so  that  the  equation  is  of 

the  form 

,,_u4:  +  u2w'  +  cw'2 
w  —  —  , 

w 

where  c  is  a  constant,  and  u±,  u.2  are  a  quartic  and  a  quadratic  in  w  respectively. 
Develop  the  conditions  that  must  be  satisfied,  so  as  to  secure  that  the 
general  integral  of  this  equation  may  be  sub-uniform. 

Ex.  3.     If  the  coefficients  Aot  Alt  A2  have  two  poles,  at  a  and  b  say,  then 

the  transformation 

w-a  =  (b-a)W 

does  not  affect  the  character  of  the  equation,  and  the  new  poles  are  at  0,  1. 
Thus  the  equation  takes  the  form 

/t_ 


where  ult  ?/3,  u5  are  algebraical  polynomials  of  degrees  1,  3,  5  respectively. 

Develop  the  conditions  that  must  be  satisfied,  so  as  to  secure  that  the 
general  integral  of  this  equation  may  be  sub-uniform. 

Ex.  4.     Prove  that  the  complete  primitive  of  the  equation 

F(w",w}  =  0, 
where  F  is  polynomial  in  its  arguments,  cannot  be  a  uniform  function  of  the 

independent  variable,  unless  F  is  linear  in  w". 

(Wallenberg.) 

Ex.  5.  A  uniform  function,  having  no  essential  singularity  in  the  finite 
part  of  the  plane,  satisfies  a  differential  equation  of  the  second  order  involving 
only  the  function  and  its  second  derivative  ;  prove  that  the  function  is  either 

rational,  simply-periodic,  or  doubly-periodic. 

(Picard;  Wallenberg.) 
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Ex.  6.  The  equation  F(w",  iv)=0  is  of  degree  greater  than  unity,  and 
w=a  is  a  root  of  the  discriminant  of  F  with  regard  to  w''  ',  which  makes  at 
least  two  of  the  roots  w"  of  F  equal  ;  find  the  conditions  necessary  and 
sufficient  to  secure  that  an  integral  of  the  equation,  equal  to  a  for  a  parametric 
value  of  the  variable,  shall  be  a  sub-uniform  function  of  the  independent 
variable  in  the  finite  part  of  the  plane. 

Illustrate  the  conditions  in  connection  with  the  equations 


w"3  =  c(w-a){w-$  (2a 

(Wallenberg.) 

Ex.  7.  Let  F  (w",  io',  w}  denote  a  homogeneous  polynomial  in  its  argu 
ments  ;  shew  that  the  conditions,  necessary  and  sufficient  to  secure  that  the 
primitive  of  the  equation 

F(w",  w',  w)  =  0 

shall  be  a  sub-uniform  function  for  all  finite  values  of  the  variable,  are 
(i)     the  equation  in  v,  which  results  from  the  transformation 

w' 

v=—, 
w 

must  satisfy  the  Briot  and  Bouquet  conditions  of  §  136; 
(ii)    the  roots  u'  of  the  equation,  which  results  from  the  transformation 


must  be  either  of  at  least  the  first  degree  in  u,  or  they  must  be  the 
reciprocals  of  integers  when  u  vanishes. 

Illustrate  these  results  in  connection  with  the  equations 

ww"2  _  2w'2iv"  +  (1  +  c)  ww"2  -  cifi  =  0, 
(forc  =  0,  1  and  0<c<l);  and 

wiv"2  -  2w'2  w"  -  w3  =  0. 

(Wallenberg.) 

Ex.  8.  Let  F(w"t  w',  w,  z}  denote  a  homogeneous  polynomial  in  the 
arguments  iv",  w',  w,  and  let  the  coefficients  be  analytical  functions  of  z  :  shew 
that  the  conditions,  necessary  and  sufficient  to  secure  that  the  primitive  of 
the  equation 

F(iv",  wr,  w,  z}  =  0 

shall,  so  far  as  regards  parametric  singularities,  be  sub-uniform,  are 
(i)     the  equation  in  v,  which  results  from  the  transformation 


must  satisfy  the  Fuchs  conditions  of  §  121  ; 
F.  in.  20 
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(ii)    the  roots  u'  of  the  equation,  which  results  from  the  transformation 

w 

u=—,  j 
w  ' 

must,  when  w  =  0,  be  independent  of  z,  and  be  either  the  re 
ciprocals  of  integers  or,  vanishing  with  u,  of  at  least  the  first 
degree  in  u. 

Illustrate  these  results  in  connection  with  the  equations  : — 

c/  =  0,    for    *c  =  l,  2; 

0,   for  P= =      -,    -. 

222 '       Z  '      $ 

(Wallenberg.) 

GENERAL  CONSIDERATIONS  ON  INTEGRALS  OF  F  =  0. 

259.  Consider  now  more  generally  the  relation,  which  is  borne 
to  the  equation 

assumed  rational  in  w" ,  w',  and  w,  by  any  other  equation 

where  G  involves  derivatives  of  any  order,  and  is  not  deducible 
from  F=Q  by  direct  processes  of  differentiation  and  elimination. 
By  means  of  F  —  0,  the  value  of  w" ,  and  the  value  of  every  higher 
derivative  of  w,  can  be  obtained  explicitly  and  uniquely  in  terms 
of  w",  w',  w,  z ;  and  therefore  w"  and  every  higher  derivative  of 
•w  can  be  removed  from  G :  let  the  new  form  be  denoted  by  G. 

If  when  this  change  is  made,  G  involves  only  w  and  z  (it 
cannot  be  an  identity  because  it  is  not  deducible  from  F  =  Q), 
then  G  =  0  is  a  primitive :  the  range  of  generality  of  the  primitive 
depends  upon  the  number  of  arbitrary  constants  it  involves. 

If  when  the  change  is  made,  G  involves  w't  w  and  z  but  not 
w",  then  G  —  0  is  an  intermediary  integral :  it  is  a  general  or  a 
special  intermediary  integral,  according  as  it  does  or  does  not 
involve  an  arbitrary  parameter. 

If  when  the  change  is  made,  G  involves  w",  w',  w,  z,  it  is 
an  equation  compatible  with  F=0.  By  elimination,  w"  can  be 
regarded  as  removable:  and  the  eliminant  would  be  an  inter 
mediary  integral.  Even  if  G  were  algebraical,  its  degree  would 
be  changed  by  the  process  of  elimination  :  and  therefore  it  is 
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simpler  in  the  first  instance  to  consider  G  as  involving  w",  w's 

10,  z. 

Denoting  by 

r  (w"t  w',  w,  z)  =  0 

any  equation  that  is  compatible  with  F  —  0,  we  may  regard  the 
two  equations  as  determining  w"  and  w  in  terms  of  w  and  z. 
When  these  determinate  values  are  substituted  in  r  —  0  and  F—Q, 
each  of  the  equations  becomes  an  identity:  and  therefore,  on 
differentiating,  we  have 

dF    ,       dF         dF    ,dF 

6—  ,  W       +  0—  ,  W     +  ~-  W     +  ^-  =  0, 

OW  dw  dlV  02 

dr      ...      dr     „      dr     .      dr 
5-—,  w    +5-7W  +^w  +  —  =  0  ; 
dw  dw  dw          dz 

so  that,  eliminating  w'",  we  have 

dr  f   „  dF        ,  dF     dF\      dr     „  dF      dr     ,dF      dr  dF 


say  (r,  F)  —  0,  an  equation  that  is  satisfied  simultaneously  with 
^  =  0,  r  =  0. 

260.  This  new  equation  is  manifestly  characteristic  of  any 
equation  r  =  0  compatible  with  F  =  0.  Moreover,  if  F=0  is 
irreducible,  as  manifestly  may  be  assumed,  it  is  clear  that  the 
new  equation  is  not  satisfied  solely  in  virtue  of  F=0:  and 
therefore  the  partial  differential  equation  is  an  equation,  to  which 
the  form  of  any  compatible  equation  is  subject.  Also,  as  the 
singular  solutions  (if  any)  of  the  original  equation  have  already 

r\  TTT 

been  taken  into  account,  we  shall  assume  that  =—  ,>  is  not  zero. 

dw 

The  subsidiary  system  of  the  partial  differential  equation  is 
dw"  —  dw'        —  div      —  dz 

~JF      ,dF    dF^   ,,dF=  ""IF""' 

w   5-5  +  W  5T  +  5"       w    5^"      w  ^T~7,       ^-n 
dw  ow      oz  dtv  dw        dw 

It  is  easy  to  see  that  F  =  0  is  satisfied  in  virtue  of  these  equations. 
Any  other  integral  of  the  system  will  give  a  solution  of  the 
differential  equation  ;  denoting  such  an  one  by  r  (w",  w',  w,  z), 
then 

r  (w",  w',  w,  z)  —  a, 

where  a  is  an  arbitrary  constant,  is  an  equation  compatible  with 
F=Q.  The  elimination  of  w"  between  this  new  equation  and 

20—2 
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F  =  0  leads  to  a  general  intermediary  integral  of  the  original 
differential  equation. 

Let  another  equation  compatible  with  F  —  0  be  given  by 

s  (tv",  w',  w,  2)  =  0. 
Then  since  this  is  compatible  also  with  r  =  0,  we  have 

(s,F)  =  0,     (*,?•)  =  0; 

and  in  order  that  these  may  coexist,  we  must  have 

(r,F)=0, 

a  condition  that  is  satisfied  by  the  mode  of  derivation  of  r. 
Let  a  common  integral  of  the  two  equations  (s,  F}  =  0,  (s,  r)  =  0, 
derived  in  accordance  with  the  regular  Jacobian  theory  of  simul 
taneous  partial  differential  equations  of  the  first  order,  be  denoted 
by  5  (w",  w',  w,  z)  :  then 

s  (w",  w',  w,  z}  =  b, 

where  b  is  an  arbitrary  constant,  is  another  equation  compatible 
with  F=0.  It  is  compatible  also  with  r  =  a\  it  is  independent 
of  the  latter,  in  the  sense  that  a  functional  relation  of  the  form 
^r(r,  s)  =  0  does  not  exist.  The  elimination  of  w"  between  F=0 
and  s  =  b  leads  to  a  general  intermediary  integral  of  the  original 
equation,  which  is  functionally  distinct  from  the  general  inter 
mediary  integral  given  by  the  elimination  of  w"  between  F=0 
and  r  =  a.  The  elimination  of  w"  and  w'  between 

F=0,     r  =  a,     s  =  b, 

leads  to  a  relation  between  w  and  z,  which  accordingly  is  a 
primitive  of  the  original  equation ;  as  it  involves  two  independent 
arbitrary  parameters,  it  is  the  complete  primitive. 

(It  might  happen  that  an  integral  r  of  the  subsidiary  system 
could  be  obtained  not  involving  w" ;  then  r  =  a  of  itself,  and 
without  any  process  of  elimination,  would  be  a  general  inter 
mediary  integral.) 

261.  Let  another  equation,  conceived  as  similarly  obtained  to 
be  compatible  with  F=0,  be  denoted  by 

t  (w",  w',  w,  2}  =  c, 

where  c  is  an  arbitrary  constant.     Then  the  relation 

(6,  F)  =  0 
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O  TTT 

is  satisfied  when  6  =  F,  0  =  r,  6  =  s,  6  =  t  :  remembering  that        , 

dw 

is  not  zero,  and  eliminating  determinantally  from  the  four  equa 
tions,  we  have 

j(f'r;M  )=o. 

\w  ,w,w,  z) 

Now  J=  0  is  manifestly  not  satisfied  in  virtue  of  r  =  a,  s  —  b,  t  =  c  ; 
for  the  arbitrary  constants  occur  only  on  the  right-hand  sides  of 
the  equations,  and  they  do  not  occur  in  J.  Further,  the  analysis 
throughout  would  be  unaltered,  if  the  equation  F=  0  were  replaced 
by  F=  K,  where  K  is  an  arbitrary  constant  ;  it  is  clear  that  J—  0  is 
not  satisfied  in  virtue  of  F=K,  and  therefore  generally  not  in 
virtue  of  F=0.  Hence  the  relation  </=  0  must  be  satisfied 
identically;  and  therefore  between  the  four  quantities  F,  r,  s,  t, 
regarded  as  involving  the  four  arguments  w",  iv',  w,  z,  there  exists 
a  functional  relation 


the  coefficients  of  which  are  free  from  w",  w',  w,  z,  and  involve 
only  the  permanent  constants  in  F,  r,  s,  t.  For  our  present 
purposes,  F=0  is  a  permanent  equation,  with  which  r=  a,  s  =  b, 
t  —  G  are  simultaneously  compatible  :  so  that 

©(0,  a,  b,  c)  =  0, 
say 

6  (a,  b,  c)  =  0, 

a  relation  satisfied  in  association  with  the  equation  F  =  0.  It 
might  happen  that  the  functional  relation  ®  =  0  does  not  involve 
F,  and  then  6  =  0  would  be  satisfied  independently  of  F  =  0  ; 
most  generally  <B)  =  0  does  involve  F,  and  then  6  =  0  would  be 
satisfied  in  virtue  of  F  =  0. 

One  or  two  statements  may  be  made  ;  their  proof  is  omitted 
as  being  simple  and  immediate.  In  the  first  place,  if  three 
equations  r=a,  s  =  b,  t  =  c  are  compatible  with  F=  0,  so  that  a 
functional  relation 

0(a,  6,  c)  =  0 

is  satisfied  in  association  with  F=0,  then  any  arbitrary  functional 
combination 

u  =  </>  (r,  s,  t), 
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(which  need  not  involve  all  the  three  quantities  r,  s,  t),  leads  to 
another  compatible  equation 

u  =  k, 

where  k  is  an  arbitrary  constant  ;  and  the  relation  between  the 
arbitrary  constants  is 

k  =  $  (a,  b,  c). 

In  the  second  place,  when  two  compatible  equations  r  =  a,  s  =  b 
have  been  obtained,  then  an  unlimited  number  of  other  com 
patible  equations  can  be  deduced  from  the  forms 


u  =  <£  (r,  s,t) 

and,  as  in  the  corresponding  investigation  associated  with  equa 
tions  of  the  first  order  (§  139),  a  question  arises  as  to  the  simplest 
forms  that  may  be  chosen  as  forms  of  reference. 


CHAPTER   XVII. 

GENERAL  THEOREMS  ON  ALGEBRAIC  INTEGRALS: 
BRUNS'S  THEOREM*. 

262.  WE  have  indicated,  in  the  preceding  chapter,  some  forms 
of  the  equation  F(w",  w' ,  w,  £)  =  0,  the  integral  of  which  is  a 
sub-uniform  function  of  the  variable.  A  wider  question  arises 
when  there  is  a  demand  for  the  conditions,  which  must  be  imposed 
upon  that  equation,  supposed  rational  in  w",  w't  and  w,  in  order 
to  secure  that  its  complete  primitive  shall  be  an  algebraical 
relation  between  w  and  z.  When  we  have  to  deal  with  an 
equation  of  order  n,  or  with  a  system  of  n  equations  of  the  first 
order,  the  corresponding  investigation  of  the  conditions,  under 
which  algebraical  primitives  are  possible,  is  more  complicated, 
from  the  nature  of  the  case.  We  do  not  propose  even  to  initiate 
such  a  discussion  here. 

*  Eeferences  are  given  on  p.  312.  A  similar  but  more  extended  result,  in 
connection  with  a  more  limited  problem,  has  been  established  by  Poincare, 
Mec.  CeL,  t,  i  (1892),  pp.  253,  254. 

To  a  large  extent  I  have  followed  the  interesting  and  valuable  memoir,  in  which 
Bruns  first  expounded  his  theorem.  At  the  same  time,  substantial  modifications 
in  the  argument  have  been  made  in  several  places  :  and  some  deficiencies  in 
Bruns's  work,  which  are  required  to  justify  the  earlier  theory  of  algebraic  integrals 
possessed  by  equations  of  a  less  special  form,  have  been  supplied.  The  chief  among 
these  changes  are:  the  reduction  of  quantities,  which  (p.  321)  satisfy  the  differential 
equations  and  contain  arbitrary  constants,  to  quantities,  which  also  satisfy  those 
equations  and  are  free  from  arbitrary  constants  :  the  construction  of  Poincare's 
result  to  shew  that,  in  integrals  free  from  arbitrary  constants,  the  aggregate  of 
terms  of  highest  order  in  the  first  derivatives  is  rational  in  the  variables  themselves: 
and  the  mode  of  dealing  with  the  two  sets  of  partial  differential  equations,  which 
occur  later  in  the  investigation. 

The  argument  is  strictly  limited  to  the  establishment  of  the  general  theorems, 
and  of  Bruns's  theorem  in  particular.  No  attempt  is  made  to  indicate  some 
further  developments,  which  are  given  by  Bruns  in  the  later  part  of  his  memoir. 
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There  is,  however,  one  investigation  of  a  cognate  character, 
which  we  proceed  to  reproduce  with  certain  modifications.  It 
does  not  belong  to  the  class  of  discussion  which  is  the  matter  of 
preceding  chapters ;  it  will  consequently  appear  somewhat  isolated. 
Sufficient  reasons  for  its  inclusion  are  to  be  found  in  the  import 
ance  of  the  result  and  in  the  completeness  of  the  investigation. 
It  leads  up  to  a  theorem,  due  to  Bruns*,  which  relates  to  the 
algebraical  integrals  of  the  differential  equations  of  the  motion  of 
n  mutually  attracting  bodies.  Certain  integrals  are  known,  all  of 
an  algebraical  character.  These  are  the  energy-equation,  the  three 
equations  expressing  the  constancy  of  the  moments  of  momentum 
round  any  three  rectangular  axes,  the  three  equations  expressing 
the  constancy  of  the  momentum  of  the  centre  of  gravity  of  the 
system,  and  the  three  equations  (derived  by  time-quadrature  from 
the  last  three)  expressing  the  rectilinear  path  of  the  centre  of 
gravity.  As  with  Painleve',  these  integrals  will  be  called  the 
classical  integrals  of  the  problem. 

All  attempts  to  obtain  additional  algebraical  integrals  of  a 
general  typef  have  failed  :  and  consequently  have  led  to  the  sur 
mise  that  the  classical  set  constitutes  the  aggregate  of  algebraical 


*  The  memoir  is  entitled  "Ueber  die  Integrate  des  Vielkorperproblems,"  Acta 
Math.,  t.  xi  (1887);  the  part  of  special  importance  for  the  immediate  purpose 
is  pp.  25—59.  One  defect  in  the  investigation  has  been  remedied  by  Poincare, 
Comptes  Rendus,  t.  cxxm  (1896),  pp.  1224—1228. 

There  is  also  a  memoir  by  Painleve,  Bulletin  Astronomique,  t.  xv  (1898), 
ppt  gi — 113,  dealing  partly  with  the  same  question  as  Bruns,  partly  with  a  wider 
question.  , 

t  That  is  to  say,  involving  no  particular  relations  among  the  variables. 
Algebraical  integrals  not  of  a  general  type  are  known.  Thus  there  is  the  case 
of  three  bodies  in  the  same  plane  throughout  the  motion,  represented  by  the 
additional  integrals 

*!  =  (),       22  =  0,       Z3  =  0. 

There  is  the  case  of  Lagrange's  three  particles  in  a  fixed  plane,  represented  by  the 

additional  integrals 

^  =  0,    z2=0,     z3  =  0,    r212=r223  =  r231. 

There  is  also  the  case  of  three  particles  in  one  straight  line.  There  are,  moreover, 
other  cases  with  possible  algebraical  integrals,  when  special  relations  among  the 
masses  are  satisfied. 

All  such  particular  cases,  where  there  is  any  deviation  from  full  generality,  will 
be  omitted  (§  273).  The  aim  of  the  investigation  is  to  shew  that  all  algebraical 
integrals  of  a  quite  general  type,  which  exist,  can  be  compounded  of  the  classical 
integrals. 
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integrals,  independent  of  one  another.     This  surmise   has  been 
established  as  a  definite  result  by  Bruns. 

It  is  convenient  to  select  for  discussion  only  those  integrals, 
which  do  not  explicitly  involve  the  time.  From  the  three  classical 
integrals,  which  express  the  position  of  the  centre  of  gravity  at 
any  moment,  the  time  can  be  eliminated :  and  then  two  integrals 
survive  from  them,  which  shew  that  the  path  of  the  centre  of 
gravity  is  a  straight  line.  Any  one  of  the  three  integrals  can 
then  be  used,  to  introduce  the  time  into  a  complete  system  of 
integrals,  and  also  to  eliminate  the  time  from  every  other  integral 
in  the  system.  Accordingly,  our  question  is  the  determination 
of  all  the  algebraical  integrals,  which  do  not  involve  the  time 
and  are  independent  of  one  another. 

263.  The  investigation  is  somewhat  long  ;  its  course  may  be 
rendered  clearer  by  the  following  brief  statement  of  the  principal 
results. 

In  the  first  instance,  differential  equations  of  the  same  type  as, 
but  somewhat  more  general  than,  those  of  the  astronomical  problem 
are  considered  :  but  only  for  the  first  two  of  the  results  as  stated. 
It  is  proved  that  all  algebraical  integrals,  which  do  not  involve  the 
time-variable,  can  be  compounded  algebraically  from  integrals  <f>, 
which  possess  special  properties.  The  chief  among  these  proper 
ties  are : — 

(i)  Certain  simple  transformations,  homogeneous  in  char 
acter,  leave  the  differential  equations  unaltered ;  the 
corresponding  invariantive  property  is  used  to  simplify 
the  integrals  that  need  be  considered.  They  are  said 
to  be  of  the  homogeneous  class  (§  272): 

(ii)  Every  integral  is  a  rational  integral  function  of  the 
velocities ;  it  is  a  rational  function  of  the  variables, 
and  (possibly)  a  single  irrational  quantity  (§§  267 — 276) : 

(iii)  If  <£0  denote  the  aggregate  of  terms,  which  are  of  the 
highest  order  in  the  velocities,  the  coefficients  of  the 
various  combinations  of  the  velocities  in  <£0  are  poly 
nomials  in  the  coordinates,  not  having  any  common 
factor :  this  result  being  definitely  established  only  for 
the  astronomical  problem  (§§  277 — 285)  : 
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(iv)  The  quantity  </>0  involves  the  coordinates  only  in  poly 
nomial  combinations  of  the  form 

dxl  Q     dO 

~dtb  ~TtXl) 

where  x-±  and  6  are  any  two  of  the  coordinates :  and,  with 

dx 

the  possible  exception  of  a  negative  power  of    ,-  ,  the 

(jLlf 

coefficients  of  such  combinations  are  rational  integral 
coefficients  of  the  velocities  (§  286) : 

(v)  The  combinations  in  the  preceding  result  occur  only 
through  the  three  moments  of  momentum  (say  A,  B,  C), 
and  the  integrals  denning  the  linear  path  of  the  centre 
of  gravity  of  the  system  (say  A',  B',  C'):  and  </>0  is  a 
rational  integral  function  of  A,  B,  C,  A',  B',  C',  and 
the  velocities  (§§  287—290) : 

(vi)  In  </>0,  the  velocities  (besides  occurring  in  the  integrals 
A,  B,  C,  A',  B',  C')  occur  in  the  forms  of  the  three 
components  of  linear  momentum,  and  of  the  kinetic 
energy,  and  they  occur  in  these  alone  (§§  291,  292). 

It   is   thence    inferred    that,   outside   the   classical    integrals,   no 
algebraical  integrals  of  the  equations  exist  (§  293). 

Various  explanations  and  distinctions  as  to  integrals  and 
(what  I  propose  to  call*)  sub-integrals  will  be  made  from  time 
to  time.  The  fifth  and  sixth  stages  of  the  proof  will  shew  how 
the  precise  number  of  integrals  (equal  to  the  number  of  classical 
integrals)  arises  in  the  two  sets  respectively:  and  will  also  shew 
why  the  results  do  not  necessarily  (as  it  is  known  that  they 
do  not)  apply  to  the  problem  of  two  bodies. 
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264.  Let  mlt  ...,  mn  denote  the  masses  of  the  ??  bodies, 
supposed  concentrated  in  points;  let  ass,  y9y  zs  be  the  coordinates 
of  ms  at  any  time,  and  let  Xs,  Y8t  Z»  be  the  components  of  its 
velocity,  referred  to  any  three  rectangular  axes;  also  let  r# 

*  Bruns  calls  them  Integralgleichungen. 
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denote  the  distance  between  the  masses  mt-  and  w;-  at  that  time. 
The  equations  of  motion  are 

dx8  _  Y       dys  _  , ,       dz8  _  7 
~ 


X*~  X* 
r  a 


.=1 


the  term  corresponding  to  a  =  s  being  absent  from  each  summation. 

The   classical   integrals   are   as   follows.     First,  we  have  the 
integrals,  which  give  the  three  components  of  momentum,  say 


s=l  s=l  s=l 

and  the  three  further  integrals  defining  the  path  of  the  centre  of 
gravity,  say 

L"  =  5,  inaxs-  L't=  L-  L't 


M"  =  v  msys  -  M't  =  M-  M't 

N"=  I  m,z,-N't  =  N-N't 

s=l 

As  integrals  independent  of  the  time  are  desired,  we  take 

A'  =  M"N'  -  M'N"  =  MN'  -  M'N\ 
B'  =  N"Lf  -N'L"  =NL  -N'L  I; 


C'  =  L"M'  -L'M"  =LM'  -L'M 

we  keep  the  three  forms  A',  B',  C',  and  note  that  there  is  the 
relation 

L'A'  +  M'B'  +  NtC'  =  Q. 

There  are,  further,  the  three  moments  of  momentum,  viz. 

n 

A=  2  ms(ysZs  -zsYs} 


>=1 

n 


B  =  S  ms  (z8Xs  —  ocsZs)  }  j 

s=l 
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and  there  is  the  energy-equation,  viz. 


[264. 


all  simultaneous  combinations  of  (unequal)  values  i,  J  =  l,  ...,  n 
occurring  in  the  double  summation.  The  symbols  used  in  these 
integrals  will  be  used  throughout  the  investigation  in  their 
respective  significations. 

265.  It  is  convenient,  partly  for  purposes  of  illustration  of  the 
general  argument,  partly  because  the  case  is  really  the  sole  general 
exception  to  Bruns's  theorem,  to  deal  with  the  equations  of  two 
bodies :  and  we  shall  take  only  the  simplest  form,  viz.  when  both 
of  them  move  in  the  plane  of  x,  y.  Denoting  the  distance  between 
them  by  r,  and  the  sum  of  their  masses  by  /u,,  the  equations  are 


l 

' 


dt 


dt 


fa  -  a?j 


>. 


dt 


r3 


1  _  ^2  fa  —  #l) 

dt"'          r8 

dYi  =  m2  (2/2  -  2/0 
dt  r3     "  /  d«    "  r3 

The  path  of  each  of  the  particles,  relative  to  the  centre  of  gravity, 
is  an  ellipse,  of  which  that  point  is  a  focus  ;  hence 

mi     _     mi  /  T,  mi  /  \       ' 

)L6  />6  jL6      *  ' 

that  is, 

r  =  a  fa  -xj  +  b  (2/2  -  2/1)  +  c, 

is  an  integral  relation  compatible  with  the  differential  equations. 
Differentiating  with  regard  to  the  independent  variable,  we  have 


which  must  be  satisfied.  It  is  not  satisfied  in  virtue  of  the 
integral  relation  from  which  it  is  derived,  because  it  does  not 
involve  c;  nor  is  it  satisfied  as  a  mere  algebraical  combination 
of  the  differential  equations;  it  therefore  is  effectively  another 
integral,  which  may  be  taken  in  the  form 

(Xa  -  X,)  (x,  -x,~  ar)  +  (7,  -  F,)  (y,  -y,-  br)  =  0. .  .(i). 
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Differentiating  again   with  regard  to  the   independent  variable, 
and  using  the  differential  equations,  we  have 


r      r2  r2 

From  (i),  we  have 


............     , 

-  (y-i  -  2/i  -  or)     #2  -  #1  -  ar 
say  ;  so  that 

,-  FO2  =  02  D*  -  2r  {a  <>2  -  a;1)+b(ya  -  y,)}  +r*(a*+  &2) 


and 

{(a,  -  x,)  (X,  -  X,)  +  (y,  -  yi)  (  F2  -  Y,)}  [a  (X,  -Xl)  +  b(Y2-  Y,)} 

=  0*r  {b  (a?2  -  ^)  -  a  (y2  -  yO}2 

=  0V  [(a2  +  62)  1(^2  -  ^)2  +  (y2  -  2/i)2}  ~  («  (^  - 

=  ^-V  {(a2  +  62  -  1)  r2  +  2cr  -  c2}. 
Substituting  these  in  (ii),  we  have 


Now  one  of  the  classical  integrals  in  the  present  case  is 
G  =  ml  Ox  F!  -  y!  XJ  +  ?^2  (a?2  F2  -  y2  Z2)  ; 

and  another  is 
G'  =  (w^i  +  m2a?2)  (wixFj  +  m2F2)  -  (m^  +  ??i22/2)  (m^i 

Also 

^  -  Gf  =  m.m,  {(  F2  -  Fx)  (ara  -  ^)  -  (X2  - 


say,  so  that  ^>  is  an  integral  ;  and  then,  by  (iii)  and  (iv) 
<£  =  6  \(x,  -  x^  (x,  -x,-  ar)  -  (y.  -  yO  (ya  -  ^ 
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Lastly, 

F,-F,=     *<*-*-«•)- 


X2  -  A',  =  -  e  (y,  -  y,  -  6r)  = 
so  that 


and  therefore  three  integrals  are 


which  give  the  significance  of  a,  6,  c  in  the  integral  relation 

r-a  (a*  -acj-b  (ya  -  2/1)  -  c  =  0. 
These  results  will  be  used  later. 

As  regards  Bruns's  theorem  in  the  present  case,  the  quantity, 
denoted  in  the  statement  of  §  263  by  <£0,  is 

(Z,-Z,)*,    -(F.-F,)*, 

in  the  respective  cases  ;  and  if  the  theorem  holds  in  the  present 
case,  both  of  these  quantities  should  be  expressible  rationally  and 
integrally  in  terms  of  C,  C',  T,  L',  M',  where 

2T  =  wj  (X*  +  F,2)  +  m,  (X*  +  K-2)/  ' 
L'  =  mlXl  +  m2X2  ,     Mf  =  mlYl  +  m,  F2  . 

Now  4>  =  -i-  (aC  -  C")  ;  so  that  Za  -  X,  and  F2  -  Y1  would  be 


expressible  rationally  in  terms  of  (7,  C',  T,  L',  M',  the  coefficients 
in  the  expression  being  mere  constants.  This  manifestly  is 
impossible;  and  the  theorem  therefore  does  not  hold  for  two 
bodies. 

266.     When  a  relation  among  the  variables  as,  y,  z  and  their 
first  derivatives  X,  F,  Z,  say  in  a  form 
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(0  not  explicitly  involving   the   time),   is    compatible   with   the 
differential  equations,  then  the  equation 

d(f> 


ft 

S  3  s  8    a  ay  •*;>  17-'  g£  0 

at      s=i\      oxg          dy*  dz8          tiXs          dYs          dZJ 

must  be  satisfied  :  and  this  may  occur  in  one  of  three  ways. 

The  equation  may  be  satisfied  identically  :  thus  in  the  case  of 
two  bodies,  we  have 


We  then  call  <£  an  integral  of  the  system  of  differential  equations, 
and  the  equation  </>  =  0  a  solution. 

It  may  happen  that  the  equation  j*  =  0  cannot  be  satisfied 
without  using  the  equation  cf>  =  0  ;  thus 


is  satisfied  only  in  connection  with  the  relation 


It  will  appear  that  such  relations  are  of  two  classes.:  one  of  the 
classes  contains  relations  that  can  be  rejected,  the  other  con 
tains  relations  out  of  which  integrals  (in  the  preceding  sense 
of  the  word)  can  be  constructed.  A  function  </>  belonging  to  the 
latter  class,  so  that  an  integral  can  be  constructed  from  it,  will  be 
called  a  sub-integral  of  the  system  of  differential  equations  ;  and 
<£  =  0  will  still  be  called  a  solution. 

Lastly,  it  may  happen  that  the  equation  -7-  =  0  is  satisfied, 

though  it  is  not  satisfied  either  identically  or  in  virtue  of  <f>  =  0. 
It  therefore  can  be  satisfied  only  in  virtue  of  other  equations  of 
the  same  kind  ;  it  will  be  proved  that,  in  all  cases  which  need 
be  retained,  <j>  =  0  is  then  a  combination  of  solutions. 

Thus,  in  the  case  of  two  bodies,  the  equation 

r  -  a  x  -  #    -b     a  -       -  c  =  0 


is  satisfied  ;  it  is  not  satisfied  either  identically  or  in  virtue  of 
r  -  a  (#2  -  ^)  -  6  (ya  -  yO  -  c  =  0  ; 
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but  it  is  satisfied  in  virtue  of 

,J>,    -( Y,  -  F 
Also 


that  is,  <f)  —  Q  is  a  combination  of  other  solutions.  When  it  is 
necessary  to  refer  to  such  a  case,  </>  =  0  will  be  called  a  composite 
solution. 

Again,  consider  the  problem  of  three  bodies,  when  they  remain 
in  one  plane  throughout  the  motion.     Taking  it  to  be  the  plane 

of  x,  y,  we  should  have 

*3=0, 

as  an  algebraical  equation  compatible  with  the  general  differential 
equations,  and  therefore  the  equation 


must  be  satisfied  in  association  with  the  differential  equations.  It 
is  not  satisfied  identically,  nor  in  virtue  of  z3  =  Q  alone;  it  is 
satisfied  in  virtue  of 

because,  in  general, 

di  =  7\3  Zl  +  r*&  *2  ~  (r\3  +  r*J  **<' 

Similarly,   for   zl  =  0   and   -^  =  0 ;    also    for   z.2  =  0  and    ^  =  0. 

at  at 

Clearly  zs  =  0  is  not  a  combination  of  other  solutions,  as  was  <f>  =  0 
in  the  preceding  example.  When  it  is  necessary  to  refer  to  such 
a  case,  the  solution  will  be  called  particular. 

Consider  once  more  the  special  case  of  the  three  bodies  in  one 
plane,  known  as  Lagrange's  three  particles.     We  have 

in  that  instance ;  a  side  of  the  equilateral  triangle  formed  by  the 
particles  can  be  of  any  magnitude,  so  that  the  equation 
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where  a  is  arbitrary,  is  compatible  with  the  general  differential 
equations.     Then 


must  be  satisfied.  It  is  not  satisfied  identically  in  association 
with  the  differential  equations,  nor  in  virtue  of  r\2  =  a2  :  but  it  is 
satisfied  in  virtue  of 


where 

a,      m, 

e~  = 

and 


with  the  relations 

r\i  -  r\3  =  0,     r\,  -  r\,  =  0,     r213  -  r223  =  0. 
And 


are  equations  compatible  with  the  differential  equations  :  their 
derivatives  with  respect  to  t  vanish,  in  virtue  of 

r\2  =  «2, 
and  in  virtue  of 

U=0,     F=0, 

the  latter  holding  because  of  the  relations 

f  12  —  T~23  ==  r  31  • 

Clearly  r212  =  a2  is  not  a  combination  of  other  solutions,  as  was 
</>  =  0  in  the  first  example.  In  such  a  case,  where  parameters 
can  occur  in  compatible  equations,  but  where  also  compatible 
equations  arise  which  involve  variables  only  and  not  parameters, 
the  solution  will  still  be  called  particular,  (on  account  of  the  latter 
class  of  compatible  equations). 

In  every  case,  where  -£  =  0  is  compatible  with  the  differential 

equations  in  some  one  of  the  foregoing  modes,  we  shall  say  that  <£ 
satisfies  the  differential  equations. 

F.  in.  21 
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Note.  A  relation  <f>  =  0,  which  involves  only  the  variables 
x,  y,  z  and  not  the  variables  X,  Y,  Z,  is  a  special  case  of  the 
more  general  form,  which  involves  all  of  them.  As  we  are  dealing 
with  algebraic  integrals,  we  are  bound  to  consider  the  possibility 
of  an  algebraic  relation  among  the  variables  x,  y,  z  alone  ;  thus 
it  is  not  inconceivable  that  each  of  these  variables  might  be  a 
transcendental  function  of  t,  and  yet  that  (as  in  the  comparison 
of  transcendents,  established  by  Abel's  Theorem)  algebraic  rela 
tions  among  the  variables  could  exist,  not  explicitly  involving  the 
time.  It  will  be  seen  that  such  a  relation  is  not  an  integral  :  it 
is  a  composite  solution. 

SOME  PROPERTIES  OF  MORE  GENERAL  EQUATIONS. 

267.  Certain  of  the  fundamental  properties  connected  with 
algebraic  integrals  belong  to  equations  of  the  same  type  as  those 
in  the  astronomical  problem,  and  do  not  depend  upon  the  special 
form  within  the  type.  We  therefore  consider  the  set  of  equations 

ddtr=y>->  Tt=A^-x^     (r=1'-  'w)' 

where  Ar  is  a  homogeneous  algebraical  (but  not  necessarily 
rational)  function  of  its  arguments.  The  order  of  Ar  is  taken  to 
be  even,  equal  to  2N:  thus  N=  -  1  for  the  astronomical  problem  ; 
and  the  coefficients  are  real.  Moreover,  it  is  assumed  that  Ar 
does  not  explicitly  involve  t. 

When  Ar  is  irrational  in  the  variables  x,  it  can  be  made 
rational  by  the  introduction  of  a  single  new  variable.  Let  this 
variable  be  s,  which  is  irrational  in  the  variables  x  ;  and  suppose 
that  it  is  denned  by  an  equation 

F(S,^,...,  Xm)  =  «n  +  Si*""  +  -  +  Sn-i*  +  #»  =  °> 

where  the  coefficients  8  are  rational  integral  functions*  of  the 
in  variables  #,  and  involve  only  such  constant  coefficients  as  occur 
in  the  functions  A. 

Thus,  in  the  problem  of  three  bodies,  we  take 


*  It  will  be  convenient  to  denote  a  rational  function  by  R,  and  a  rational 
integral  function  by  G,  when  account  is  taken  merely  of  generic  character. 
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Each  of  the  quantities  rl!2,  r.2S,  r31  is  then  expressible  as  a  rational 
function  of  s  and  the  coordinates  of  the  bodies.  For  instance,  we 
have 

s2  +  r212  +  r2,3  -  r231  =  2s  (rla  +  r23)  -  2r]2r23, 

(s2  +  r212  4-  r'23  -  ?-231  +  2r12r23)2  =  4s2  (r212  +  r2,3)  +  8s2r12r23  ; 
the  second  of  these  expresses  r12r.23  as  a  rational   function,  and 
thence  the  first  expresses  r12  +  r.,s  as  a  rational  function,  say 

7*12  +   r*3  =  <T. 

Then 


and  so  for  r.a,  r:n.     Also,  s  itself  is  given  as    the    root    of  an 
equation  of  degree  8,  of  the  same  form  as  F  above. 
In  the  problem  of  n  bodies,  we  take 


Each  of  the  quantities  •?•#  is  similarly  expressible  as  a  rational 
function  of  s  and  the  coordinates  of  the  bodies  ;  and  the  degree  in 
s  of  the  equation  F=  0  is  2*n(rt-:). 

REDUCTION  OF  ALGEBRAIC  INTEGRALS. 

268.  The  most  general  manner,  in  which  we  conceive  an 
algebraical  magnitude  to  be  defined,  gives  it  as  a  root  of  an 
algebraical  equation.  Accordingly,  beginning  with  the  most 
general  form  of  our  quantity  0,  (whether  it  be  an  integral  or  a 
sub-integral,  or  lead  to  a  composite  solution,  or  to  a  particular 
solution),  we  take  it  as  a  root  of  an  equation 

cp  +  B^-1  +  ...  +  Bp^  +BP  =  0, 

where  the  coefficients  B  are  rational  functions  of  the  variables 
x,  y,  and  may  be  denoted  by  the  generic  symbol  R(x,  y). 
Without  loss  of  generality,  the  equation  may  be  regarded  as 
irreducible,  that  is,  the  left-hand  side  cannot  be  resolved  into 
factors  which  are  of  its  own  type.  In  association  with  0,  we  are 
required  to  have  d(f>/dt  =  0,  since  <f>  must  satisfy  the  differential 
equations  under  one  of  the  modes  in  §  266  ;  and  therefore, 
differentiating  the  above  equation, 

^-1  +  ...  +  <^  +  ^  =  0. 

dt  ^  dt  dt 

21  _  ~2 
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If  the  coefficient  of  every  power  of  <f>  in  this  equation  vanishes 
identically,  then  Bl}  B»,  ...,BP  satisfy  the  equations.  They  are 
rational  functions  of  x,  y ;  and  then  </>  is  an  algebraical  combina 
tion  of  rational  quantities  of  the  character  R  (x,  y}.  It  therefore 
would  be  sufficient  to  discuss  quantities  of  the  latter  class. 

If  not  all  the  coefficients  of  powers  of  <j>  in  the  derived 
equation  vanish  identically,  then  each  such  non-vanishing  coefficient 
acquires  a  form  R(x,  y,  s),  on  substituting  for  dx/dt,  dyjdt,  from 
the  differential  equations.  Thus  the  original  equation  of  degree  p 
in  $,  and  the  derived  equation  of  degree  ^p  —  1,  coexist;  they 
are  satisfied  by  the  same  value  (or  by  several  the  same  values)  of  $. 

If  they  are  satisfied  without  reference  to  any  other  equation, 
it  follows  that  the  first  equation,  which  is  irreducible  solely  by  the 
variables  x,  yy  is  reducible  by  the  variables  x,  y,  s ;  and  the  roots, 
which  it  possesses  in  common  with  the  derived  equation,  can  be 
represented  as  the  roots  of  a  new  equation 

jfl    +     C^^1    +    .-.    +     Cg.^    +    Cq    =    0, 

where  the  coefficients  C  are  of  the  form  R(x,  y,  s}.  If  this 
equation  is  reducible,  we  take  its  several  irreducible  component 
equations,  each  of  which  is  of  the  same  form  as  itself:  thus  no 
generality  is  lost,  if  we  regard  the  preceding  equation  as  one 
of  the  irreducible  components.  The  equation  still  defines  the 
quantity  <f>,  so  that  we  must  have  dQ/dt  =  0 :  and  so 

£*-— f-». 

compatible  with  the  former  equation.  But  no  equation  is  com 
patible  with  the  former  equation  if  it  is  of  , lower  degree,  on 
account  of  the  irreducibility ;  and  therefore  the  new  equation 
must  be  evanescent,  that  is,  each  of  the  coefficients  dC/dt  is  zero, 
and  each  of  the  coefficients  C  satisfies  the  differential  equations. 
These  coefficients  C  are  rational  functions  of  xt  y,  s ;  and  then  <f> 
is  an  algebraical  combination  of  quantities,  which  are  of  the 
character  R  (x,  y,  s).  It  therefore  would  be  sufficient  to  consider 
quantities  of  the  latter  class. 

Since  functions  R  (x,  y),  that  arise  in  the  former  case,  are  only 
special  forms  of  functions  R(x,  y,  s),  that  arise  in  the  latter  case,, 
it  will  be  sufficient  for  both  alternatives,  that  we  discuss  quantities 
of  the  type  R  (x,  y,  s),  which  satisfy  the  differential  equations  in 
some  one  of  the  modes  of  §  266. 
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If  the  equation,  which  defines  <£,  and  its  derived  equation  are 
satisfied  only  in  virtue  of  (one  or  more)  other  equations,  the 
derived  equation  can  be  used  to  replace  one  of  the  latter.  It  then 
can  be  regarded  as  a  new  initial  equation,  which  has  the  form 

<j>v-r  +  C,  cp-'-1  +  . . .  =  0,  (r>l), 

being  of  lower  degree  than  the  original  equation ;  and  it  possesses 
a  derived  equation  which  coexists  with  it.  If  the  coexistence  be 
independent  of  other  equations,  then,  as  above,  </>  is  an  algebraical 
combination  of  quantities  of  the  form  R  (x,  y)  or  R  (x,  y,  s).  If 
the  coexistence  is  not  independent  of  other  equations,  one  of  the 
latter  can  be  replaced  by  the  derived  equation.  We  proceed  as 
before.  Because  p  is  a  finite  integer,  the  number  of  occurrences 
of  the  second  alternative  is  limited.  At  each  of  the  stages,  there 
is  the  possibility  that  <j>  can  then  be  inferred  to  be  an  algebraical 
combination  of  quantities  of  the  form  R  (x,  y)  or  R  (x,  y,  s) ;  and 
in  the  least  favourable  case  of  all,  the  last  equation  would  be  of 
degree  one  in  <£,  that  is,  </>  would  then  be  explicitly  given  in  the 
form  R  (x,  y,  s). 

These  quantities  may  or  may  not  contain  arbitrary  constants, 
i.e.  constants  which  do  not  occur  in  the  original  differential 
equations. 

If  they  do  not,  the  quantity  R  (x,  y,  s)  is  a  function  of  the 
variables  and  of  any  (fixed)  constants  that  occur  in  the  differential 
equations. 

If  arbitrary  constants  occur  in  R  (x,  y,  s),  the  occurrence  may 
be  rational  or  irrational.  When  it  is  irrational,  let  it  be,  e.g.,  by  a 
constant  c,  defined  as  a  root  of  an  irreducible  equation,  say 

CK  +  CiC*-1  +  c2c"-2  +  . . .  +  CK  =  0, 

where  the  coefficients  d,  C2,  ...,  CK  do  not  involve  c.  Since  this 
equation  is  irreducible,  our  quantity  R(x,  y,  s\  which  is  supposed 
to  involve  c,  can  (by  the  customary  methods)  be  expressed  in  the 

form 

R  =  FQ  +  F1c  +  ...+Flt-l(r-1, 

where  F0,  Flt  ...,  FK^  do  not  involve  c. 

By  substituting  the  K  roots  c  in  turn,  we  obtain  K  quantities  R, 
each  of  which  satisfies  the  differential  equations  and  is  expressible 
in  the  foregoing  form  in  terms  of  FQ,  Fl,  ...,  FK^.  By  means  of 
these  K  expressions,  F0,  Fly  ...,  FK^  can  each  be  expressed  as  a 
linear  combination  of  the  quantities  R  with  constant  coefficients ; 
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that  is,  each  of  the  quantities  F0,  Flt  ...,  FK^  satisfies  the 
differential  equations.  Each  of  them  is  rational  in  a?,  y,  s,  and 
is  independent  of  c  ;  so  that  R,  when  irrational  in  an  arbitrary 
constant  c,  can  be  algebraically  composed  from  quantities  that 
do  not  involve  c. 

Similarly  for  any  other  irrational  arbitrary  constant,  if  it  occur 
in  R  (a,  y,  s). 

It  therefore  is  sufficient  to  consider  quantities  R(x,  y,  s), 
which  satisfy  the  differential  equations,  and  either  do  not  involve 
any  arbitrary  constants,  or  else  involve  them  only  rationally.  We 
now  proceed  to  shew  that,  when  R  (a?,  y,  s)  does  contain  a  number 
of  arbitrary  constants  (which,  by  what  has  just  been  proved, 
enter  rationally  into  its  expression),  it  can  be  algebraically  com 
posed  of  quantities  u,  which  satisfy  the  differential  equations,  which 
are  rational  in  x}  y,  s,  and  which  involve  no  arbitrary  constants. 

269.  Accordingly,  let  </>  denote  a  quantity,  which  satisfies 
the  differential  equations,  and  which  involves  an  arbitrary 
constant  b  rationally.  Then  <£  is  expressible  in  one  of  the  forms 

G(b),     G,  (6)4-  G,(b), 

where  G,  6rl5  Gz,  are  polynomials  in  b,  the  coefficients  of  the 
powers  of  which  are  rational  in  x,  y,  s.  Each  such  coefficient, 
though  it  does  not  involve  6,  may  involve  other  arbitrary 
constants  rationally. 

First,  let  <£  be  of  the  form  G  (b)  ;  as  it  satisfies  the  differential 
equations,  we  have 


Now  <f>  may  have  arisen  in  such  a  way  that 

G(b)  =  Q, 

that  is.   0  =  0  is  a  solution  of  the  differential   equations.     Con 
sequently,  the  equation 


may   be    satisfied    independently    of   G  (b)  —  0,    or   in   virtue    of 
G  (b)  =  0. 

(i)    When  it  is  satisfied  independently  of  G  (b)  =  0,  so  that  it  is 

^+bdi  ^i    .+bfdi    Q 

dt         dt          at  dt 
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then  this  may  be  satisfied  identically,  without  regard  to  any 
equation  involving  the  constants  b.  Since  b  is  an  arbitrary 
constant,  we  must,  in  this  case,  have 

^>_0    di,_        di 

dt~        dt~  dt 

that  is,  the  quantity  G  (b)  is  then  a  linear  combination  of  this  set 
of  quantities,  no  one  of  which  involves  the  constant  6,  and  each 
of  which  satisfies  the  differential  equations. 

(ii)     When  the  equation  -j-  {G  (b)}  =  0  is  satisfied  in  virtue  of 
G  (b)  =  0,  then  the  equations 


**•*  0      ,       7    UjJ-  1      .  it*    UjJ-  *  A 

w  +  6-w+-+*-a?-0j 

coexist  with  one  another  and  with  the  differential  equations.  No 
generality  is  lost  by  assuming  that  G  (b)  is  irresoluble  into  factors 
of  its  own  type :  otherwise  each  such  factor  would  be  discussed  in 
turn ;  and  we  may  therefore  regard  the  equation  as  irreducible. 
Hence  the  eliminant  of  the  two  equations  vanishes,  say  A  =  0. 
In  order  to  form  this  eliminant,  it  is  sufficient  to  use  the  dialytic 
process.  We  construct  the  equations 

the  determinant  of  these  equations  is  A,  and  when  2/c—l  of  the 
equations  are  used,  they  give 


where  the  functions  Br  are  rational  in  the  coefficients  of  G(b), 
that  is,  are  of  the  form  R  (x,  y,  s),  the  rational  function  involving 
other  parameters  that  occur  in  G.  Now  6  =  Bl  makes  G  vanish, 
provided  A  =  0  ;  accordingly  we  divide  G  (b)  by  b  —  Bl  and  obtain 
a  remainder,  which  does  not  involve  b  and  must  vanish  when 
A  =  0,  that  is,  must  be  divisible  by  A.  Thus 


and  similarly 
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Conversely, 

^  **  ~dt 


Now  since  -7-  {G  (b)}  =  0  is  an  equation,  which  is  consistent  with 

Cult 

G(b)  =  0  and  the  differential  equations,  and  since  it  is  not  an 
identity,  we  have 

o, 


equation  -j-  {G  (b)}  =  0.     Hence 


which  is  consistent  with  the  solution  G  (b)  =  0  and  the  derived 
d, 
dt 


that  is,  b-  Bl  =  0)  A  =  0  are  solutions  :  and  therefore  Bl  and  A 
are  quantities  that  satisfy  the  differential  equations.     But 


whence  G(b)  is  algebraically  composed  of  quantities  J^  and  A, 
which  satisfy  the  differential  equations  and  do  not  contain  the 
arbitrary  constant  b. 

(iii)     If  the  equation 


is  satisfied,  neither  identically  nor  in  virtue  of  6r(6)  =  0,  but  in 
virtue  of  other  equations,  which  are  consistent  with  the  differential 
equations,  and  therefore  are  solutions,  it  must  (by  the  ordinary 
theory  of  elimination)  be  expressible  in  some  such  form  as 


where  <£,  =  (),  ...,  <k=0  are  the  other  solutions  indicated,  being 
such  that 


Now  as  -^  is  a  complete  differential,  so  also  must  P1}  ...,  PK  be 
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perfect  differentials  in  the  present  case  :  suppose  PI  —  dpi/dt,  for 
i  =  l,  ....  K.     Then 


<f>=Pl<t>l  +Pl&+  ...    +  P*fa  +  fa+I, 

where   fa+l  is   another  quantity  which   satisfies   the  differential 
equations. 

If  each  of  the  quantities  fa,  fa,  ...,  fa+l,  is  independent  of  b, 
so  that  the  parameter  enters  only  through  the  coefficients  p,  then 
</>  is  expressed  as  an  algebraical  combination  of  quantities,  which 
are  free  from  the  parameter  b. 

If  a  solution,  say  fa  —  0,  involves  b,  then,  when  fa  =  0  and 
j  =  0  are  treated  simultaneously  in  the  same  manner,  as  were 

G  (b)  =  0  and  -j-  [G  (b)}  =  0  in  the  preceding  case,  it  appears  that  fa 
is  expressible  in  a  form 


where  Z?2  and  A.2  are  quantities,  which  satisfy  the  differential 
equations  and  do  not  involve  b.  Similarly  for  any  other  solution 
fa  =  0  that  involves  b.  Accordingly  when  we  substitute  for  each 
of  such  expressions  fa,  fa,  ...,  its  equivalent,  the  full  form  of  <£ 
becomes 


that  is,  it  is  an  algebraical  combination  of  quantities  B  and  A, 
which  satisfy  the  differential  equations  and  do  not  involve  b. 

270.     Secondly,  let  </>  be  of  the  form  G,  (b)  4-  G9  (b),  where  G,  (b) 
and   G2(b)  may  be   assumed  to    have   no   common    factor.     The 

equation  -^-  =  0  is  to  be  satisfied. 
at 

(a)     The  equation  ^?  =  0  may  be  satisfied,  solely  in  virtue  of 

<j)  —  0,  or  in  virtue  of  (/>  =  0  as  well  as  of  other  equations.  In  either 
case,  because  (f>  =  0,  we  must  have  Gl  (b)  =  0  ;  which  accordingly  is 
the  equation  to  be  discussed,  being  the  effective  form  of  <f>  =  0. 

Moreover,  substituting  ft  (b)  =  0  in    --  =  0,  we  have 

dGl(b)_ 
dt       :°' 
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concurrently  with  G1  (b)  —  0.  Now  Gl  (b)  is  a  polynomial  in  b,  and 
therefore  the  argument  of  §  269  applies  to  it  ;  we  therefore  infer 
that  the  effective  part  of  </>,  in  the  present  case,  is  an  algebraical 
combination  of  quantities,  which  satisfy  the  differential  equations 
and  do  not  involve  b. 

(/3)  The  equation  -£  —  0  may  be  satisfied,  neither  identically 
nor  in  virtue  of  <f>  =  0,  but  solely  in  virtue  of  other  equations. 

The  third  part  of  the  argument,  viz.  (iii),  in  §  269  applies 
to  this  case.  The  only  modification,  that  may  be  needed,  arises 
when,  at  the  last  stage,  a  quantity  fa  is  fractional,  being  such  that 

fa  =  0  and  *jl  =•  0  simultaneously  ;  we  then  apply  to  fa  the 
argument  (a)  above.  The  inference  is  the  same  as  before. 

(7)     The  equation  -~  =  0  may  be  satisfied  identically.     Let 
(tt 


then  we  have 


We  proceed  exactly  as  in  §  272,  and  we  infer  that  each  of  the 
quantities  gr/h0,  h,/h0)  for  r  =  0,  1,  ...,  p,  s=  1,  ...,  q,  satisfies  the 
differential  equations.  In  other  words,  </>  is  an  algebraical  com 
bination  of  quantities,  which  satisfy  the  differential  equations  and 
do  not  involve  the  arbitrary  constant. 

Hence,  in  every  case,  <£  is  expressible  in  the  specified  form. 

271.  It  therefore  follows  that  a  quantity  fa  which  satisfies 
the  differential  equations,  and  involves  a  number  of  arbitrary 
constants  b,  c,  ...,  each  of  them  rationally,  can  be  algebraically 
composed  from  quantities  *fy,  which  satisfy  the  differential  equa 
tions  and  do  not  involve  the  arbitrary  constant  b,  though  they 
may  involve  the  remaining  arbitrary  constants  c,  ...  rationally. 
All  the  quantities  <£  and  ty  are  rational  in  x,  y,  s. 

To  each  of  these  quantities  ^,  the  similar  argument  can  be 
applied,  with  reference  to  the  arbitrary  constant  c.  It  leads  to 
the  result  that  each  of  the  quantities  ty  can  be  algebraically 
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composed  from  other  quantities  ^,  which  satisfy  the  differential 
equations  and  do  not  involve  the  arbitrary  constant  c  (nor  b), 
though  they  may  involve  the  arbitrary  constants,  other  than  b  and 
c,  which  occur  in  </>.  Each  such  quantity  ^  is  rational  in  the 
variables  x,  y,  s. 

And  so  on,  for  each  of  the  arbitrary  constants  in  succession : 
until,  at  the  last  stage,  the  quantities,  which  are  subsidiary  to  the 
algebraical  composition  of  the  preceding  set,  are  free  from  all 
arbitrary  constants.  Proceeding  backwards  through  the  successive 
sets,  we  conclude  that  the  initial  quantity  cf>,  which  satisfies  the 
differential  equations  and  involves  any  number  of  arbitrary 
constants,  can  be  algebraically  composed  of  quantities,  which 
satisfy  the  differential  equations,  involve  no  arbitrary  constants, 
and  are  rational  functions  of  the  variables  x,  y,  s. 

Note  1.  The  number  of  independent  arbitrary  constants  in 
such  a  quantity  $  can  only  be  finite.  If  it  were  infinite,  then 
whether  <£  has  the  form  G  (b)  or  the  form  G1  (b)  •+  G2  (b),  the 
number  of  combinations  of  the  variables  would  be  unlimited,  that 
is,  <f>  would  be  a  transcendental  function  of  the  variables. 

Note  2.  Further,  it  has  been  assumed  tacitly  in  the  course  of 
§  268,  that  <f>  is  either  rational  or  only  algebraically  irrational  in 
each  of  its  constants,  and  that  it  is  not  transcendental  in  those 
constants.  What  has  just  been  remarked  about  the  number  of 
combinations  of  the  variables  applies  also  to  each  one  of  the 
constants ;  so  that,  if  <f>  be  transcendental  in  a  constant  a,  it  must 
be  because  one  or  more  transcendental  functions  of  a  occur  in  its 
expression.  For  example,  let  such  a  function  be  denoted  by  A, 
so  that  <$>  is  rational  in  A,  a:  then 

^£(#,  y,  s,  a,A)  =  0. 

An  argument  similar  to  that  of  §  269  would  shew  that  the  further 
treatment  of  this  equation  would  lead  to  equations 

a  =  i|r  O,  y,  s),      A  =  x  (x>  V>  s)' 

where  ^  and  ^  are  rational,  which  are  consistent  with  the 
differential  equations  and  with  one  another.  These  forms  shew 
that  A  cannot  be  a  transcendental  function  of  a :  in  other  words, 
the  functions  </>  involve  arbitrary  constants  only  in  algebraic 
forms. 
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Ex.     Consider,  as  an  example,  the  equations  in  the  problem  of  two  bodies. 
It  has  been  seen  that  solutions  of  the  differential  equations  occur  in  the  forms 


One  solution  is  known  in  the  form 

0  =  /•  -  a  O2  -  A'i)  -  b  (y2  -y^)  -  c  =  0  ; 
we  have 

M0  =  (y-2,  ~  2/i)  ui  +  (#2  ~  x\)  uz  +  (*  4-  V/t*c)  «3  =  0. 
Another  solution  is  known  in  the  form 

+  =  (X\  -  jy  (x.,  -  Xl  -  ar)  +  (  F2  -  1\)  (y2  -  yi  -  br)  -  0  ; 
we  have 

2  -  1^)  u,}  =  0. 


Both  -p  =  0,  -y-=0,  are  satisfied,  in  consequence  of  w^O,  ^2  =  0.     Each 
ctt          cat 

of  the  quantities  (/>  and  ^,  which  satisfy  the  differential  equations  because 
-J-  =  Q  and  -^-  =  0,  is  algebraically  composed  of  ?«1?  w.2,  w3.     But  ?^=  t^  — /*«, 

u2=U2  —  nb,  u3=  173  - */ pc  ;  and  6^,  £72,  £73  are  quantities,  which  satisfy  the 
differential  equations  and  involve  no  arbitrary  constants. 

The  general  theorem  is  therefore  verified  for  these  particular  cases. 

272.  The  quantities,  which  satisfy  the  differential  equations, 
can  be  still  further  resolved,  by  utilising  a  property  of  homogeneity 
possessed  by  the  differential  equations.  Let  re  denote  any  con 
stant,  and  replace  x,  s,  y,  t  by  OCK",  s/ca,  yic*,  trc?  respectively, 
choosing  a,  0,  7  so  that  the  differential  equations  conserve  their 
form  unaltered.  In  order  that  this  may  be;  the  case  for  an 

rj  np 

equation   -  r-  =  y    we  must  have 
dt      J 

and  that  it  may  be  the  case  for  an  equation  -j£  =  Art  we  must 
have 

Hence 

2~1-2JV     l  +  2#' 

and  we  may  therefore  take 
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Hence  when  x,  s,  y,  t  are  replaced  by  x/c2,  SK-,  ytcl+'2*',  t/cl~2*v 
respectively,  the  arbitrary  constant  K  disappears  from  the  dif 
ferential  equations.  Consequently,  when  these  substitutions  are 
made  in  any  quantity,  which  satisfies  the  differential  equations, 
the  new  form  of  the  quantity  must  still  satisfy  them,  whatever  be 
the  arbitrary  constant  K. 

To  infer  the  significance  of  this  result,  consider  a  quantity  u, 
which  satisfies  the  differential  equations,  and  is  a  rational  function 
of  x,  y,  s,  devoid  of  all  parameters.  The  general  expression  of 
such  a  function  is 

_  G,(x,  y,  s) 

G,(x7y,sY 

where  Gl  and  6r2  are  polynomials,  that  may  be  assumed  to  have 
no  common  non-homogeneous  factor.  When  the  indicated  trans 
formations  are  effected  upon  u,  we  have 

_  LoKp+^/c^-1  +  ._.^+JLp  _  L 

"  M0tf  +  M1K?-1  +  ...+Mq  ~  M' 

where,  in  the  numerator  and  the  denominator,  all  terms  involving 
any  (the  same)  power  of  K  are  gathered  together ;  so  that  Z0  may 
be  regarded  as  homogeneous  of  dimension  p,  Zx  as  homogeneous  of 
dimension  p  —  1,  and  so  on.  From  what  has  been  said,  the  modified 
form  of  u  still  satisfies  the  differential  equation ;  and  therefore 


that  is, 

dL        dM 

M^f-L  dt=°' 
and  therefore 


The  quantity  K  is  arbitrary,  and  the  coefficients  of  powers  of  K  are 
devoid  of  all  arbitrary  constants  ;  accordingly,  the  equation  can 
be  satisfied  only  if 


It  f      W/-«-*l  -m  jf       WJL^A  f          ''    -'/    M  f         CLdjJ.  1 

Jf0^  +Jf1-3Ii_£1_ir?-Z0  ^  =  0, 
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which  are  q+p  +  1  equations,  homogeneous  and  linear  in  the 
derivatives  of  the  q  +  p  +  2  quantities  L0,  ...,  L^,  M0,  ...,  Mq. 
These  equations  are  equivalent  to  the  set  of  q  +  p  +  l  equations 
given  by 

1  dL,  _  l_  dL,  _    I   dLs  _  1_  dLp_ 

L0  dt       Ll   dt       L2    dt  Lp    dt 


_         =  = 

~~M0   dt  ~  M,    dt   ~          Mq   dt   ' 

unless  the  eliminant  of  L  and  M  vanishes,  that  is,  unless  L  and  M 
have  some  common  factor,  say  PK  4-  Q.    But  taking  K  =  1,  we  have 


if  L  and  M  have  the  common  factor  PK  +  Q,  then  GI  and  G»  would 
have  the  common  (non-homogeneous)  factor  P  +  Q,  contrary  to 
the  hypothesis  that  they  have  no  common  factor. 

The  actual  reduction  to  the  above  forms  for  such  a  case  as  ^  =  2,  ^  =  2,  is 
as  follows.     Writing  6  for  dOjdt  in  the  case  of  every  quantity  concerned,  we 

have 

LQ=OIL(})    M^  =  61MOJ 

from  the  lirst  equation.     Substituting  for  Z0  and  J/0  in  the  second,  we  have 

j/0(/:1-^1z1)-z0(j/1-^1.¥1)=o, 

and  therefore 

A  =  0iA  +  #2A)>     J/^MA  +  MV 
Substituting  for  Z0,  M0,  Lly  J/1}  in  the  third,  we  have 

3/0(4-0^-  BM  -  L0(Mt-  e.M.,-  ^JA)  =  0, 
and  therefore 

1^  =  0^  +  6^  +  0^,     M2  =  01Mt  +  0tMl  +  0.,M(}. 

The  fourth  equation  becomes  ,.* 

0.,( 
and  the  fifth  becomes 

0:]( 
Now  the  determinant 


does  not  vanish.  It  is  the  eliminant  of  L  and  J/,  in  the  Bezout-Cayley  form  : 
and  it  cannot  vanish,  because  L  and  M  have  no  common  factor.  Hence 
02  =  0,  03  =  0;  that  is, 

Lj          Mj(  _  LQ 

L-M\-LJ 
for  all  the  values  ofj  and  k. 

The  mode  of  reduction  in  the  general  case  is  a  mere  generalisation  of  the 
preceding  process. 
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We  at  once  have 


for  all  values  of  k  and  j ;  in  other  words,  u  is  composed  alge 
braically  of  quantities  of  the  form 


LJ  (x,  y,  s)  ' 

The  numerator  and  the  denominator  of  every  such  quantity  v  are 
homogeneous,  so  that  v  is  homogeneous;  each  such  quantity 

satisfies  the  differential  equations,  so  that  -y-  =  0  is  satisfied  in 

ctt 

some  one  of  the  modes  of  §  266. 

Accordingly,  it  is  sufficient  to  consider  quantities  u,  which 
satisfy  the  differential  equations,  which  are  rational  functions  of 
x,  y,  s,  and  are  homogeneous  in  those  variables  for  the  transform 
ations 

x  =  rf,     s'  =  sic-,     y'  =  y/cl  +  2-v, 

and  which  involve  no  arbitrary  constants,  that  is,  constants  which 
do  not  occur  in  the  differential  equations. 

Quantities  u  of  this  type  are  called  homogeneous ;  and  when  u 
is  an  integral  (§  266)  of  the  differential  equations,  it  is  called  a 
homogeneous  integral. 

DISCRIMINATION  AMONG  THE  VARIOUS  FUNCTIONS. 

273.  At  this  stage,  it  is  desirable  to  discriminate  among 
homogeneous  quantities  u,  which  are  rational  in  the  variables 
and  satisfy  the  differential  equations.  The  discrimination  is  made 
according  to  the  mode  in  which  the  differential  equations  are 
satisfied  (§  266). 

We  have  seen  that,  for  our  purpose,  it  is  sufficient  to  retain 
only  quantities  u,  which  are  devoid  of  arbitrary  constants. 

(i)     When  the  equation 

s=° 

dt 

is  satisfied  identically  in  connection  with  the  differential  equations, 
then  u  is  an  integral  of  the  system.  The  integral  equation  mani 
festly  is 

U  =  OL, 
where  a  is  an  arbitrary  constant ;  and  u  —  a.  =  0  is  a  solution. 
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(ii)     When  the  equation 

S- 

is  satisfied,  not  identically  but  in  virtue  of  the  equation  u  =  0 
and  without  reference  to  any  other  quantity  that  satisfies  the 
differential  equations,  that  is  to  say,  solely  in  virtue  of  the 
equation  u  —  0,  we  call  u  a  sub-integral,  and  we  call  u  —  0  a 
solution. 

Further  investigation  will  be  required  for  quantities  u  of  this 
type  ;  and  we  shall  prove  that  either  they  lead  (after  appropriate 
analysis)  to  integrals  or  they  may  be  rejected. 

(iii)     When  the  equation 


is  satisfied,  not  identically,  nor  solely  in  virtue  of  u  =  0,  but  in 
virtue  of  the  equations  v  =  0,  w  —  0,  .  .  .  ,  (with  or  without  the 
use  of  u  =  0),  where  v,  w,  ...  themselves  satisfy  the  differential 
equations,  then  we  must  have  some  relation  of  the  form 


Thus  the  equations 

V  =  0,     w  —  0,  .  .  . 

must  persist,  concurrently  with  the  differential  equations.  They 
involve  the  variables,  or  some  of  them  ;  and  they  must  be  satisfied 
for  initial  values  of  the  variables.  Moreover,  no  one  of  them 
contains  an  arbitrary  constant  ;  consequently,  yi  any  such  case, 
there  must  be  relations  among  the  initial  values  of  the  variables. 

The  results  of  the  present  discussion  are  to  be  applied  to  the 
investigation  of  the  independent  algebraic  integrals  of  the  astro 
nomical  problem  of  n  bodies.  The  investigation  will  be  limited 
to  the  case,  when  the  solution  of  the  problem  (whatever  it  may 
be)  deals  with  a  completely  general  case,  in  which  the  initial 
positions  of  the  n  bodies  are  quite  arbitrary  and  their  initial 
velocities  are  also  quite  arbitrary,  as  regards  both  magnitude  and 
direction.  No  relations,  whether  algebraic  or  otherwise,  can 
subsist  between  the  initial  values  of  the  variables;  and  conse 
quently,  equations  such  as  v  =  0,  w  =  0,  ...  cannot  be  satisfied  for 
initial  values.  We  accordingly  exclude  all  cases  where  there  is 
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any  deviation  from  full  generality;   that  is,  we  no  longer  retain 
cases,  when  the  equation 


is  satisfied  in  the  mode  just  considered. 

In  passing,  two  remarks  call  for  notice.  One  of  them  is  that 
the  result  of  the  investigation  can  apply  to  only  the  most  general 
case,  and  does  not  necessarily  apply  to  any  other  :  e.g.  it  would 
not  necessarily  apply  to  the  case  of  three  bodies  in  any  plane 
describing  relative  periodic  orbits.  The  other  of  them  is  an 
explanation  of  the  retention  of  the  second  class  of  cases,  in  spite 
of  the  indicated  rejection  of  the  third  class;  for  u  —  0  in  itself 
implies  a  particular  relation,  and  therefore  a  limitation  upon  the 
generality  of  the  problem.  The  reason  is  that,  save  for  some 
exceptional  forms,  an  integral  can  be  constructed  from  u,  and  the 
case  can  therefore  be  transferred  to  the  first  class  :  and  it  will  be 
seen  that  the  exceptional  forms  are  limited  in  number  and,  being 
partly  imaginary  in  expression,  can  be  rejected  (§  276).  The 
same  use  cannot  be  made  of  the  integrals  u,  v,  w,  ...  in  the  third 
class  of  cases  considered. 

We  thus  retain  functions  u,  such  that  u  is  either  an  integral 
or  a  sub-integral  :  that  is,  such  that  the  equation 

s-° 

is  satisfied  either  identically  or  in  virtue  of  u  =  0.    The  functions  u, 
so  retained,  are  homogeneous  and  rational  in  the  variables  #,  y,  s. 

Moreover,  every  such  function  u  must  involve  some  of  the 
variables  y.  For  since  u  —  a=0  or  u  =  0  is  a  solution  of  the 
differential  equations,  we  have 

du_ 
dt~     ' 
that  is, 

»*       du        »'     ,    du      duds      A 
2  yr^-  +  2  Ar=—  +  5--j7  =  0. 

r=i       O&r       r=i         oyr       OS  at 

Now  s  is  given  by 

F=8n  +  8iSnr-i  +  ...  +  £n  =  0, 

so  that 


-; 

at  cs      p=1  r=1  oxr 

F.  HI.  22 
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hence  the  equation  satisfied  by  u  is 

du 

»       du       "J          du      ds    *     »  9^      A 

2  Vr  ^—  4-  2  Ar  5  ---  -TT?  S    2  sn~^  yy  =-*  =  0, 

r=l*raz?,       r=1       '3yr       ctfp=ir=l  3#r 

ds 

and  it  must  be  satisfied  either  identically,  or  in  consequence  of 
u  =  0.  If  therefore  u  is  independent  of  all  the  variables  y,  we 
must  have 


satisfied    for  all  the  ra  values  of  r.     Now  as   w  is  supposed  a 
variable  quantity,  we  have 
du 


o  r=1 

du 


ds  fdF,       ™  dF       \ 

—  5VI  o~  »•  +  2   a—  «^}- 
3JP  \8*          r=i  3^      / 


as 


ds 

that  is,  du  is  zero  when  dF  is  zero,  or  u  is  constant  when  F 
is  constant.  Eliminating  any  one  of  the  variables  s,  xly  ...,  a?w 
from  w  by  means  of  F  —  0,  all  the  others  will  disappear  with  that 

one  variable  :  and  we  have 

u=f(F), 

where  /denotes  some  functional  form.  But  F  is  persistently  zero  : 
hence  u  is  an  actual  constant,  so  that  u  is  independent  of  the 
variables  x,  that  is,  if  it  is  independent  of  the  variables  y  ;  and 
therefore  it  ceases  to  provide  a  solution.  Accordingly,  the  homo 
geneous  functions  u  must  involve  some  of  the  variables  y. 

274.     Our  homogeneous  function  u  is  of  the  form 


where  the  numerator  or  the  denominator  or  both  of  them  certainly 
involve  some  of  the  variables  y  and,  involving  them,  are  poly 
nomials  in  those  variables.  Now  it  may  be  the  case  that  G1  is 
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resoluble  into  a  product  of  polynomials  in  y,  the  coefficients  of  the 
powers  and  combinations  being  rational  functions  of  x  and  s  ;  let 
fa,  fa,  ...  denote  such  factors,  which  can  now  be  regarded  as 
irresoluble,  and  let  the  degrees  of  occurrence  be  X1}  X2,  ...  respec 
tively.  Thus 


where  Q1  is  a  rational  function  of  x  and  s.     Similarly,  if  £  is 
resoluble,  we  shall  have 


where  &,  fj»2,  ...  are  positive  integers,  Q2  is  a  rational  function  of 
x  and  s,  and  01}  62,  ...  are  polynomials,  irresoluble  when  regarded 
as  functions  of  the  variables  y.  Thus 


where  Q,  =  Qi/Q2,  is  a  rational  function  of  x  and  s. 

When  the  solution  is  u  =  0,  it  can  arise  solely  through  the 
factors  T/T;  and  ty  =  0  is  then  consistent  with  the  differential 
equations,  so  that 


is  satisfied.  This  may  be  satisfied  identically,  or  it  may  be 
satisfied  only  in  virtue  of  -^  =  0.  In  either  case,  we  have  to  deal 
with  an  irreducible  polynomial  ty,  such  that  the  equations 


coexist  with  one  another  and  with  the  differential  equations:  in 
the  polynomial,  the  coefficients  of  the  various  powers  of  y  are 
rational  functions  of  x  and  s. 

When  the  solution  is  u  —  a  =  0,  so  that 
identically,  we  have 


£-• 


1  du. 


in  this  case,  we  shall  take  into  account  every  one  of  the  factors 
and  every  one  of  the  factors  6.     We  have 


^       r  _  v  J.LT      ,  _ 
+r   dt~  *6r  dt  = 


22  _  2 
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satisfied  identically.     Hence  multiplying  up  by  any  of  the  factors 
ty,  say  fa,  we  have 

,  <%•      _       *,  d6r  _ 

~         ^r         = 


Now  consider  the  equation  ^  =  0.  Since  fa,  fa,  ...  are  irre 
ducible  polynomials,  the  roots  of  fa  =  0,  regarded  as  an  equation 
in  (say)  yl ,  are  distinct  from  the  roots  of  fa.  =  0 ;  for  otherwise, 
fa  and  fa.  would  have  a  common  factor  H  (y^  —  77),  the  product 
extending  over  those  common  roots,  which  are  not  rational  in  x,  s, 
and  the  variables  2/2>  •••>  y*-  Hence  when  fa  =  0,  fa.  is  not  zero ; 

and  therefore  each  one  of  the  quantities  ~    is   zero  with    -&l. 

fa. 

Similarly,  each  one  of  the  quantities  ^2  is  zero  with  fa.  There 
fore  we  have 

dfa  _ 

w 

at  the  same  time  as  fa  =  0  ;  and  these  two  equations  coexist 
with  the  differential  equations. 

Similarly,  we  have 

d^  =  0 

at  the  same  time  as  ft  =  0 ;  and  these  two  equations  also  co 
exist  with  the  differential  equations.  Likewise  for  every  other 
quantity  >|r  and  every  other  quantity  6. 

Further,  the   equation    -~  =  0   exists   at  t  the  same  time  as 

dt 

i/r  =  0 ;   but   -f  may  be   an   identical   zero,  so    that   ~-  =  0  is 
dt  cLt 

then  satisfied  identically  and  not  in  virtue  of  ty  =  0.     Similarly 

7/1 

for  -=-  =  0 ;   it  may  be  satisfied  identically  and  not  in  virtue  of 

6  =  0. 

It  therefore  appears  that,  for  a  solution  either  of  the  form 
u  —  a  =  0  or  of  the  form  u  =  0,  the  homogeneous  function  u  in 
each  case  can  be  algebraically  composed  of  polynomials  in  the 
variables  y.  If  ijr  be  such  a  polynomial,  the  equation 
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is  satisfied ;  but  it  may  be  satisfied  either  identically  or  in  virtue 
of  ty  =  0.  The  coefficients  in  the  polynomials  are  rational 
functions  of  x  and  5;  and  the  polynomials  themselves  are 
homogeneous  in  the  variables*. 

Such  irreducible  polynomials  in  y,  rational  in  x  and  s, 
homogeneous  in  all  the  variables,  have  arisen  through  the 
function  u  in  a  solution  u  —  a  =  0  or  u  =  0.  As  u  can  be  alge 
braically  composed  from  them,  it  is  sufficient  for  our  purpose  now 
to  neglect  their  origin :  we  may  limit  our  discussion  strictly  to 
the  inferences  from  their  characteristic  property  that,  in  con 
nection  with  the  differential  equations,  the  relation 

f=0 
dt 

is  satisfied,  either  identically,  or  in  virtue  of  the  equation  ty  =  0. 


FUNCTIONS,  WHICH  ARE  INTEGRAL  IN  THE  VARIABLES. 
275.     When  the  equation 

t=° 

dt 
is  satisfied  identically,  then 

-fy  =  arbitrary  constant 

is  an  equivalent  of  that  equation ;  and  therefore  the  solution  is  of 
the  form 

f-«  =  0, 

that  is,  with  our  definition  of  §  266,  ty  is  an  integral  of  the 
differential  equations. 
When  the  equation 

5=° 

dt 
is  satisfied,  not  identically,  but  only  in  virtue  of  ty  =  0,  then  ifr 

cannot  be  claimed  as  an  integral.    Now  the  polynomial  ^ ,  which 
does  not  vanish  identically,  is  one  degree  higher  than  ^  in  the 

*  This  is  easily  seen  to  follow  from  the  fact  that  each  of  the  polynomials  under 
consideration  is  a  factor  of  either  the  numerator  or  the  denominator  of  ?/;  and 
both  the  numerator  and  the  denominator  are  homogeneous  for  the  transformations 
in  §  272.  A  non-homogeneous  polynomial  would,  after  those  transformations, 
become 

/^0  +  KX+1Jpi  +  KA+2P2+---> 
which  could  not  be  a  factor  of  KpL  or  of  /c«!T,  where  L  and  M  do  not  involve  K. 
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variables  y\   also  T/T  and    -~   vanish   together.     This  concurrent 

evanescence  can  take  place  only  in  virtue  of  some  common  factor ; 
and  ty  is  irreducible ;  hence  the  common  factor  must  be  A/T  itself. 

The  remaining  factor  of  -~  ,  say  <w,  can  only  be  of  the  first  degree 

in  the  variables  y :  let  it  be 

ft)  =  ft>0  +  wlyl  +  . . .  4-  mmym , 

where  ft)0>  &>i>  •••>  <»»»  are  homogeneous  rational  functions  of  #  and  s. 
Then 


As  our  functions  are  rational  and  homogeneous,  this  equation  will 
persist  when  we  make  the  transformations 

When  these  are  effected  upon  —  -~ ,  there  is  a  factor  K'1'2*' 

to  be  associated  with  it ;   this  factor  must  be  the  factor  to  be 
associated  with  co,  that  is,  with 

&>o  +  &>i2/i  +  . . .  +  o>mym. 

As  the  functions  o>0,  a>l5  ...,  o>m  are  rational  and  homogeneous  in 
x  and  s,  they  acquire  an  even  power  of  K.  as  a  factor  after  trans 
formation,  while  ylt  ...,  ym  acquire  an  odd  power.  It  therefore 
appears  that  the  first  term  would  acquire  an  even  power  of  K,  while 
it  ought  to  acquire  an  odd  power  /c"1"2^;  hence  <w0=  0,  and  then 
dilr 

~j  =  \®\y\  ~f~  •  • •  ~t~ 

276.  One  further  limitation  may  be  imposed  upon  the 
quantities  i|r  about  to  be  considered.  There  clearly  is  no  loss 
of  generality  in  assuming,  from  the  beginning  of  the  whole  investi 
gation,  that,  when  the  differential  equations  contain  only  real 
quantities,  all  the  integrals  are  real ;  for  if 

d 

identically,  then 


both  identically,  that  is,  the  real  quantities  P  and  Q  are  integrals. 
All  the  operations  (reductions,  transformations,  and  the  like), 
which  have  been  effected  until  the  last  stage,  have  introduced 
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no  imaginary  element  :  and  therefore  the  polynomial  u  at  the 
beginning  of  that  last  stage  is  such,  that  all  the  coefficients  are 
real  rational  functions  of  x  and  s.  In  resolving  the  polynomial 
into  factors,  which  are  rational  in  x  and  s,  it  is  possible  that  the 
imaginary  V—  1  will  be  introduced  :  an  example  indeed  will  be 
given  (§  279).  But  as  the  polynomial  is  real,  complex  factors  of 
this  kind  will  enter  in  conjugate  pairs  ;  the  product  of  a  conjugate 
pair  is  a  real  polynomial,  such  that 

1      d         ,.      1  cty-      1  e'  , 


an  equation  of  the  same  form.  Accordingly,  we  shall  assume  that, 
in  resolving  the  quantity  u  into  component  polynomials,  we  take 
only  such  a  resolution  as  gives  real  factors  ^r  ;  and  the  quantity  o> 
also  then  is  real.  Account  will  afterwards  be  taken  of  the  limita 
tion  (if  any),  which  this  assumption  implies  in  the  case  of  the 
astronomical  problem. 

Another  property  of  the  homogeneous  polynomial  ^r  may  be 
noted.  Let  two  terms  be  chosen  from  \/r,  which  are  of  dimensions 
q  and  q  in  the  variables  y,  and  are  of  dimensions  r  and  /  in  the 
variables  x  and  s.  When  the  homogeneous  transformation  is 
effected  upon  ty,  the  former  of  the  terms  acquires  the  factor 


and  the  latter  of  the  terms  acquires  the  factor 


On  account  of  the  homogeneity,  we  have 

q(l  +  2JV)  +  2r  =  ^(1  +  2N)  +  2r', 

that  is,  q  -  q'  is  an  even  integer.  It  therefore  follows  that,  when 
i/r  is  arranged  in  aggregates  of  terms,  each  aggregate  containing 
all  the  terms  that  are  of  the  same  dimensions  in  y,  and  when  the 
successive  aggregates  are  arranged  in  descending  order  of  dimen 
sions  in  2/,  the  descent  in  order  is  by  even  differences*.  If  the 
highest  order  be  p,  the  other  orders  are  p-2,  p-4,  ...,  so  that 
\ve  can  take 

^r  =  ^r0  +  ^r2  +  ^4  +  ..., 

where  o/r0  is  the  aggregate  of  terms  of  order  p,  ty2  that  of  terms  of 
order  p  -  2,  and  so  on  :  i|r0,  i|r2,  ^4,  ...,  being  polynomials,  which 
have  real  rational  functions  of  x  and  s  for  their  coefficients. 

*  This  remark  was  first  made  by  Poincare,  Comptes  Rendus,  t.  cxxin  (1896), 
p.  224. 
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INTEGRALS  :  SUB-INTEGRALS. 

277.     The  case,  when  the  equation  -J  =  0  is  satisfied  iden- 

at 

tically,  has  already  been  mentioned  :  it  needs  no  further  discussion 
at  this  stage,  ^  being  an  integral.  We  proceed  to  the  case  when 
that  equation  is  satisfied  only  in  virtue  of  ^  =  0  :  and  shall  prove 
that,  on  multiplying  ^  by  an  appropriate  factor,  which  depends  on 
x  and  s  alone,  say  R  (x,  s),  so  that  tyR  (x,  s)  =  M*,  then  M>"  is,  in 
general,  an  integral  of  the  differential  equations.  On  this  account, 
>/r  is  called  a  sub-integral,  as  already  indicated  (§  266). 

It  is  easy  to  see  how  this  result  is  suggested.     We  have 


dx 


from  the  differential  equations.  The  quantities  «!,...,  com  are 
rational  functions  of  xlt  ...,  xm,  s.  If  therefore  the  right-hand 
side  is  a  perfect  differential,  say 


we  should  have 

\^  +  ^    d  s 

ty  at      H  (x,  s)  dt  ( 

identically,  that  is, 


identically  ;  or  "^  would  be  an  integral. 

For  example,  in  the  case  (§  265)  of  the  problem  of  two  bodies,  if 

^  =  r(Z2- 
we  nave 


after  reduction  ;  that  is, 

dty  _  dr  ^ 
~ 
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and  therefore 

d 

dt 
Thus 


is  an  integral. 

To  establish  the  general  result,  it  will  be  sufficient  to  prove 
that 

wldxl  -f  . . .  -f  wmdxm 

is  a  perfect  differential.  This  will  be  shewn  to  be  the  case  when 
i/r0,  the  aggregate  of  terms  of  highest  order  in  y  contained  in  ifr, 
does  not  explicitly  involve  the  irrational  variable  s;  it  is  not 
necessarily  the  case  (as  will  be  seen  by  a  simple  example)  if  >/r0 
does  explicitly  involve  s.  It  will  appear  that  all  the  possible 
instances  of  the  latter  form  can  be  rejected  from  the  solution  of 
the  astronomical  problem. 

Let  p  denote  the  order  of  the  terms  in  ^  that  contain  the 
variables  y  in  highest  dimension  :  then  i/r  can  be  expressed  in  the 
form 

where  ^r0  is  the  aggregate  of  terms  of  dimension  p  in  the 
variables  y,  -v/r2  the  aggregate  of  those  of  dimension  p  —  2,  and 
so  on.  Now  the  equation 


is  satisfied  identically ;  hence  the  terms  of  highest  order  in  y  on 
the  two  sides  must  be  the  same, 
the  variables  y  to  order  p  + 1  is 


the  two  sides  must  be  the  same.     In  -~ ,  the  part  that  contains 


while  in  co^r  it  is  o>ijr0 ;  accordingly,  we  must  have 


r=i      ex 
and  therefore 

m 

This  equation  also  must  be  identically  satisfied. 
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278.  First,  suppose  that  ^r0  does  not  explicitly  involve  the 
irrational  variable  s.  We  proceed  to  shew  that  the  quantities 
oh,  .  ..,  tom  in  ft>  satisfy  the  conditions  of  integrability  of 

ci)ida\  +  .  .  .  -f  wmdxm  : 

and  we  deduce  the  integral  which  can  be  constructed  from  the 
function  ty. 

It  is  clear  that,  as  derivatives  of  ^r0  with  regard  to  x  alone  are 
required  in  the  equation 


any  factor  of  ^r0>  which  is  a  function  of  the  variables  y  alone,  can 
be  removed,  without  affecting  the  value  of  &>  :  in  particular,  any 
product  of  powers.  Let  all  such  factors  be  gathered  together,  say 

to  =/-  %> 
where  /depends  upon  the  variables  y  only;  thus 


where  %   is   of   course  homogeneous   in    those  variables,  say  of 

order  Q. 

9^ 
If  x  does  not  contain  the  variables  y,  we  have  &>>•%=  o      f°r 

r=l,  ...,  m;  that  is,  the  conditions  of  integrability  are  satisfied. 

When  %  does  contain  the  variables  y,  select  all  its  terms  which 
are  free  from  some  one  of  those  variables,  say  from  ym  :  so  that  we 
may  write 


where  %'  is  a  non-evanescent  quantity,  having  no  factor  that 
involves  variables  y  alone,  and  /x  (if  different  from  unity)  involves 
no  variables  except  y.  Substituting,  we  find 


ni-I       ^y' 

%'    *    ft>,2/r=    2  y    *  , 

r=l  r=l        cxr 

among  other  equations. 

If  %'  does  not  contain  the  variables  y,  the  conditions  of 
integrability  among  wl,  ...,  <»,„_!  are  satisfied.  When  it  does 
contain  those  variables,  it  is  resolved,  with  reference  to  some 
variable  ym-u  as  X  was  resolved  with  reference  to  ym;  and  cor 
responding  alternatives  are  possible,  in  succession.  It  therefore 
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appears  that  the  least  favourable  case  will,  in  the  last  resort, 
occur  when  the  function  ^<m-2>,  say,  involves  two  of  the  variables, 
say  yl  and  7/2  5  so  that,  denoting  their  aggregate  by  6,  we  have 

W  W      , 

*^  +  *S^  <**  +  •*>  *• 

Here  6  has  no  factor  which  involves  variables  y  alone  ;  it  therefore 
may  be  taken  in  the  form 


where  neither  c±  nor  c2  vanishes.     Proceeding  as  before,  we  find 
9  log  Cj  d  log  c.> 

""'-rf  •  "'"-fch 

and   we    have   to   prove    that    the   condition   of  integrability   is 
satisfied. 

Take  0  =  d  S-,  so  that  ^  is 


the  coefficients  of  powers  of  y  have  no  common  factor,  since  the 
coefficient  of  y^  is  unity.  These  coefficients  are  rational  functions 
of  the  variables  x\  let  D  denote  the  least  common  multiple  of 
their  denominators,  so  that  S,  =  DS-,  is  then  a  polynomial  in  x 
as  well  as  in  y±  and  y.,,  the  coefficients  of  the  various  powers  of 
y  having  no  common  factor.  Then  we  easily  find 

ae       ae 


say  :  the  left-hand  side  is  a  polynomial  in  as  and  y,  and  the 
right-hand  side  must  be  also  of  that  form.  Now  D  is  the 

c> 
coefficient  of  y^  in  ®,  and  D  —  is  the  coefficient  of  y£  in   ®  ; 

Ci 

denote  the  latter  of  them  —  each  is  a  polynomial  in  the  variables 
x—  by  C. 

If  Xl  be  an  irreducible  factor  of  D  involving  x^  (it  might  be  D 

1      r)  Jf 

itself),  then  y^  •=-    ---  i  is  meromorphic,  and  no  other  part  of  II  can 

-A-i  ux\ 

combine  with  it  so  as  to  give  a  function  that  is  integral  in  the 
variables  x.  Hence,  if  there  is  such  a  term  in  H,  X^  must  be  a 
factor  of  ®  in  order  that  O©  may  be  polynomial  in  x  :  a  condition 
contrary  to  the  property  that  the  coefficients  of  powers  of  y  in  B 
have  no  common  factor.  Thus  there  is  no  such  term  in  fL 
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1   o/^f 
In  the  same  way,  we  infer  that  there  is  no  term  yz  ^  ^—  in  O  : 

so  that  fl  =  0,  and  therefore 

8©      80 


which  is  satisfied  identically.  This  partial  differential  equation 
shews  that  ©  is  restricted  to  be  any  function  of  the  three 
arguments  yly  y2,  y^  —  y^.  Now  0  is  a  polynomial  in  x  and 
y,  which  certainly  has  a  term  involving  y-p  and  a  term  involving 
T/o7  ;  and  therefore  ©  is  of  the  form 
©  = 


where  X  +  JM  +  p  =  q.  But  ©  is  homogeneous  for  the  transforma 
tions  of  §  272  ;  so  that 

\(1  +  2^)  +  y^(l  -t-  2N)  +p  {(1  +  2^)  +  2} 

must  be  the  same  for  every  term,  that  is,  p  must  be  the  same  for 
every  term.  We  have  seen  that  factors  of  ^0  (and  therefore  also 
of  ^,  0,  ©  in  turn),  which  involve  the  variables  y  alone,  may  be 
omitted,  without  affecting  co  ;  hence 

®  =  (2/1^2  -  y&i)q* 

Thus 

D  =  ^,     D^-C^-aO*; 

Ci 

and  therefore 


that  is,  the  condition  of  integrability  is  satisfied,,  so  far  as  concerns 
oh  and  o>2.     Moreover 

a~  (l°8  ?)  =  -!-' 


a?a 

where  the  integer  g  is  the  order  of  the  aggregate  of  the  terms 
in  x  tnat;  depend  only  upon  y^  and  y^  when  all  factors  (if  any) 
involving  y^  and  i/2  (but  not  the  variables  x)  are  removed  from 
that  aggregate. 

A   corresponding    investigation   with    each    pair,   framed    by 
combining   each    of  the    variables   y   with    ylt    leads    to    similar 
results.     In  particular, 
8 
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where  the  aggregate  of  the  terms  in  ^  that  depend  only  upon  yl 
and  yr,  after  all  factors  independent  of  the  variables  x  have  been 
removed,  is 

ciy^+  ...  +  cryrq'+  •  ••; 
also 


,.--. 

cxr 
Returning  now  to  our  original  function  ijr,  we  had 

1  d& 

dt  =  Wl2/1  +  m*y*  +  '  '  '  +  a>mym 


But 

i  dc,      aiogd      aiogc, 

Cl  d*  -yi  "sr+y'  ~^r     +ym 

arid  therefore 

1  ctyr      1  dd          9   /,      Co\  8    /.      cw 

dt  -  c,  dt  =  *  a^2  (log  F;)  +  -  +  y-  a^n  (lo»  ft 


r=Z       ^r 


consequently 

an  equation  which  is  satisfied  identically.     Hence 


is  an  integral  of  the  differential  equations.  In  the  present 
instance  Ci  is  the  coefficient  of  a  term  in  ^r0,  supposed  rational 
in  the  variables  a?;  and  therefore  it  appears,  when  the  aggregate 
of  terms  of  highest  order  in  the  variables  y  in  our  homogeneous 
function  ^r  is  rational  m  the  variables  x,  that  ty  can  be  changed  * 
into  an  integral,  on  multiplication  ly  an  appropriate  rational 
function  of  the  variables  x.  As  A/T  is  a  polynomial  in  y,  so  also 
is  the  integral  c/>:  and  as  the  coefficients  in  the  terms  of  the 
highest  order  in  the  polynomial  ^r  are  rational  functions  of  x,. 

*  It  is  on  this  account  that  ^  is  called  a  sub-integral. 
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so  also  are  those  in  the  integral  <£.     Moreover,  the  appropriate 
factor,  which  is 


is  determinable  from  ijr0  by  inspection. 

It  is  to  be  expected,  from  the  course  of  the  preceding  proof, 
that  the  aggregate  of  terms  of  the  highest  order  in  y  which  <£ 
contains  will  be  a  polynomial  in  quantities  of  the  type  xryl  —  x-^yr  : 
this  property  can  be  established  briefly  as  follows.  As  <£  is  a 
polynomial  in  y,  differing  only  from  i/r  by  the  associated  factor,  it 
can  be  arranged  in  the  form 

</>  =  $0  +  </>2  +  $4  +  •  •  •  , 

where  <f>0  is  the  aggregate  of  terms  of  highest  order  in  y,  say  p, 
<f)2  is  of  order  p  —  2,  and  so  on.     Since  the  equation 

dcf>  _  d£0     dfa  _ 

~rr  —  —  T~T  •     7.1  T  •  •  •  —  u 
at       at       at 

is  to  be  satisfied   identically,  the   terms  of  highest  order  must 

vanish  by  themselves.     These  terms  arise   from     J?°  alone,  and 

at 

they  give  the  equation 


Now  <£0  is  a  polynomial  in  y,  and  it  is  a  rational  function  of  the 
variables  as.  This  partial  differential  equation  shews  that  <f>0  is 
restricted  to  be  a  function  of  the  2m  —  1  quantities  y1}  ...,  ym, 
®*.y\  —  ®\y*,  •»,  Mmy\—®\ym'>  the  variables  x  occurring  only 
through  the  last  m  —  1  combinations.  It  cannot  be  a  polynomial 
in  y  if  it  involves  the  last  m—\  combinations  in  fractional  forms  ; 
and  therefore  <£0  is  a  rational  integral  function  of 


the  coefficients  of  the  various  combinations  of  these  quantities 
being  rational  functions  of  ylt  ...,  ym.  As  a  matter  of  fact,  these 
coefficients  are  integral  functions  of  the  variables  y,  save  as  to  a 
possible  power  of  yl  occurring  as  a  denominator.  For  we  have 
seen  that  $0  is  an  integral  function  of  the  variables  y,  and  it  is 
rational  in  the  variables  x.  Denoting  xry^  —  x^yr  by  pr,  we  have 
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let  these  expressions  be  substituted  for  x2,  ...,  xm  in  <£0,  Now 
<£0,  so  far  as  concerns  the  variables  x,  involves  them  only  in  the 
combinations^,  ...,pm,  of  which  it  is  a  rational  integral  function; 
hence  when  the  substitutions  for  #2,  ...,  xm  are  made,  asL  dis 
appears.  Regarding  the  two  forms  of  </>0,  the  first  as  integral  in  y 
and  rational  in  x,  and  the  second  as  integral  in  p  and  rational  in 
y,  it  follows  that  <£0  is  integral  in  p  and  integral  in  the  variables  y, 
except  possibly  for  a  power  of  y±  occurring  as  a  denominator. 

279.  We  now  take  the  alternative  of  the  hypothesis  at  the 
beginning  of  §  278  ;  we  assume  that  ^rQ  is  not  rational  in  the 
variables  x  alone.  As  ^  is  rational  in  s  and  the  variables  #,  it 
follows  that  s  will  then  occur  explicitly  in  ^r0.  The  equation 


is   still   satisfied  identically;   but  it  is  no  longer  the  fact  that 

M 

2  cordxr   is   necessarily   a   perfect   differential*.      As   a   simple 

r-l 

instance,  consider  the  problem  of  three  bodies.  Denoting  their 
coordinates  by  xlt  xz,  #3;  #4,  #5,  ^6  ;  ^7,  a?8,  o?9;  merely  for  the 
present  purpose,  and  writing 

S  1  =  **i         "^4  >         S  2  =  ^'2         ^5  >         53  ==  ^3  ~~  A>6  5 

ii^yi-y*,    vs  =  y*-ys,    ^3  =  ^-y6, 

we  have 

<#>  =  (i7ifa  -  *?2£)2  +  (%&  -  %?2)2  +  (%ft  -  ^ft)2 
as  an  integral  of  the  differential  equations.     A  factor  of  0  is 


where  r12,  the  distance  between  the  first  and  second  bodies,  is  a 
rational  function  of  s,  and  i  denotes  V  —  1.  It  is  not  difficult  to 
verify  that 


where 


*  This  was  first  pointed  out  by  Poincare,  Comptes  Rendus,  t.  cxxiu  (1896), 
p.  1228,  where  he  enunciated  (without  proof)  the  rule,  which  eliminates  these 
solutions  from  the  astronomical  problem. 
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say.     Then 

2  tordxr  =  0  .  d&  +  n,d£  +  n3df  3J 

r=l 

manifestly  not  a  perfect  differential*. 

In  this  particular  instance,  the  quantity  ^r0  is  complex  :  and 
therefore,  in  accordance  with  §  276,  the  quantity  </>  would  be  left 
unresolved,  for  the  product  of  ^r0  by  the  conjugate  complex  is 
(fa2  +  ft2)  0  :  and  the  case  would  not  occur.  We  proceed  to  shew 
that  all  the  possible  instances,  which  can  occur  in  the  astronomical 
problem,  are  of  the  same  character  :  viz.  every  function  i/r0  of  the 
type  under  consideration,  which  involves  the  irrational  variable  s 
explicitly,  the  variables  x  rationally,  is  a  polynomial  in  the  variables 
y,  and  satisfies  the  equation 


is  complex,  and  (by  §  276)  is  therefore  merged  in  other  functions. 

280.  The  quantity  ^0  is  a  homogeneous  polynomial  in  the 
variables  y\  it  is  rational  in  the  variables  x  and  ,9,  where  s  is 
given  by  the  irreducible  equation 


and  it  satisfies  the  equation 


When  the  n  values  of  s  (they  are  explicitly  known  for  the 
astronomical  problem)  are  substituted  in  ^0  ifi  turn,  the  latter 
will  acquire  a  number  of  distinct  values,  say  T/TJ,  ^r2,  ...,  fy,  where 
I  either  is  n  or  is  a  factor  of  n.  For  each  of  these  values,  we  have 

i  %     a^tt    n 
—  2  yr  .—  =na, 

^ar  =  l         OXr 

where  Ha  is  linear  in  the  variables  y.  (In  general,  II  will  involve 
s,  and  the  I  values  of  fl  will  be  derivable  from  any  one  of  them  : 
but  this  need  not  always  be  the  case.)  Taking 


*  The  explanation  of  the  difference  from  the  case  of  §  278  is  the  occurrence  of 
the  irrational  variable  *. 
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so  that  (f>,  obviously  a  homogeneous  polynomial  in  y,  is  a  sym 
metric  function  of  the  values  of  fa  for  all  the  values  of  s,  and 
therefore  is  a  rational  function  of  the  variables  x  alone,  we  have 

1  i     a</>  =  i 

where  H  is  linear  in  the  variables  y  and,  because  $  is  rational  in 
the  variables  x,  so  also  is  H.  Thus 


Now  (£  is  a  homogeneous  polynomial  in  the  variables  y  and  is 
rational  in  the  variables  x\  hence  it  is  subject  to  the  theorem 
established  in  §  278,  that  is,  <£  is  a  polynomial  in  the  quantities 


and  it  is  only  through  these  quantities  that  the  variables  x  enter 
into  the  expression  for  <f>. 

Thus  0  certainly  exists  when  A/TO  exists.  Conversely,  when  </> 
has  been  found,  the  various  irresoluble  real  factors  of  $  will  be 
the  various  values  fa,  fa,  ...,  ^.  Hence  if  all  the  functions 
<p  of  this  type  be  determined,  all  the  possible  functions  ^0  of  the 
character  under  consideration  will  be  derivable. 

Accordingly  let  $  denote  such  a  function,  irresoluble  into 
factors  of  its  own  form  which  are  rational  in  x  alone,  but  resoluble 
into  such  factors,  which  are  rational  in  x  and  s,  and  are  real  :  the 
factors  being  the  quantities  t/r.  These  quantities  ^  are  changed 
into  one  another  by  appropriate  changes  of  the  roots  s  of  F  =  0 
into  one  another  :  any  two  of  them  become  the  same,  when 
corresponding  roots  s  are  equal.  When  two  roots  s  are  equal, 
there  is  a  relation  among  the  variables  xlt  ...,ocm:  so  that,  when 
this  relation  is  satisfied,  <l>  contains  a  repeated  factor.  By  assign 
ing  all  possible  equalities  among  the  roots  s  in  turn,  we  secure  all 
possible  repetitions*  of  the  factors  of  <3>  ;  all  its  factors  will  thus 
be  considered  in  turn.  They  are  obtained  as  follows. 

281.  Since  <E>  =  0  is  homogeneous  in  the  variables  y,  we  may 
divide  throughout  by  any  one  of  them,  say  by  yl  :  and,  owing  to 

*  It  should  be  noted  that  an  equality  among  the  roots  s  does  not  necessarily 
make  two  factors  of  $  equal:  the  equality  might  leave  each  factor  unaltered. 

F.  in.  23 
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the  property  proved  at  the  end  of  §  278,  the  resulting  expression 
is  rational  and  integral  in  the  variables  yr\y^     But 

yr  _  dxr     dxl  _  dxr  _ 

y,  =  ft   ''    dt  ~  dx,  ~  qr' 
say,  so  that  the  equation  <t>  =  0  becomes 

#(      .  .  .    #    -  #<  .  .  .    <       =  0. 


This  equation  may  be  regarded  as  expressing  qz  in  terms  of 
<fc,  ...,  qm'  and  it  has  been  seen  that,  for  a  certain  relation  among 
the  variables  x,  it  contains  a  repeated  factor,  so  that  the  value  of 
q2  is  repeated,  or  a  set  of  values  of  <?2  is  repeated  ;  accordingly, 
these  satisfy 

g-OL 

^2 

But  our  function  <&  is  resoluble  into  factors  that  are  homogeneous 
and  integral  in  ylt  ...,  ymt  that  is,  G  is  resoluble  into  factors  that 
are  integral  in  q2,  ...,  qm.  Consider  the  repeated  factor  :  equated 
to  zero,  it  gives  a  repeated  value  of  q.2  in  terms  of  the  rest, 
and  therefore  it  gives  a  repeated  value  of  qr  in  terms  of 
</2,  ••.,  <fr-n  Qr+i,  •••>  <lm>  f°r  aU  values  of  r.  Hence  when 
2  =  0,  the  repeated  factor  in  Gr  =  0  is  such  that 


Moreover,  when  we  determine  q2,  ...,  qm  from  the  equations 


as  functions  of  ^15  ...,  xm  and  substitute  in  6r=0,  the  latter  (if 
originally  resoluble  in  the  manner  supposed)  must  contain  2  =  0 
or  be  2  =  0,  where  2  =  0  is  the  relation  among  the  variables 
equivalent  to  that  equality  of  roots  s,  which  gives  rise  to  the 
repeated  factor  in  G.  Accordingly,  we  have 


from  the  general  theory  of  elimination. 

Take  the  instance  of  §  279  as  an  example.     Let 


which  is  resoluble  into  two  factors  linear  in  <?2and  2s  ;  the  two  factors  become 
the  same  when 
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It  is  easy  to  verify  that 


Using  now  the  vocabulary  of  geometry  of  m  dimensions,  we 
have  the  equation  of  a  line  in  the  form 

f  i  ~  #1  _  fa  —  ^2  _  f  m  —  «m 


Hence  the  quantities 


specify  a  line  through  the  point  xlt  ...,  acm\  and  the  equation 
6r  =  0  therefore  represents  an  aggregate  of  lines.  The  lines 
through  a  point  on  2  =  0,  which  correspond  to  the  repeated 
factor,  are  such  that 

^_0        ae 
fy»  ~       'a<?m~ 

Taking  a  neighbouring  point  x^+dx^  x.2+dx2,  ...,  #w+  ^m,  we 
have 

rf  (a;r  -  a?!^)  =  qrdxl  —  qrdx-^  —  x±dqr 


so  that 


dG  =  -  S  ^— 

r=2  ^r  r=2 


where  •.,—  denotes  the  partial  derivative  of  G  with  respect  to  qr 
oqr 

owing  to  the  occurrence  of  qr  outside  the  combinations  x^  —  x-^q,.. 
But 


=      _         . 

Sqr       1  dxr  ' 
and  therefore 

,n      ™  dG  , 
dG  =  S  ^—  d<7,-. 
,.=2  8jr 

r)^ 

For  the  selected  lines  in  question,  all  the  quantities  x     vanish  : 

23—2 
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and  therefore  for   their   directions   through    the   point,  we  have 
dG  =  0  ;  that  is,  we  have,  for  the  directions  of  these  lines, 


<-\/~i 

We  have  seen  that  =—  =0:  when  the  direction-quantities  are  sub- 
dqr 

stituted  in  these  equations,  each  is  identically  satisfied,  so  that 
that  is, 


Also  the  point  xl,  ...,  xm  is  on  2  =  0;  and  therefore  we  have 
Bd%  =  0,  that  is,  the  directions  of  the  selected  lines  through  the 
point  satisfy  c22  =  0,  or  all  of  them  lie  in  the  tangent-plane  to  the 
surface  2  =  0  at  the  point. 

Hence  the  two  (or  more)  factors  of  4>  =  0,  which  become  equal 
to  one  another  when  2  =  0,  represent  lines,  which  are  included 
among  the  tangent-lines  to  the  surface  2  =  0.  Similarly  for 
another  surface  2'  =  0,  such  that  other  factors  of  <J>  =  0  become 
repeated  ;  the  corresponding  lines  in  G  =  0  are  included  among  the 
tangent-lines  to  2'  =  0.  By  taking  all  the  surfaces  such  as  2  =  0, 
we  secure  the  consideration  of  every  factor  in  4>,  (it  may  be  that  a 
factor  is  considered  more  than  once),  and  we  have  a  corresponding 
result.  We  thus  infer  the  rule,  due  to  Poincare  : 

Take  every  surface  2  =  0,  which  is  a  locus  of  points  where  s  has 
equal  roots:  and  construct  the  aggregate  of  tangent-lines,  say  T  =  0, 
to  the  surface.  Then  if  T  be  resoluble,  it  includes  those  factors  of 
4>,  which  become  the  same  for  values  of  the  variables  x  satisfying 
2  =  0;  and  the  complete  set  of  the  equations  T=  0  certainly  includes 
all  the  equations  <&  =  0. 

It  must  not  be  assumed  that  each  equation  T  =  0  is  resoluble 
into  factors  :  what  has  been  proved  is  that,  if  an  equation  <£  =  0 
of  the  specified  type  exists,  it  can  be  obtained  in  the  way  indicated 
in  the  rule.  All  the  possible  cases  will  be  obtained,  when  all 
the  possible  surfaces  2  =  0  and  their  aggregates  of  tangent-lines. 
have  been  considered. 
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282.     The  equation 

F  ( s  x          x  ^  =  0 

irresoluble   as   an    equation    in   s,    will    have   equal    roots   when 

dF 

-z-  =  0,  that  is,  when  its  discriminant  with  regard  to  s  vanishes, 

say  when 

This  discriminant  may  be  capable  of  resolution  into  a  number  of 
functions,  each  rational  in  the  variables  x  and  irresoluble ;  let 
these  be 

A1  =  0,     A2  =  0,     ..., 

manifestly  finite  in  number.  Each  of  these  last  equations  gives  a 
critical  equation,  represented  by  S  =  0  in  the  preceding  investi 
gation. 

To    obtain    the    equation,   interpreted    as    the   aggregate   of 
tangents  to   the   surface,  we   take  any.  line  x1  +  ty1,  , 
®m  +  tym ;  where  it  meets  a  surface  A  =  0,  we  have 


If  it  is  a  tangent-line  to  the  surface,  two  points  of  intersection 
are  coincident,  that  is,  t  has  two  equal  values.  We  therefore 
form  the  discriminant  of  A  ;  it  is  * 

<3>  =  0, 
where  <I>  has  the  general  significance  in  §  281. 

As  was  remarked  at  the  end  of  §  281,  the  quantity  <E>,  rational 
in  the  variables  x  and  y,  and  homogeneous  in  the  variables  y,  is 
not  necessarily  resoluble  into  factors  that  are  homogeneous  in  the 
variables  y,  and  rational  in  #,  y,  s.  If  it  should  be  so  resoluble, 
then  any  such  factor  is  a  function  ^r0. 

In  the  absence  of  the  specific  form  of  the  equation 


we  are  not  in  a  position  to  discuss  the  functions  ty0  on  a  general 
basis.     All  that  has  been  proved  is  that,  when 

1   efyo 

to    5"  -«**+"•+•*#«. 

*  From  the  fact  that  the  discriminant  is  given  by  —  =0,  that  is, 

c*A  6A 

<"s;+-^'>a,,r0' 

we  see  how  the  form  of  <£  is  recovered. 
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the  expression  toldxl  + ... +o>mdxm  is  not  necessarily  a  perfect 
differential,  for  a  special  example  to  the  contrary  was  shewn ; 
but  when  the  form  F—  0  is  made  particular,  not  general,  the 
condition  may  be  satisfied,  and  an  integral  can  then  be  deduced. 

We   proceed   to   consider   the   significance   of  the   result   as 
regards  the  astronomical  problem. 

283.     Taking  the  case  of  the  problem  of  three  bodies,  the 
equation  F—  0  is 

n  (s  -  sa)  =  o, 

a  =  l 

where  the  eight  roots  sa  are  the  eight  values  of 

±ns±ra±rn. 

There  is  thus  the  possibility  of  28  equalities  among  the  roots. 
Each  of  the  three  equations 

r,.>  =  0,     r-a  =  0,     rsl  =  0, 
provides  four  equalities ;  each  of  the  three  equations 

r^  =  r31J     rsi  =  rist     r1.2  =  rsst 

provides  two  equalities ;  each  of  the  three  equations 
rw  -f  rsl  =  0,     ?v  +  n,  =  0,     r12  4-  ?%,  =  0, 
provides  two  equalities  ;  and  each  of  the  four  equations 

rK  ±  rw  ±  r3l  =  0, 

provides  one  equality :  making  up  the  total  of  28.  We  consider 
the  rationalised  forms  of  these  equations  in  turn. 

As  regards  one  of  the  first  three,  say  r12  =  t),  its  rationalised 

form  is 

(xl  —  a?4)2  +  (#,  -  a?5)2  4-  (#3  —  a?«)2  =  0, 
say 

fcf+6f +&•-<>, 

in  the  notation  of  §  279.     We  have  to  give  equal  roots  to  t  in 

(f  i  +  %*)a  +  (fa 
so  that 

(fi2  +  &  +  ?o2)  (VS  + 
Thus 

<$>  =  (^,  -  faflhy 

Now  4>  is  resoluble  into  two  factors  (§  279),  linear  in  rjlt  tj.2,  rj.,; 
but  they  are  conjugate  complex  factors.  As  they  are  not  real, 
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they  are  to  be  rejected  (§  276)  as  a  possible  basis  for  an  integral. 
Hence  no  function  ^r0,  with  the  assigned  properties,  arises  in 
connection  with  the  equation  r12  =  0. 

The  same  result  holds  for  each  of  the  other  two  equations 
r23  =  0,  r31  =  0,  of  the  first  set. 

As  regards  one  of  the  second  three,  say  r12  =  r31 ,  its  rationalised 
form  is 

say 

ft2  +  ft2  +  ft2  =  ft2  +  ft2  +  ft2, 

which  also  is  the  rational  form  of  one  of  the  third  three,  viz. 
t\i  +  fa  =  0.  We  are  to  give  equal  roots  to  t  in 

(ft  +  ??iO'J  +  (ft  +  ^)2  +  (ft  +  ^)2  =  (ft  +  fl?4*)s  +  (ft  +  ifo*)8 + (ft 

so  that 

ir  =  3  0  =  6       "l    (V=3  0  =  6       ^          (r=3  0  =  6 

^ft-2-  Sff«}<2%,«-  2V   =    Sft^r-  2{ 
>•=!  o  =  4        j    (r-1  9  =  4       j  <r  =  l  o=4 

that  is, 

This  expression  <£,  of  the  second  order  in  the  quantities  77,  is  not 
resoluble  into  linear  factors*;  hence  no  quantities  i/r0,  with  the 
assigned  properties,  arise  through  the  equations  r12  +  rsl  —  0. 

Similarly  no  quantities  -\Jr0  arise  through  either  of  the  other 
two  equations  of  the  second  set,  and  none  through  either  of  the 
other  two  equations  of  the  third  set. 

*  This  may  be  seen  by  taking  <i>  =  0,  regarding  it  as  a  quadratic  in  rj-^,  and 
solving  the  quadratic.  If  *  were  resoluble,  being  say 


the  radical  (B-  -  AC}*  would  be  a  linear  function  of  the  other  quantities  77  :  that  this 
may  be  the  case,  B2-AC,  qua  function  of  those  quantities  TJ,  must  be  a  perfect 
square.  That  this  is  not  so,  follows  from  considering  the  terms  in  v}.2-,  y./, 
i7a%;  they  are 


or,  dropping  the  factor  ?'213-r212,  they  are 

V  (fe3  -  >-2i3)  +  Vfe8  ~  ^is) 
which  is  not  the  perfect  square  of  any  linear  function  of  -rj.2  and  773. 
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As  regards  the  last  set  of  four  equations,  they  have  each  the 
same  rationalised  form,  viz. 

(r\,  -  r\,  +  r223)2  -  4r212  r^  =  0. 

In  the  simplified  form  of  this  when  r.23  =  0,  we  fall  back  upon  the 
last  case:  the  deduced  quantity  3>  for  that  simpler  form  is  not 
resoluble.  A  fortiori,  when  rw  is  not  zero,  the  deduced  quantity 
4>  cannot  be  resoluble. 

Hence  it  follows  that,  in  the  problem  of  three  bodies,  the 
critical  equations  2  =  0  give  rise  to  quantities  <£,  which  are  either 
irresoluble  or,  if  resoluble,  give  rise  to  complex  factors.  No 
function  ^r0,  of  the  kind  indicated  at  the  beginning  of  §  279, 
exists  in  this  case. 

284.  Similarly  for  the  problem  of  n  bodies.  The  only  in 
stances,  in  which  the  quantities  O  deduced  from  critical  equations 
£  =  0  prove  resoluble,  are  those  coming  through  equations 


which  correspond  to  the  instances  r212  =  0,  r\s  =  0,  r231  =  0  in  the 
problem  of  three  bodies  ;  the  resolved  factors  are  conjugate 
complex  quantities,  and  the  corresponding  functions  >/r0  are  to  be 
rejected.  All  other  instances  give  rise  to  quantities  O  which  are 
irresoluble  ;  and  so  there  arise  no  functions  yfr0  for  consideration. 


SUMMARY   OF   RESULTS. 

285.  At  this  stage  we  shall  now  begin  the  detailed  con 
sideration  of  the  equations  in  the  astronomical  problem.  Except 
for  the  form  of  the  equation  connected  with  the  irrationality  s, 
the  differential  equations  have  been  of  a  general  type :  and  it 
remains  to  be  seen  how  far  the  particular  form  of  the  equations 
may  affect  the  results  thus  far  attained.  These  results  may 
be  summarised  as  follows,  enunciated  in  connection  with  the 
equations 

dxr  dyr 

-fa=yr,    -j^-  =  Ar(xl)  ...yxm\  (r=I,...,m), 

(which  are  to  be  identified  with  the  differential  equations  of  the 
problem  of  n  bodies),  and  with  the  equation  that  defines  the 
irrational  quantity  in  that  problem. 


285.]  RESULTS  361 

Any  algebraic  integral  of  the  differential  equations,  which 
does  not  involve  t,  can  be  derived  by  purely  algebraical  operations 
from  integrals  (ft,  characterised  by  the  following  properties  : 

(i)      Each  integral  (/>  is  a  polynomial  in  y,  the  coefficients  of 
the  powers  being  rational  functions  of  x  and  s  ;  and  no 
parametric  constants  occur  in  the  expression  for  0. 
(ii)     The  integral  $  remains  unchanged,  save  as  to  a  factor 
which  is  a  power  of  K,  by  the  substitutions 
x'  =  XK-  ,     s'  =  SK2  ,     y'  =  y/cl  +2N  : 
such  integrals  being  called  homogeneous. 

(iii)  When  the  aggregates  of  terms  in  <f>,  which  are  of  the 
same  dimensions  in  the  variables  y,  are  gathered 
together,  <£  can  be  expressed  in  the  form 

$0  +  $2  +  $4  +    •  •  •  , 

where  <£2  is  of  dimensions  less  by  two  than  <£0,  <f)4  of 
dimensions  less  by  two  than  <f>2,  and  so  on,  in  the 
variables  y. 

(iv)  The  aggregate  $0  of  terms  in  <f>  of  the  highest  order  in 
the  variables  y,  is  rational  in  the  variables  x  and  does 
not  explicitly  involve  s\  it  is  a  polynomial  in  the 
quantities 

#22/i  -  #i#2,    #3^1  -  #1  y3,    -  •  •>    x™yi  -  ®iym, 

the  coefficients  in  the  polynomial  being  rational  functions 
of  y  which,  except  for  a  power  of  yx  as  a  possible  de 
nominator,  are  also  integral  functions  of  the  variables  y. 

EQUATIONS  OF  THE  ASTRONOMICAL  PROBLEM. 

286.  In  connection  with  the  differential  equations  as  set  out 
in  §  264,  it  is  convenient  to  use  the  symbols 

8        S   (X    d  +V    d    4-7    8 

^—  =    2,        A  a  ^  --  h  J.  a  *  ----  V  AO.^— 

da     a=1  \      oxa          oya          oza 


- 

d¥a          3 

so  that  the  effect  of  ~-  upon  any  quantity  is  to  increase  its  order 
in   the  variables  X,   Y,  Z  by  unity,  and    the   effect  of  «-   is  to 
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decrease  that  order  by  unity.  We  are  concerned  with  homo 
geneous  integrals  <£,  which  are  polynomials  in  X,  Y,  Z,  and  are 
rational  in  the  variables  x  and  s  ;  when  <£  is  arranged  in  the  form 


where  $n  is  the  aggregate  of  terms  of  the  highest  order  in  X,  Y,  Z, 
then  <£0  is  a  polynomial  in  the  variables  x.  It  will  be  proved  that 
(f>  can  be  compounded  from  the  classical  integrals. 

Since  <f>  is  an  integral  of  the  differential  equations,  we  have 
d<f>     d<f>     d<t>      n 

TT  —  ^  --  "    n~  =  V* 

at      OH       ov 

Arranging  this  equation,  so  that  terms  of  the  same  dimensions  in 
the  variables  X,  7,  Z  are  grouped  together,  we  have 


which  must  be  identically  satisfied.     Hence 
9£.  8£  +  3&_0,... 

Oil  OV         OU 

Our  immediate  aim  is  the  determination  of  the  form  of  <£0;  it 
will  be  found  that  the  first  two  of  these  equations  suffice  for 
the  purpose. 

The  first  equation  is 


a  partial  differential  equation  of  the  first  order.     The  equations 
subsidiary  to  the  solution  are 

dxl  _       __  dxa  _  dy*  _  faa  _       _  dzn 

X~  =  Ta     ~~  ''   Ta    ~   Za    =  ~  Zn 


__      =         =         =        = 

0  000  0 

The  necessary  6?i  -  1  integrals  of  this  system  are  furnished  by 

&\\  -^2>   •*  2?  ^"2  >  •••>    A-m   *ni   «*n  j 

x,Xr  -  ^X,  ,    for  «  =  2,  3,  ...,n; 
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From  §  285,  it  follows  that  fa  is  expressible  as  a  polynomial  in  the 
variables  f,  g,  h  ;  and  that,  except  possibly  as  to  a  power  of  X1  for  a 
denominator,  the  coefficients  of  the  various  powers  of  /,  g,  h  in 
fa  are  polynomials  in  X,  Y,  Z.  When  the  form  of  fa  as  a  function 
of  the  variables  a?,  y,  2,  X,  Y,  Z  is  known,  this  modified  expression 
of  fa  is  obtained,  by  substituting  for  the  variables  x  their  values 

fr         Xr  _  gr          Yr  hr          Zr 

®T  =  ~v     i   *^'l  -y   t       y?  ~  'v   ~H  *3/i  ~^   )        %r  ==  ~\r  ~f~  *2?i  ~Tf~  j 
-A  i  -Ai  -Ai  -A  i  .Ax  .AJ 

the  variable  ^  then  disappears  from  (£0. 

Let  these  same  substitutions  for  the  variables  x  be  made  in 

(£-2,  which  does  not  necessarily  satisfy  the  equation         =  0.     The 

variable  ^  does  not  then  necessarily  disappear  from  <£2,  as  it  does 
from  <£0  ?  and  we  have 

a</>2  _    d02 
•^  —  j^*-i"':\   • 

OU  OOL\ 

Thus 


where,  in  the  terms  to  be  summed,  all  the  quantities  are  to  be 
expressed  in  terms  of  the  3?i  variables  xlt  glt  h^  ;  /2,  g^,h.2]  ...; 
/w,  ^n,  ^»  ;  and  the  3n  variables  X,  Y,  Z.     Denoting  the  result  by 
U,  we  have 

X&  +  U-Q, 

0%i 

and  therefore 


where  <£./  is  a  solution  of  the  equation 


Now 


>,  is  a  polynomial  in  X,  Y,  Z\  and    /^  ^  is  certainly  a 

polynomial  in  those  variables  ;  hence  </>/  must  also  be  a  poly 
nomial  in  X,  Y,  Z,  of  the  same  order  in  them  as  </>2,  that  is, 
of  order  less  by  two  than  <£0.  Moreover,  fa'  is  a  solution  of  the 
same  equation  as  fa  ;  so  that  we  can  regard  fa'  as  an  initial  set  of 
terms  of  highest  order  for  a  new  function  </>',  that  highest  order 
being  two  less  than  in  <£.  Thus  (£'  is  of  the  same  character  as  <£  ; 
whatever  is  proved  as  to  generic  character  of  (/>  will  hold  also 
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for  <fi ;  and  so  there  will  be  no  loss  of  generality  as  regards  <f>  if 
we  neglect  </>',  in  effect,  if  we  take  <£2'  =  0.     Then 


Now  </>2  is  rational  in  the  variables  as,  y,  z,  s\  and  therefore  the 
subject  of  integration  must  be  such  as  to  render  the  integral  a 
rational  function  of  those  variables. 

287.     Changing  the  variables  in 


from  a?j,  T/!,  z^\   ...;    #w,  yn,  ^n  ;    to  #x,  ^  /^  ;  /2,  g.2,  7i2  ;    ...; 
/n>  <7n>  ^n5   we  have  a  new  expression  for  U  in  the  form 


where  <^>0  is  now  supposed  to  be  a  function  of  the  new  variables 
f,g,ha,udofX,  Y,Z. 

When  the  values  of  A,  B,  C  are  substituted,  the  expression 
for  U  consists  of  a  sum  of  terms,  each  of  which  is  fractional  ;  the 
denominator  in  each  is  of  the  form  r3^,  the  integers  k  and  I 
changing  from  term  to  term.  We  select  those  'which  have  r\p  as 
their  denominator;  let  their  aggregate  be  denoted  by  Ulp^r\p. 
We  also  select  those  which  have  r3ffT  as  their  denominator;  let 
their  aggregate  be  denoted  by  UffT  +  r'ffr.  Clearly,  we  have 

p  =  2,  3,  ...,  ?i  ;   <r,  r  =  2,  3,  ....  n. 

It  appears  that,  in  the  quantities  Ulp  and  !!„,  certain  com 
binations  of  terms  occur  that  are  symmetric  in  x,  y,  z;  or  in 
X,  Y,  Z-,  or  in  /  g,  h\  or  in  sets  of  these  variables.  To  ab 
breviate  the  formula,  a  symbol  S  will  be  used,  with  the  definition 

,  h,,  Z,), 


whatever  be  the  function  F;  the  symbol,  in  fact,  expresses  sym 
metrical  summation  for  three  variables,  the  sole  exception  being  as 
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regards  glt  hl}  because  there  is  no  variable/!.     With  this  under 
standing,  we  have 

Ulp  =  mp    ^  {yl  Op  -  tfj)  -  xl  (yp  -  y^}  +  ^  [z^x.-x^-x^z.-z^] 
+  S\(xp-  #!>  (mp  ^  -  w,  r-J?-  ° 


on  further  substitution  for  the  variables  a?,  i/,  ^  in  terms  of/,  </,  7i. 
The  coefficient  @,p  is  given  by 


the  explicit  values  of  the  coefficients  Olp,  ^lp  are  not  required. 
Similarly  we  have 

Uffr  =  S  (XT  -  a.)  (mr  ^  -  mff  d^}  -XiSfa-x,)  (mr  8^°  -  mj^ 


where 

v  /HA  t?  /  ~v        v 

A  i^«rr  =  —  >->  V  A  T  —  A , 

the  explicit  values  of  the  coefficients  <&ar,  W^  are  not  required. 

Now  taking /a^  to  denote /a— /0  (where /al  =/a),  Za^  to  denote 
JTa  —  Xp,  and  so  for  the  other  variables,  we  have 

=  — (/  +xX  ) 

V     —  T     —   -—-(  f      -4-T   X      V 
o/j-        o/T  —    -yr    yy  OT  T  ^i^A.0-.,.^, 

so  that,  for  our  purpose, 
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where  the  coefficients  a,  6,  c  do  not  involve  x^.     Thus 
tf  =  I    e>p^  +  <Mi  +  ^P   ,          5^         ®P<^'i2  +  OP**I  +  %„ 

pi-2  (Oip«ia  +  26,^  +  Clp)}       Pf  a=s7r.... 

But  we  have 


all  the  quantities  except  ^  being  constant  in  the  integration  ;  so 
that  the  right-hand  side  is  the  integral  of  a  number  of  terms  of 
the  form 


f 

J  (o 


(oaf  +  26*1  +  c)' 
This  integral  contains  a  logarithmic  term 


and  <£2  is  to  be  a  rational  function  in  the  variables  x  and  s,  so  that 
it  cannot  contain  a  logarithmic  term.  Hence  each  logarithmic 
term  must  disappear  from  the  expression  for  <b.z :  a  condition  that 
can  be  satisfied,  only  if 

in  every  case.     We  therefore  have 

Blp  =  0,     ©„  =  0, 
for  p,  a-,  T  =  2,  3,  ...,  n. 

FORM  OF  THE  LEADING  AGGREGATE  OF  AN  INTEGRAL. 

288.  The  conditions  @lp  =  0,  &„  =  0,  impose  limitations  upon 
the  form  of  </>0 :  and  manifestly  they  are  a  set  of  simultaneous 
partial  differential  equations,  satisfied  by  £0  as  the  dependent 
variable.  Since  all  the  derivatives  of  <£0,  which  occur  in  them, 
are  taken  with  regard  to  /  g,  h,  and  since  the  coefficients  of  all 
those  derivatives  involve  only  the  variables  X,  Y,  Z  but  not 
/,  g,  k,  it  follows  that  the  Jacobian  differential  relations  of  co 
existence 

are  satisfied  identically.  Hence  the  aggregate  of  the  equations 
either  constitutes  a  complete  system  or  contains  a  complete  system  : 
to  settle  which  of  the  alternatives  is  valid,  it  is  sufficient  to 
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investigate  how  far  the  equations  are  independent  of  one  another 
in  linear  algebraical  combinations. 
For  this  purpose,  let 


1      9</>0          r  1      d<£0  rr          f  i         O 

-  ~I-  =  GV,        -  i-T-  =  HV,  for  cr=  1,  2,  ...,  w: 

*?V  C^»  m,,  dh9 

and  let 

F,r~Fr  —  Fm       X,,  —  Xr  =  X^  , 

with  corresponding  symbols  for  G,  H,  Y,  Z.     Then  the  equations 
OCTT  =  0  become 

^To-T  ^o-r  +  ^O-T  GVT  +  ZVT  HaT  =  0, 

holding  for  <r,  T  =  2,  3,  .  .  .  .  ?z. 

A  typical  equation  of  the  set  B]p  =  0  is 

0,  (F.z,  -  x,  y,)  +  jy,  (ztzp  -  z^p)  +  (Z,  -  z,)  T 

+  Z,  {(Zp  -  X.)  ^  +  (  Yp  -  F.)  Op  +  (3,  -  ^)  fl,J  =  0, 
where 

|*! 

OJ\ 


There  is  no  quantity  /x  among  the  variables  /,  g,  h,  and  therefore 
there  is  no  derivative  —  ~  ;  that  is,  the  symbol  Fl  does  not  occur 

m0  a/x 

among  the  set  ^,  G,  H.     We  introduce  7^  to  denote  a  subsidiary 
quantity,  defined  by  the  equation 


so  that,  in  fact,  it  has  the  symmetric  form 


on  multiplication  by  ml  :  and  we  use  the  symbol  Fpl  to  denote 
Fp-F^  Substituting  -  (X.F,  +  Y&  +  Z.H,)  'for  T  in  the 
equation  Slp  =  0,  we  find 


1  {(XP-X,)FP  +  (YP  -  Y,)  Gp  +  (Zt-ZJH,}  =  0  ; 
that  is,  on  removing  the  factor  Xlt  the  equation  is 

XplFpl+YplGpl  +  ZplHpl  =  0, 
for  /o  =  2,  3,  ...,  n. 
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The  whole  system  of  equations  satisfied  by  <£0  thus  is 
X  XM  F^p  +  FA,*  G\n  +  Z\n  ff\n  =  0, 

for  A,,  fjb  =  1,  2,  ...,  n  ;  we  are  required  to  find  how  many  of  them 
are  linearly  independent  of  one  another,  or,  what  is  the  same  thing, 
we  are  required  to  select  a  set,  in  terms  of  which  every  other 
equation  of  the  system  is  linearly  expressible. 

It  is  clear  that  the  equations 


are  independent  of  one  another.    Since  X&  =  X3l  —  X2l  ,  F32  =  F3l  -  F2l  , 

we  have 

0  =  SX.,2F,2 

=  SX3lF3l  +  SX2lF.2l  -SX,,F3l  -  S  X3lF2l, 
that  is, 


which  is  clearly  independent  of  the  first  two.  Treating  the  three 
equations  for  X  =  X,  /*  =  !,  2,  3,  in  the  same  way  as  the  equation 
X,  fji  =  2,  3  has  been  treated,  we  find 


X3l  F*  +  Y3l  GX1 

X*  F*  +  F21  Gxi 

which  potentially  express  F^,  G^,  H^  in  terms  of  F2l,  G.2l,  H2l> 
F3l,  G3l,  H3l.     The  actual  values  of  F^,  GM,  H^  are 


provided  the  quantities  f  ,  y,  £  satisfy  the  six  equations 


These  six  equations  are  equivalent  to  three  only,  in  virtue  of 

£fZ21JPa  =  0,    8X^  =  0,     SX2lF3l  +  SX3lF2l  =  0, 
which  are  satisfied  ;  hence  f  ,  77,  f  are  uniquely  determinate. 
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We  now  construct  a  set  of  equations  by  retaining  those,  which 
arise  for 

X,  p  =  1,  2,  .3,  being  three, 

X  =  4,  5,  ...,  ?i,  /i=l,  2,  3,  being  3  (n  -  3). 

This  set  contains  3n  -  6  equations  :  and  no  one  of  the  set  is  a 
linear  combination  of  any  of  the  rest.  Taking  any  other  equation 
of  the  full  original  set,  we  have 

Fpa  =  8  (Xpl  -  X«)  (Fpl  -  Fn) 


in  virtue  of  members  of  the  retained  set.  Substituting  the  values 
of  Fpl,  6rpl,  Hpl,  Fal,  Gni  Hffl  as  deduced  from  the  retained  set,  we 
have  the  right-hand  side  equal  to 

—  ?  (X<n  YIO.  +  Xpl  Yffl  —  Yn  Xpl  —  YplX*i)  +  two  similar  terms 
=  ?.  0  +  97.  0  +  f.0  =  0; 
that  is,  the  equation 


is  satisfied,  in  virtue  of  the  retained  set.  Hence  the  original 
system  of  equations  is  equivalent  to  a  set  of  '3n  —  6  equations 
linearly  independent  of  one  another. 

Taking   now  the    set   of  equations  thus  retained,   let  F-^  be 
removed  from  them  by  the  relation 


they  become  once  more  a  set  of  partial  differential  equations 
determining  $0.  They  are  linearly  independent  of  one  another, 
and  the  Jacobian  conditions  of  coexistence  are  satisfied  ;  they 
therefore  form  a  complete  system,  and  the  number  of  equations 
in  the  system  is  3w  —  6.  Now  the  total  number  of  independent 
variables  in  that  system  of  partial  differential  equations  is 
3n—  1,  on  account  of/,  g,  h, 

+  3?i,  on  account  of  X,   F,  Z, 

=  6n  —  1  in  all;  consequently*  the  number  of  independent 
solutions  is  6n  —  1  —  (3w  —  6),  that  is,  3  re  +  5.  In  terms  of  these 
%n  +  5  solutions,  any  other  can  be  expressed  ;  that  is,  our  quantity 
<£0  is  thus  expressible,  when  the  3n  +  5  solutions  are  known. 

*  See  Part  i.  of  this  work,  §  38. 
F.  in.  2"4 
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The  retained  equations  involve  derivatives  with  regard  to 
/,  g,  h,  but  not  with  regard  to  X,  Y,  Z\  it  follows  that  3n 
independent  solutions  are 

^i  >  FI,  Z^  ...;  X-n,  Yn,  Zn. 

Therefore  five  other  solutions  are  required  ;  they  must  involve  the 
variables  f,  g,  h.  According  to  their  form,  will  be  the  form  of  <£0 
when  expressed  in  terms  of  them  ;  as  <£0  is  a  polynomial  in  f,  g,  h, 
it  is  natural  to  seek  for  solutions  which  are  linear  in  those  variables, 
and  therefore  are  linear  in  the  variables  x,  y,  z.  But  the  classical 
integrals  of  our  problem  provide  (§  264)  five  integrals  of  the 
differential  equations  which  have  this  character;  and  therefore 
the  terms,  of  highest  order  in  the  variables  X,  Y,  Z  in  these 
integrals,  give  five  possible  solutions  of  the  equations  for  <f>0.  As 
a  matter  of  fact,  the  terms  of  highest  order  (it  is  unity  in  each 
case)  constitute  the  whole  of  the  integral  ;  and  thus  five  other 
solutions  are  provided  by 

A,  B,  c,  A;  B;  G', 

subject  to  the  relation 


Thus  0o  is  expressible  in  terms  of  X,  F,  Z,  and  of  any  five  (or  all 
six)  of  the  quantities  A,  B,  C,  A',  B',  C'.     We  proceed  to  prove 

that 

4>0=G(A,  B,  C,  A',  B',  C',  Xlt  F13  Zlt  ...,  Xn,  Yn,  Zn\ 

where  G  is  polynomial  in  its  arguments. 

289.  In  §  286  it  was  proved  that  <£0  is  a  polynomial  in  the 
variables  /,  g,  h,  the  coefficients  in  the  polynomial  being  them 
selves  polynomials  in  X.  F,  Z,  except  for  a  possible  power  of  Xr 
as  a  denominator.  We  have 

X,A  =  Xl%  ma(yaZa-zaYa)=  2  ma(gaZa-haYa), 


a=l 


X,B  =  ^2  ma(2aXa-xaZa)=       ma(haXa-faZa), 

a=l  a=l 


n  n 


.(#.F.-2f.Z.)=  2  ma(faYa-gaXa), 

a=l  a=l 

X,A'  =  N'  2  maga  -  M'  2  maha, 
X,B'  =  L'2  maha  -  N'  2  mafa , 
X,C'  =  M'  2  ma/a  -  L'  2  maga : 
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with  the  restriction  that  there  is  no  variable  flt  which  accordingly 
will  be  taken  as  zero  in  these  expressions.  If  it  is  possible  to 
express  any  five  of  the  variables  /,  g,  h  (say  glt  hlt  f.2)  g.2i  A2), 
in  terms  of  five  of  the  six  quantities  A,  B,  C,  A,  B',  C'  (say 
A,  B,  C,  B',  C'),  and  of  the  remaining  variables  /,  g,  h ;  and  if  the 
expressions  are  substituted  in  </>0;  then  all  the  other  variables 
f,  g,  h  must  disappear  from  the  result,  because  </>0  is  expressible  in 
terms  of  X,  Y,  Z,  A,  B,  C,  B',  C'  alone  (§  288). 

All  that  is  necessary  to  secure  the  possibility  of  such  expres 
sion  is,  that  the  determinant  of  the  coefficients  of  the  five  variables 
$i>  hi,  f.2,  g.2,  h2  in  the  five  equations  shall  not  vanish.  This 
determinant,  as  given  by  the  foregoing  equations  for  X^A,  X^, 
X.C,  X,B',  X,Cf,  is  A,  where 

D,=      mlZl   ,  —  mjFj,  0      ,       m2Z.2  , 

0       ,  m1Xlt  -m.2Z.2,          0      , 

—  m^Xj,  0      ,  m.2Y>>  ,  —  i)i.2X2)          0 

0       ,  m^L  ,  —m2N',          0      ,       m.2Lf 

—  m^L',  0      ,  m.2M'  ,  —m2L',          0 


=  m^in.2L'  (X2  — 


Xl}  X, 

Ylt  Y, 

rp  F7 

&l)  ^2 


which  does  not  vanish  when  there  are  more  than  two  quan 
tities  Wi,  w2.  If  however  there  be  only  two  bodies,  so  that 
L'  =  mlXl  +  m2X,,  and  similarly  for  M'  and  N',  then  A  would 
vanish  :  and  the  inference  could  not  be  made.  We  have  already 
dealt  with  the  case  of  two  bodies  (§  264)  ;  and  we  may  therefore 
assume  that  n  >  2. 

When  the  substitution  for  flt  g:,  f.2,  g2,  h.2  is  effected  upon  <f>0, 
it  takes  the  form 

G,  (A,  B,  G,  B',  C',  X,  Y,  Z)  Dr"Xr\ 

where  q  and  \  may  be  positive  whole  numbers,  and  Gl  is  poly 
nomial  in  its  arguments.  But  instead  of  using  the  five  equations 
to  determine  flt  gi,fa,  g»,  h2,  they  could  have  been  used  to  eliminate 
9\>  h,  g-i,  h.2,  g$  ;  and  then  the  form  of  $0  would  have  been 


G,(A,  B,  C,  B',  C',  X,  F,  Z)R2-'iX 


-'i 
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where 

D,=  !     niiZ^    ,     —  rajFj,  m2Z2   ,  —  m2Y2,  m2i 

0      ,      m1Xl  ,  0      ,  m2X2  ,  0 

w^Xi,          0      ,  —m.2X2,  0      ,  —  ms 

0,^1',  0      ,  m.2Lf  ,  0 

m.L',          0      ,  -rojy,  0      ,  -m. 

Similarly  if  the  equations  were  used  to  eliminate  fi,  gi,  f3,  gst  h3. 
the  form  of  <£0  would  be 

Q,(A,  B,  C,  B',  C',  X,  Y,  Z)D3-*Xr\ 
where 

L ,     Xl ,     A  3  i . 

M',    rlt   r, 

The  form  of  ^>0  resulting  from  the  transformation  is,  of  course, 
independent  of  the  manner  in  which  the  equations  are  manipulated. 
The  only  factor  common*  to  Dly  D.2,  Ds  is  L ';  hence  in  the  first 
form,.  G!  is  divisible  by  (X2  —  Xt)  (L',  Yl ,  Z2) :  in  the  second  form, 
G2  is  divisible  by  (X2-Xl)(ZBt  X2>  1):  and  in  the  third  form,  G& 
is  divisible  by  (X,  -  XJ  (L',  Ylt  Z,\  Thus  c/>0  is  of  the  form 

G,(A,  B,  C,  B',  C',  X,  F,  Z)L'~*Xr\ 
where  q  and  X  may  be  positive  whole  numbers. 

If  other  five  equations  had  been  used,  say  those  which  involve 
A,  B,  C,  A',  B',  then  a  form  p, 

G,(A,  B,  C,  A,  B',  X,  F,  Z)M/~rXrlt 

would  be  obtained ;  and  the  other  possible  set  of  five  would  lead 
to  a  form 

S,(A,  B,  C,  A',  C',  X,  Y,  Z)N'-Xrr, 

where  r,  /j,,  s,  v  may  be  positive  whole  numbers. 

290.  First,  it  is  clear  that  X,  yn,  v  all  are  zero.  For  instead 
of  proceeding  from  the  form  of  </>0  in  §  286,  which  is  a  polynomial 
in/,  g,  h,  and  has  a  possible  power  of  X1  as  a  denominator,  we  can 

*  When  there  are  only  three  bodies  in  the  system,  then  Dl  and  1>3  have  a 
common  factor  (Xlt  Y2,  Zs),  as  well  as  L';  but  that  other  common  factor  is  not 
contained  in  D., . 
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proceed  from  the  earlier  form  of  <£0  in  §  278,  where  it  is  a  poly 
nomial  in  x,  y,  z,  and  the  coefficients  in  the  polynomial  are 
themselves  polynomial  in  X,  F,  Z.  We  should  then  eliminate 
five  of  the  variables  x,  y,  z,  by  using  any  five  of  the  equations 


n 


A  =  2  ma(yoiZa-zaYa\ 

a  =  l 

n 

jt?  =  2  ma  (zaXa  —  xaZa), 


C  =  2  ma  (xa  Ya  -  ya 


A'  =  N'  2  maya  -  M'      maza) 

a=l  a=l 

n  n 

B'  —  L'    2  maza  —  N'  2  niaasat 

a=l  a=l 

C'=M'  2  ma«a  -1/2  ?na;?/a; 

a  =  l  a  =  l 

and  the  remainder  of  the  variables  x,  y,  z  would  then  disappear 
from  <£0.  The  determinants  of  the  variables  in  these  equations  are 
the  same  as  before,  and  the  same  argument  applies;  and  now 
there  is  no  question  of  a  power  of  Xl  in  the  denominator.  Hence 
X  =  0,  p  =  Q,  v  =  0. 

Secondly,  it  is  to  be  expected  that  the  three  forms 


can  be  made  one  and  the  same,  in  virtue  of  the  relation 

L'A'  +  M'B'  +  N'C'  =  0. 
To  effect  this  change,  take  the  form 

G,(A,E,  C,  B',  C'y  X,  Y, 


replace  X1}  Ylt  Zlt  by  their  values,  in  terms  of  L ',  M' ,  N'  and  the 
rest  of  the  variables  X,  Y,Z;  and  denote  the  new  expression  by 

H(A,  B,  (7,  B',  C',  L',  M',  N' ,  X,,  ...,  Zn)L'~«. 

As  H  is  a  polynomial  in  its  arguments,  let  it  be  expressed  in 
ascending  powers  of  L ';   then  the  form  of  $0  is  (say) 

fr-j£+j7^i+—' 
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where  the  quantities  #0,  Hlt  ...  are  polynomials  that  do  not 
involve  L'.  Now  00  is  not  infinite  when  Lf  =  0  ;  hence  H$  must 
vanish  when  L'  =  0.  But  when  L'  =  0,  then 


hence  H0)  which  is  polynomial  in  B',  G",  M',  N't  and  vanishes  with 
B'M'  +  C'N',  must  contain  that  quantity  as  a  factor,  say 

HQ  =  B,  (B'M'  +  C'N')  =  -  A'L'B0, 
where  BG  is  a  polynomial  in  the  same  arguments  as  H0.     Thus 


In  the  same  way,  we  can  shew  that,  if  m>l,  then  Hl  —  A'H(> 
contains  a  factor  B'M'+C'N',  and  so  is  expressible  in  a  form 
—  A'L'Hl,  where  H^  is  a  polynomial  in  the  same  quantities  as  H0. 
Hence  finally,  we  shall  have  no  fractional  terms  ;  and  the  form  of 
cj)0  clearly  is 

Q(A,B,  C,  A',  B't  0',  L',  M',  N't  Zt,  ...,  Zn\ 
or  say 

G(A,B,C,A',B',C',X1,...,Zn), 

a  function  that  is  polynomial  in  each  of  its  arguments. 
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OF  AN  INTEGRAL. 

291.     This  limitation  upon  the  form  of  </>0  has  arisen  through 
the  necessity  of  excluding  logarithmic  terms  from 


in  the  expression  for  </>2.  We  proceed  now  to  consider  the 
expression  that  actually  can  be  obtained  for  (£2;  but  instead  of 
returning  to  the  expression  obtained  in  §  287,  we  substitute  the 
form  of  00,  which  has  just  been  derived,  in  the  equation 

302    y    _  900 

"3^     J~  dv  ' 
Now 

dA          d 
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3B      dC     dA'      dB'      dW 
and    similarly    for    the    quantities    -^  ,     ^,    -^  ,    -^  -,     -^  . 

Hence,  as 

<£0  =  0(4,  5,  0,  4',  £',  C",  Z,,  ...,£„), 
we  have 


where 


-  mp 


We  introduce  symbols  fp(r,  o;p<r,  f^,  a7p<r>  2/p<r,  V>  defined  by  the 

formulae 

9<£0  3(f>0  _  & 

flJp  —  ^<r  =  ^p<r,       W-a  T^^  ~  mp  gj~  ~  bP<^' 

and  two  similar  pairs  ;  and  then  we  have 


_  £<£  ayjFpg  +  ypj^pg  +  ZprZpff 

p,  O-  ^     P* 

where,  to  secure  the  significance  of  the  left-hand  side,  the 
variables  on  the  right  must  be  made  3slt  /i,  #1,  /2>  •-•>  '«»•  To 
obtain  $j,  we  must  effect  a  quadrature  with  regard  to  #!. 

The  quantities  fp(r,  77^,  fpff  do  not  involve  sol}  when  the  new  set 
of  variables  has  been  adopted ;  for  x\  does  not  then  occur  in  </>0. 
Hence,  during  the  quadrature,  &,,  7;p<r,  fp<r  are  effectively  constant. 

The  expression  in  §  287  for  rar  is 


X^affr  =  *SfZ2aT,       ^26aT  =  SXarf^r ,       ^l^ar  =  ^/^r, 

£or  ^  T==2,  3,  ...,  ft;  and  the  form  holds  also  for  r2lp,  if  we  take 

/PI  =/P>  tnere  bein^  no  quantity/i-   Tnus 


>     f      ...     /pa+^i^lHr.. 

^!2  J  («P7^12  +  26PC^1  +  cp<r) 


Now 

_     I  __a?( 
+  c})        ~ 
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hence  taking 

abpa  -  £<v  =  S  |> 

ac^-pb^^S^ 
we  have 


Having  actually  obtained  a  value  for  <£2,  we  transform  it  back  to 
the  old  variables  x,  y,  z.     We  have 

X^apff-  8X2pa, 


so  that 
say.     Also 

/To  \     Q   __     -  /  Of  fc  ~y        \  7  /  ^  fc 

say;  then 


=pp. 


where 


The  integral  <#>,  which  is  under  consideration,  is  a  polynomial 
in  the  variables  X,  Y,  Z.  The  quantity  </>0  is  the  aggregate  of 
terms  of  highest  order  in  those  variables,  and  <£2  is  the  aggregate 
of  terms  of  the  next  highest  order  :  that  is,  <j>,2  is  a  polynomial  in 
the  variables  X,  Y,  Z,  so  that 


must  be  a  polynomial  in  X,  Y,  Z.  The  quantity  E^  is  resoluble 
into  a  couple  of  factors,  linear  in  Xpff)  Ypa,  ZP<T,  with  (conjugate) 
complex  coefficients  ;  and  neither  of  the  factors  is  a  factor  of  any 
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other  quantity  E.     In  order,  therefore,  to  secure  the  polynomial 
character  of  $2,  it  is  necessary  that  FP<T  should  be  actually  divisible 
by  Epff,  when  the  two  quantities  are  regarded  as  functions    of 
XP<T,  YP<T,  Zpa.     The  conditions  are  easily  obtained.     Dropping  the 
subscripts  p  and  a  temporarily,  we  have 
F=(gX  +  *iY+  ?Z)  O2  4-  f  +  2*)  -  (?*•  +  <ny  +  &)  (Xx  +  Yy  +  Zz), 
where  f,  ?/,  f  are  (unknown)  homogeneous  functions  of  X,  Y,  Z\ 
and  F  is  to  be  a  multiple  of 

E  =  (X*  +  F2  +  ^2)  (#2  +  2/2  +  z1)  -  (Xx  +  Yy  +  Zzf 


where  r2  =-  a?  +  y~  +  £2,  the  multiple  being  an  integral  function,  so 
far  as  concerns  the  variables  X,  F,  Z.     Hence  when  we  make 


F  must  vanish  ;  that  is,  substituting  this  value  of  X  in  F=Q,  we 
have  one  relation  linear  in  f,  77,  f.  Similarly,  by  using  the  other 
factor  of  E  in  the  same  way,  we  should  obtain  another  relation 
linear  in  f  ,  77,  f  ;  and  (owing  to  the  difference  of  the  coefficients  in 
the  factors  of  .#)  this  relation  will  be  different  from  the  former. 
Consequently  the  two  relations  lead  to 

!_^_? 

E~H~Z' 

as  unique  conditions,  which  secure  that  F  is  divisible  by  E.  But 
the  requirement  as  to  divisibility  is  clearly  satisfied  by 

f-i-I 

X~Y~Z' 

which  accordingly  are  the  conditions.  Restoring  the  suffixes 
p  and  er,  we  have 

vTpo    _    Vp<r  _    £po-  . 

Y       ~  V     —  7     ' 

-A  p<r         -*  po-        -^pcr 

and  these  equations  must  be  satisfied  for  all  the  values 

p,  <r  =  l,  2,  ...,  ?i. 

They  clearly  are  a  set  of  partial  differential  equations  of  the 
first  order,  homogeneous  and  of  the  first  degree  in  the  derivatives, 

satisfied  by 

G(A,  B,  C,  A',  B',  C',  Xlt  YltZlt  ...,  Zn), 

which  is  the  value  of  <^0  . 
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292.  To  construct  the  most  general  solution  of  the  set,  we 
proceed  to  obtain  the  complete  system  to  which  it  belongs.  For 
this  purpose,  let 


cXr  8  Y  T  8^T 

for  r  =  1,  2,  ... ,  n ;  then  two  equations  of  the  set  are 

0  =  (mffpp  —  mppff)  (Yp—  YO)  —  (inaqp  —  inpqa}  (Xp  —  Xff)  =  0, 

0'  =  (mTpp  -  mppr)  ( Yft  -  FT)  -  (mrqp  -  mpqr)  (Xp  -  Xr)  =  0. 

The  Jacobian  condition   of  coexistence  of  these   two  equations, 

being 

i 

^*    ]  a  i v/  Vj'   ^  v~^  ^  ^~*    ^ 

2*        \  O          -^  ^    -IT-          ~~    /;V~T>-  f\ 


in  general,  is  for  the  present  instance 

-  ma  (Yft  -  Y,,)  (mrqp  -  mpqT)  +  (mffqp  -  mpqa)  mr(Yp  -  Yr) 

-  ma  (Xp  —  X0}  (mrpp  —  mppr)  +  (mffpp  -  mppff)  mr  (Xp  -  Xr)  =  0. 

Using  ©  =  0,  ®'  =  0,  to  eliminate  mTqp  —  mpqr,  mffqp  -  mpqff,  from 
this  condition,  and  removing  a  factor 

(X,  -  x,)  (Xp  -  x.)  +  (  r,  -  rT)  (  r,  -  r,> 

which  does  not  vanish,  we  find 

(mapp  -  mpp0)  mr  (Xp  -  Xr)  -  (mrpp  -  mppr)  ma  (Xp  -  X0)  =  0  ; 
that  is,  in  our  former  notation,  we  have 

qpa  __  %pr 

mpmffXp(T     mpmTXpT 
But  the  first  fraction  is  equal  to  ^ 

^p<r  _J»*L—' 

mp  mff  Yp(r  '      mp  ma  Zfty  ' 
and  so  for  the  second  :  hence  all  the  f  n(n  -  1)  quantities 

SP<^  __ 
mpma  X^  ' 

have  a  common  value,  say  IT.     We  therefore  have  to  consider  the 
set  of  equations 


for   p,  <r  =  l,  2,  ...,  n:   these    certainly  include    the  former   set. 
From  this  new  set,  it  is  easy  to  construct  a  complete  system,  that 
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is,  a  system,  in  which   (i)  the   equations  are  linearly  and  alge 
braically  independent  of  one  another,  and  (ii)  all  the  Jacobian 
conditions   of  coexistence    of    the    members   of  the   system   are 
satisfied,  either  identically  or  in  virtue  of  the  system. 
The  equation 


can  be  written 


Obviously,  the  ^n(n  —  1)  equations  which  occur  are  all  satisfied  in 
virtue  of  the  n  —  1  equations,  given  by 

p  =  2,3,  ...,  n-l,n',  <r  =  l. 
Similarly  the  $n(n  —  l)  equations 

1 

"  ^lft<T  U      J.  par 

are  satisfied  in  virtue  of  the  corresponding  n  —  1  equations  :  and 
likewise  for  the  %n(n  —  l)  equations 

jp-fcr-ff^. 

Hence  the  whole  set  of  |?i  (??  —  !)  equations  is  satisfied  in  virtue  of 
3(n  — 1)  equations,  which  are  linearly  independent  of  one  another. 
On  removing  the  quantity  U',  so  that  the  equations  are 

/p_xI=Fp-Fl=  Zt-zl 

for  p  =  2,  3,  . . . ,  n  —  1 ;  cr  =  1,  we  have  a  set  of  3n  —  4  algebraically 
independent  equations. 

When  the  equations  are  taken  in  the  form 

that  is, 


all  the  Jacobian  conditions  of  coexistence  are  satisfied.    Hence  the 
set  of  3?i  —  4  equations,  thus  constructed,  is  a  complete  system. 

The  equations  involve  partial  derivatives  of  <£0.  The  number 
of  variables,  independent  for  the  present  system,  which  enter  into 
the  expression  for  <£0,  is  3?i  +  5,  viz.  A,  B,  C,  A',  B',  C'  (which  are 
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equivalent  to  five),  Xlt  ...,  Zn.  As  the  complete  system  involves 
3n—4>  equations,  it  follows*  that  the  number  of  independent 
solutions  is  9,  =  3n  +  5  -  (3ft  -  4)  ;  and  in  terms  of  them,  any 
other  solution  can  be  expressed. 

In  the  complete  system,  the  only  derivatives  of  <£0  that 
explicitly  occur  are  those  taken  with  regard  to  the  variables 
X,  Y,  Z.  Hence  solutions  as  required  are  given  by 

A,  B,  C,  A',  B',  C', 

equivalent  to  five;  and  therefore  four  others  are  required,  which 
must  involve  the  variables  X,  F,  Z. 

The  classical  integrals  provide  four  others.     Three  of  them  are 
L'  =  2  maXa,     M'  =  2  m.FB,     N'  =  2  m«Za, 

a=l  a=l  a=l 

because  the  quantity  <£0  in  each  case  is  the  whole  of  the  integral. 
The  energy  equation  is 

1  I  7/ia  (Za2  +  Fa*  +  Z*)  -  22  "-^  =  const., 

a  =  l  ^pa 

say 

<t>  =  T-U: 

then  for  this  integral,  <£0  =  T,  that  is, 


0=1 

is  another  integral  of  our  system  for  <f>0.     Thus  four  solutions  are 
given  by 

L',  M',  N',  T. 


BRUNS'S  THEOREM. 

293.  The  function  c/>0  was  proved  (§  291)  to  be  polynomial  in 
the  quantities  A,  B,  C,  A',  B',  C',  X1}  Ylt  Z,,  ...,  Zn;  and  we  have 
just  proved  that  it  is  expressible  in  terms  of  A,  B,  C,  A',  B',  C', 
L\  J/',  N',  T.  Hence  when  we  proceed  to  eliminate  some  of  the 
variables  X,  F,  Z,  by  means  of  the  last  set  of  quantities,  the  rest 
of  those  variables  must  also  disappear.  For  this  purpose,  the  first 
six  quantities  are  ineffective :  because  each  of  them,  and  every 
combination  of  them,  involve  the  variables  a?,  y,  z ;  and  therefore 

*  Part  i.  of  this  work,  §  38. 
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the  requisite  elimination  can  be  carried  out  only  by  means  of 
//,  M',  N',  T.  Evidently  we  shall  be  able  to  eliminate  four  of  the 
variables  X,  F,  Z  (say  Xl}  Yl}  Z1}  X2)  by  means  of  them  ;  and  then 
Y2)  Z2,  XS}  ...,  Zn  must  disappear,  owing  to  the  later  form  of  <£0. 

We  have 

m,  Y,  =  M'-  7],     m^  =  N'  -  £  , 

where  r)  involves  the  rest  of  the  variables  Y,  and  £  the  rest  of  the 
variables  Z.  Also 

m1X1  +ra2X,  =    L'  —  !;, 


where  f  involves  the  rest  of  the  variables  X,  and  f  '  involves  77,  f 
and  the  rest  of  the  variables  X,  F,  Z.  The  last  two  equations 
give  irrational  expressions  for  X^  and  X2,  the  irrational  quantity 
being 


Let  the  values  thus  obtained  for  Xl}  Ylf  Zlt  X2  be  substituted  in 
G(A,B,  C,A',B',C',X,  Y,Z); 

the  quantities  f,  77,  f,  f  '  are  to  disappear.  But  f  and  f  can 
disappear,  only  if  those  combinations  of  the  preceding  irrational 
quantity,  which  actually  occur,  are  rational.  This  being  the  case, 
it  follows  that  such  combinations  are  rational  in  L'  and  T.  No 
one  of  the  substitutions  made  in  G  admits  the  possibility  of  a 
fractional  form  ;  and  therefore 

00  =  <&  (A,  B,  C,  A',  B',  C',  L,  M,  N,  T\ 

where  (ft  denotes  a  function  that  is  polynomial  in  each  of  its 
arguments.  When  substitution  takes  place  for  the  various  argu 
ments  in  terms  of  the  variables  x,  y,  z,  X,  Y,  Z,  the  resulting 
expression  for  the  function  </>0  is  integral  and  homogeneous  in  the 
variables  X,  Y,  Z\  and  it  represents  the  aggregate  of  terms  of  the 
highest  order  in  X,  Y,  Z,  which  are  contained  in  some  integral  <£ 
that  is  polynomial  in  those  variables. 

Now  A,  B,  C,  A',  B',  C',  L,  Mt  N,  T  -  U  are  the  classical 
integrals  of  the  differential  equation  ;  and  any  function  of  them 
is  an  integral,  so  that,  if  </>'  denote 

(&  (A,  B,  C,  A',  B',  C',  L,  M,  N,  T-  U), 

then  (/>'  is  an  integral,  free  from  explicit  occurrence  of  the  time. 
Manifestly  it  is  a  polynomial  in  the  variables  X,  Y,  Z;  and  the 
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aggregate   of  its   terms   of  highest  order   in  those   variables  is 
evidently  </>0.     Hence 

</>-</>' 

is  an  integral  of  the  differential  equations,  which  is  of  the  same 
character  as  cj>.     Also,  since 

(f)  =  </>o  +  02  +  04  +  •  •  •  » 


it  follows  that  the  order  of  the  aggregate  of  terms  of  the  highest 
order  in  X,  F,  Z,  which  occur  in  0  -  0',  is  two  less  than  the  order 

O    I 

of  0o  ;  and  it  may  be  more  than  two  less,  if  02  =  U^p-     In  other 

words,  0  -  0',  while  it  is  of  the  same  polynomial  character  as  0 
in  X,  F,  Z,  is  of  lower  order  than  0.     Denoting  it  by  0,  we  have 


so  that  (/>  can  be  composed  algebraically  from  the  classical  integrals, 
if  <£,  of  order  at  least  two  lower  than  $  in  X,  Y,  Z,  can  be  so 
composed. 

Moreover,  <£0  is  of  the  same  character  as  </>0.     For  we  have 


or,  if  we  reintroduce  the  part  $./  omitted  in  §  286,  we  have 


where  (/>/  is  of  the  same  character  as  </>0.     Now,  by  §§291,  292,  we 
have 


Also 


v 

X    — 
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and  therefore 

$0  =  &•> 

shewing  that  <£0  is  of  the   same    character   as    $0.     Hence    the 
preceding  argument  applies  to  </>. 

Repeated  a  sufficient  number  of  times  to  each  such  function 
of  decreased  order  as  it  arises,  it  shews  that  <£  can  be  composed 
algebraically  from  the  classical  integrals  if  this  property  holds 
for  an  integral,  that  is  of  the  first  order  in  X,  F,  Z  (which  is  the 
case  when  </>0  is  of  odd  order),  or  does  not  involve  X,  F,  Z  (which 
is  the  case  when  <£0  is  of  even  order). 

As  regards  an  integral  of  the  first  order  in  X,  F,  Z,  the 
aggregate  of  terms  of  the  first  order  (being  the  highest  order) 
is,  by  our  preceding  investigation,  a  polynomial  in  A,  B,  C, 
A',  B',  C',  U,  M',  JV',  T.  But  the  polynomial  cannot  involve  T, 
for  then  it  would  be  of  the  second  order  in  X,  F,  Z:  that  is,  </>„ 
is  a  linear  combination  of  A,  B,  C,  A',  B',  C',  L',  M',  N',  with 
constant  coefficients.  This  linear  combination  is  the  whole  of  the 
integral ;  and  it  is  composed  of  the  classical  integrals. 

As  regards  an  integral  which  does  not  involve  X,  F,  Z,  we 
have  proved  that  such  integrals  do  not  exist  (§  273)  :  they  are 
merely  constants.  The  reduction  of  (/>  to  expression  in  terms  of 
the  classical  integrals  would  be  effected  at  the  preceding  stage. 

The  proviso  is  satisfied  in  each  case:  and  therefore  we  have 
the  theorem  : 

Every  algebraical  integral  of  the  differential  equations  of  the 
problem  of  three  bodies,  or  of  the  problem  of  more  than  three 
bodies,  can  be  compounded  by  purely  algebraical  processes  from  the 
classical  integrals. 

One  remark  may  be  added.  In  the  course  of  §  289,  it  was 
pointed  out  that  the  argument  did  not  apply  in  case  there  were 
only  two  bodies :  the  problem  is  therefore  omitted  from  the  enun 
ciation.  It  is  known  (§  264)  that  the  theorem  does  not  apply. 

GENERAL  REMARKS   IN   CONCLUSION. 

294.  The  preceding  method,  which  has  proved  effective  for 
the  differential  equations  of  celestial  dynamics,  does  not  seem 
directly  applicable  to  the  investigation  of  the  algebraical  integrals, 
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and  of  the  conditions  of  their  existence,  for  a  general  equation 
F(w",  w',  iv,  z)  =  0  of  the  second  order  or  for  one  of  higher  order. 

The  briefest  review  of  the  discussion  of  the  corresponding 
questions  even  for  a  general  equation  of  the  first  order,  as  merely 
begun  in  §§  141 — 144,  is  sufficient  to  shew  that  the  analogous 
method  at  once  lands  the  enquiry  among  considerations,  which  are 
connected  with  rational  transformation  of  surfaces  in  ordinary 
space  and  of  configurations  in  hyperspace.  Such  considerations, 
important  in  themselves,  lead  rather  to  descriptive  than  to 
functional  properties  of  the  differential  equations ;  and  interesting 
as  are  the  results  obtained*  by  Picard,  Painleve,  and  other 
writers,  they  belong  to  a  region  of  ideas,  which  lie  outside  the 
scope  and  the  method  of  treatment  of  the  portion  of  the  subject 
discussed  in  this  volume.  Accordingly  these  results,  and  kindred 
matter,  will  not  be  developed  here  :  the  discussion  of  ordinary 
differential  equations  that  are  not  linear  is  concluded  at  this  stage. 

It  must  not  however  be  supposed  that  all  the  important 
questions,  arising  in  the  line  of  main  development  of  this  subject, 
have  been  dealt  with.  In  addition  to  the  omission  of  the  theory 
of  algebraic  integrals,  already  indicated,  other  omissions  that  may 
be  mentioned  are  the  theory  of  reducibility,  Poincare's  theory  of 
periodic  solutions  of  various  kinds  possessed  by  simultaneous 
equations  of  the  first  order,  Picard's  asymptotic  solutions,  the 
whole  range  of  Lie's  group-theory  as  applied  to  ordinary  equations, 
and  the  geometrical  properties  of  curves  implied  by  one  equation 
and  by  systems  of  equations.  In  order  to  prevent  inordinate 
expansion,  it  was  found  convenient  to  impose ,.  initial  limitations 
upon  the  class  of  questions  that  would  be  investigated :  my 
purpose  has  been  to  secure  an  ample  discussion  of  those  branches 
of  the  subject  which  lie  within  the  range  selected. 

*  For  references,  see  p.  276,  note,  of  this  volume. 
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Accidental  singularity  of  first  kind,  of 
function  of  two  or  more  variables,  n, 
49;  form  of  differential  equation  in 
vicinity  of,  n,  52;  can  form  a  con 
tinuous  aggregate,  when  determined 
by  the  equation,  n,  56;  it  is  an  alge 
braical  critical  point  of  the  integral, 
save  for  three  general  exceptions,  n, 
62 — 68 ;  when  it  is  a  point  of  indeterm- 
inateness,  with  tests,  and  methods  of 
settlement,  n,  71,  72,  77 ;  general 
summary  of  effect  of,  upon  integral  of 
the  equation,  n,  79,  80; 

for  a   system  of  two   equations, 

III,   11—16; 

for  an  equation  of  second  order 
and  first  degree,  in,  199—207. 
Accidental  singularity  of  second  kind, 
of  function  of  two  or  more  variables, 
n,  49  ;  form  of  differential  equation 
in  the  vicinity  of,  n,  53 ;  are  isolated, 
when  determined  by  the  equation,  n, 
56 ;  final  form  of  equation  in  vicinity 
of,  n,  88;  leading  term  of  integral  in 
vicinity  of,  n,  89;  reduced  forms  of 
equation,  (see  reduced  forms); 

effect  of  double,  on  forms  of  sys 
tem  of  two  equations,  in,  17 
et  seq. ; 

for  equation  of  second  order  and 
first  degree,  in,  208;  reduced 
forms  in  vicinity  of,  in,  213, 
214;  integral  in  vicinity  of,  in, 
215. 

Aggregate  of  leading  terms  in  homo 
geneous  integral,  (see  leading  aggre 
gate). 

F.    III. 


Algebraic  integrals,  equations  of  first 
order  with,  n,  338;  determinate  by 
means  of  Abelian  integrals  of  the  first 
kind,  that  belong  to  an  associated 
liiemann  surface,  n,  341 ; 

of  systems  of  equations,  general 
theorems  on,  Chapter  xvn ; 
reduction  of,  to  integrals,  in 
volving  no  arbitrary  parameter 
and  polynomial  in  variables, 
in,  323  et  seq. 

Analytical  relation  between  singular  so 
lutions  and  primitive  for  equation  of 
first  order,  n,  249;   for  equation   of 
second  order,  in,  262. 
Apparence  uniforme,  defined,  in,  279. 
Appell,  in,  260. 
Approximation,  Picard's  method  of,  11, 

41. 
Autonne,  11,  333. 


Bendixson,  n,  126,  187,  in,  8. 

Biermann,  n,  14. 

Binomial  equations,  whose  integrals 
have  their  critical  points  fixed,  11, 
296 — 308 ;  whose  integrals  are  uni 
form,  n,  325—333. 

Birational  transformation  of  Eiemann 
surface,  11,  292. 

Boole,  n,  190. 

Bouquet,  (nee  Briot  and  Bouquet). 

Branches  of  a  function  near  algebraical 
branch-points,  11,  58 ;  will  be  sup 
posed  limited  in  number,  n,  58 ;  con 
sequent  form  of  a  differential  equation, 
11,  59. 
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Branching  of  a  function  at  a  point  of 
indeterminateness  may  be  definite,  or 
indefinite,  n,  70. 

Branch-points,  of  equation  of  first  order, 
n,  22-1 ;  special  sets  of,  n,  234  ;  in 
tegrals  in  the  vicinity  of,  Chapter 
viii ;  when  fixed,  determine  classes  of 
equations,  Chapter  ix;  equations  de 
void  of  parametric,  (see  parametric 
branch-points) ; 

of   system   of   equations   of  first 
order,  and  integrals  in  the  vi 
cinity  of,  Chapter  xni; 
of  equation  of  second  order  and 
any  degree,  in,  230  et  seq. 

Briot  and  Bouquet,  n,  40,  41,  60,  62, 
83,  140,  149,  156,  158,  176,  178,  182, 
188,  224,  309,  311,  325,  332,  333. 

Briot  and  Bouquet's  conditions  that 
integrals  of  equation  of  the  first  order 
should  be  uniform,  n,  323 ;  applied 
to  binomial  equations,  n,  325. 

Bruns,  m,  311,  312,  313,  314,  316,  318, 
380. 

Bruns's  theorem  in  the  problem  of  n 
bodies,  m,  383. 

Canonical  equivalent  of  system  of  equa 
tions,  n,  14 — 17,  in,  5 ;  in  vicinity  of 
double  accidental  singularity  of  second 
kind  for  a  system  of  two  equations, 
in,  21 ;  reduced  forms  of  last,  m,  26. 

Cauchy,  n,  40;  prmtw,  for  general 
existence-theorem. 

Cauchy's  theorem  on  the  existence  of 
regular  integrals,  n,  26 ;  does  not 
exclude  the  possibility  of  integrals 
that  are  not  regular,  n,  44,  (see  also 
regular  integrals). 

Cayley,  n,  8,  264,  288,  318,  325;  HI, 
134. 

Chrystal,  IT,  62,  189. 

Classes  of  singular  solutions,  (see  also 
singular  solutions);  first,  in,  153; 
second,  m,  157;  of  system  of  any 
number  of  equations,  HI,  162. 

Classical  integrals  in  the  problem  of  n 
bodies,  in,  312,  314,  370,  380. 

Classification  of  integrals,  for  a  single 
equation,  in,  176:  for  a  system  of 
two  equations,  in,  178;  for  an  equa 
tion  of  second  order,  in,  269 — 273. 

Clebsch,  11,  288,  338. 

Compatible  with  a  given  equation  of 
first  order,  equations  that  are,  n, 
333;  determinable  by  a  partial  dif 
ferential  equation,  n,  335;  can  be 
expressed  by  means  of  any  two,  n, 
336;  effect  of,  when  integrals  are 
algebraic,  n,  340; 

with  a  given  equation  of  second 
order,  equations  that  are,  in, 
306. 


Complete  integrals  and  singular  inte 
grals  of  a  system  of  two  equations, 
how  related,  in,  166,  183. 

Composite  solution,  in,  320. 

Composition  of  algebraic  integrals,  m, 
323  et  seq. 

Constants  may,  in  a  particular  case,  be 
the  only  integrals  of  a  system  satis 
fying  conditions,  n,  31. 

Continuation  of  regular  integral,  n,  42. 

Critical  curves,  in  geometrical  inter 
pretation  of  equations  of  the  second 
order,  in,  254. 

Critical  equation  for  integrals  of  equa 
tion  of  any  order  and  first  degree, 
m,  193. 

Critical  lines,  in  geometrical  interpre 
tation  of  equations  of  the  second 
order,  in,  254. 

Critical  points  of  a  differential  equation, 
defined,  n,  43,  (see  also  exceptional 
points) ;  algebraical,  of  an  integral, 
n,  63. 

Critical  quadratic,  for  system  of  two 
reduced  forms,  in,  45 — 47;  as  affect 
ing  integrals  of,  Chapter  xn;  for 
special  forms  of  equation  of  second 
order  and  first  degree,  in,  188,  193. 

Critical  reduced  forms  of  equation  in 
vicinity  of  accidental  singularity  of 
second  kind,  11,  96 ;  obtained  by  means 
of  leading  term  of  integral  (q.v.),  n, 
97 ;  various  types  for  the  simplest 
case,  n,  98—104;  and  for  other  cases, 
n,  111—114,  115—120,  121 ;  general 
summary  of  results,  n,  122—124; 
examples,  n,  124—139. 

Curves  defined  by  a  differential  equation, 
(see  geometrical  applications). 

Darboux,  11,  264,  333,  in,   137. 

Definite  branching,  (see  branching  of  a 
function). 

Diagrams  of  Puiseux,  (see  Puiseux  dia 
gram). 

Discriminant  of  an  equation  of  the  first 
order,  as  affecting  the  integral  deter 
mined  by  initial  values,  n,  241 ;  its 
relation  in  general  to  the  equation, 
n,  245 ;  it  does  not  in  general 
provide  a  solution,  n,  246 ;  but  only 
for  particular  sets  of  values,  n,  249 ; 
if  conditions  are  satisfied,  it  can  pro 
vide  a  solution,  n,  249;  Hamburger's 
investigation  of  relation  between  in 
tegral  of  the  equation  and  root  of  the 
discriminant,  11,  249;  can  provide 
singular  solutions  and  particular 
solutions,  n,  257;  how  such  solutions 
are  determined,  n,  261; 

of  an  equation  of  second  order 
and  any  degree,  connected  with 
singular  solutions,  m,  247. 
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Dixon,  in,  121,  157,  161,  183,  253,  255, 
260,  261,  262,  274. 

Dominant  equations ;  system  of,  in 
proof  of  Cauchy's  theorem,  n,  28 ;  in 
obtaining  the  integral  of  reduced 
forms  of  a  single  equation,  n,  144, 
152,  163;  of  a  system  of  equations, 
Chapter  xii. 

Dominant  function  defined,  n,  27. 

Equation  of  first  order,  (see  volume  n) ; 
of  second  order,  and  of  higher  order, 
(nee  volume  in). 

Equations  of  first  order,  having  no 
parametric  branch-points,  Chapter  ix; 
if  of  first  degree,  have  Eiccati's  form, 
n,  271;  if  of  higher  degree,  satisfy 
Fuchs's  conditions,  n,  284 ;  when  the 
genus  is  zero,  the  equations  are 
rationally  transformable  to  Eiccati's 
equation,  n,  287 ;  when  genus  is 
unity,  it  can  be  integrated  by  trans 
formations  and  quadrature,  n,  291; 
when  genus  is  greater  than  unity, 
integral  is  algebraic,  n,  292 ;  binomial, 
n,  296; 

with  uniform  integrals,  n,  310; 
Briot  and  Bouquet's  conditions 
for,  n,  323 ;  how  integrated, 
n,  317;  binomial,  n,  325. 

Equations  of  second  order  with  sub- 
uniform  integrals,  in,  278 — 285;  tests 
are  not  complete,  in,  286  ;  general 
conclusions,  in,  292,  297,  298. 

Equations  compatible  with  equation  of 
first  order,  n,  333—344 ;  with  equation 
of  second  order,  in,  306—310. 

Essential  singularity  of  a  function  of 
two  or  more  variables,  n,  49 ;  for  an 
equation  of  first  order,  are  isolated 
when  determined  by  the  equation, 
11,  55,  and  is  an  essential  singularity 
of  its  integral,  n,  210. 

Essential  singularity  of  integrals  of  a 
system  of  equations  may  be  para 
metric,  11,  48,  216 ;  of  a  single  equation 
must  be  isolated  fixed  points,  n,  211 
— 216,  266—269;  but  for  a  system 
may  be  a  continuous  aggregate,  n,  222  ; 
for  system  of  two  equations,  in,  11. 

Evanescence  of  equations  for  initial 
values,  how  to  determine  a  solution, 
in,  138. 

Evanescent  form  of  equation  of  second 
order  and  any  degree ;  how  to  deter 
mine  the  form  of  the  integral,  in,  232 ; 
with  examples,  in,  234—242. 

Exceptional  points  of  a  differential 
equation,  defined,  n,  43;  their  source, 
in  the  form  of  a  single  equation  of 
the  first  order,  n,  47 ;  parametric 
exceptional  points  may  occur  in  the 
integral,  n,  48. 


Existence  of  regular  integrals,  Cauchy's 
theorem  as  to  the,  11,  26,  (see  regular 
integrals,  non-regular  integrals). 

Existence-theorems:  what  is  required  in 
general  for  their  establishment,  n,  3. 

Faa  de  Bruno,  n,  8. 
Fine,  11,  224,  in,  121. 

First  class  of  singular  solutions,  in,  153, 

163. 
First    kind    of    accidental    singularity, 

(see  accidental  singularity). 
First  order,  single  equation  of,  and  first 
degree,  Chapters  in — vn; 

single    equation    of,    and   degree 
higher  than  the  first,  Chapters 
vni — x ; 
two  equations  of,  and  first  degree, 

Chapters  xi,  xii; 
system  of  equations  of,  and  de 
gree  higher  than  first,  Chapter 

XIII. 

Fixed  critical  (or  branch-)  points,  (see 
parametric  branch-points). 

Focal  points,  in,  137. 

Focal  surface,  in  geometrical  illustra 
tion  of  two  simultaneous  equations, 
in,  134,  137. 

Fransen,  in,  276. 

Fuchs,  11,  40,  45,  60,  61),  73,  81,  82, 
249,  270,  285,  325,  in,  9. 

Fuchs's  conditions  that  an  equation  of 
first  order  and  any  degree  shall  be 
devoid  of  parametric  branch-points, 
n,  285 — 296;  association  of  Eiemann 
surface  with,  n,  286. 

Genus  of  equations,  which  satisfy  Fuchs's 
conditions  as  to  parametric  branch 
points,  ii,  286 ;  when  zero,  n,  287 ; 
when  unity,  11,  288;  when  greater 
than  unity,  n,  291. 

Geometrical  applications,  n,  126,  in, 
39,  133,  140,  227,  228,  245,  254,  384. 

Goursat,  in,  23,  40,  46,  121,  137,  157, 
159,  161,  183,  259,  261. 

Griinfeld,  in,  8. 

Hamburger,  11,  224,  249,  262,  in,  3, 
170,  177,  183;  on  relation  between 
integral  of  an  equation  of  the  first 
order  and  root  of  the  discriminant, 
n,  249— 261. 

Hermite,  n,  318.  325. 

Hill,  M.   J.  M.,  in,  177. 

Homogeneous  integrals  in  problem  of  n 
bodies,  in,  332 ;  can  be  taken  .as 
polynomial  functions,  in,  340;  general 
properties  of,  in,  361. 

Horn,  11,  83,  187,  in,  8,  9,  47. 

Indefinite  branching,  (see  branching  of 
a  function). 
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Indeterminateness,  point  of,  n,  60;  as 
associated  with  functions,  n,  69 ; 
branching  of  functions  near  such  a 
point,  n,  70;  effect  upon  expres- 
sibility  of  the  function,  n,  71 ;  when 
an  accidental  singularity  of  the  first 
kind  is,  n,  72,  77;  examples  of,  n, 
73,  79;  effect  of,  upon  uniqueness  of 
regular  integrals,  n,  81;  for  integral 
of  the  third  typical  form,  n,  187  ;  for 
integrals  of  remaining  forms  in 
general,  n,  201,  204;  with  example 
of  exception,  in,  202. 

Integral,  defined  for  problem  of  n  bodies, 
m,  319,  335,  341. 

Integral  in  vicinity  of  accidental  sin 
gularity  of  first  kind,  (see  accidental 
singularity  of  first  kind) :  in  vicinity 
of  accidental  singularity  of  second 
kind,  (see  accidental  singularity  of 
second  kind). 

Integral  of  a  single  equation  cannot 
have  parametric  essential  singularities, 
n,  211;  when  algebraic,  (.see  algebraic 
integrals) ;  when  uniform,  n,  310 ; 
Briot  and  Bouquet's  conditions  for, 
n,  323  ;  belong  to  one  of  three  classes, 
n,  318. 

Integral,  singular,  (sec  singular  solu 
tion). 

Integrals,  algebraic,  of  a  system  of  2/i 
equations,  in,  312,  Chapter  xvn ; 
Bruns's  theorem  on,  in,  383. 

Integrals,  classes  of,  for  a  single  equa 
tion,  in,  176  ;  for  two  simultaneous 
equations,  in,  178; 

regular,  (see  regular  integrals). 

Integrals  of  equation  of  first  order  in 
the  vicinity  of  a  branch-point, 
Chapter  vin;  summary  of  results, 
n,  239;  affected  by  the  discriminant, 
n,  241 ;  relation  between,  and  root  of 
the  discriminant,  n,  249 ;  general 
classes  of,  n,  261. 

Integrals  of  reduced  forms  of  system  of 
two  equations,  various  cases,  Chapter 
xn ;  regular,  in,  49 — 69;  non-regular, 
m,  69—116;  for  system  of  any  num 
ber,  m,  116—118. 

Integrals  of  reduced  forms  of  equation 
of  the  second  order,  m,  215—222. 

Integrals  of  equation  of  second  order, 
classes  of,  m,  269—273. 

Integrals,  equation  of  second  order  with 
sub-uniform,  m,  278;  tests  for,  in, 
279 — 285  ;  further  conditions  neces 
sary,  in,  286 ;  with  summary  of 
results,  in,  286—303. 

Integrals  of  equation  of  any  order  and 
any  degree,  in,  260;  classes  of,  m,  261. 

Integralgleichuiigen,  in,  314. 

Invariantive  equation  in  linear  trans 
formations,  in,  3. 


Irrational  sub-integrals  in  the  problem 
of  n  bodies  are  complex,  in,  351 
et  seq. 

Jacobi,  n,  19. 

Jacobian,  of  system  of  two  equations, 
effect  of  upon  integrals,  when  it 
vanishes  for  initial  values,  in,  127 — 
133;  when  it  vanishes  in  general,  in, 
148;  special  note  upon,  in,  158;  of 
system  of  any  number  of  equations, 
in,  163 ;  limiting  form  of,  for  equation 
of  second  order  and  any  degree,  in, 
228. 

Jordan,  11,  1,  19,  35,  41,  140,  163,  310, 
in,  9,  47,  109. 

Kinds  of  singularities  of  a  function  of 
two  or  more  variables,  n,  49 ;  general 
characteristics  of,  for  a  single  equa 
tion,  n,  55;  effect  of,  in  considering 
the  variations  of  the  independent 
variable,  n,  57,  (see  also  accidental 
singularity,  essential  singularity). 

Konigsberger,  n,  1,  14,  41,  m,  8,  9,  17, 
23,  40,  47,  87,  195. 

Korkine,  n,  333. 

Kowalevsky,  n,  41. 

Lagrange,  m,  259,  312,  320. 

Leading  aggregate  of  homogeneous  in 
tegral,  in,  362—382;  determined  by 
two  sets  of  characteristic  equations, 
in,  366,  378. 

Leading  term  of  integral  in  vicinity  of 
accidental  singularity  of  second  kind, 
11,  89,  107;  obtained  by  means  of 
Puiseux  diagram,  11,  91,  108;  applied 
to  obtain  typical  reduced  forms  of 
equations  for  the  simplest  case,  11, 
97 — 104;  in  other  cases,  11,  107 — 114, 
115—120,  121;  examples,  11,  124— 
139. 

Lie,  m,  384.        ft 

Lipschitz,  11,  40. 

Major  ante  (dominant),  n,  27. 

Mayer,  m,  121,  157,  159,  160,  165,  183, 

261. 

Meray,  n,  40. 

Mittag-Leffler,  in,  276,  301,  302,  304. 
Moigno,   n,  40. 

Non-regular  integrals,  existence  of,  not 
excluded  by  Cauchy's  theorem,  n,  44; 
example  of,  satisfying  same  conditions 
as  regular  integrals,  n,  45 ;  possessed 
by  equations  of  first  order  in  first 
typical  reduced  form,  n,  149,  158;  by 
the  second  typical  reduced  form,  n, 
181 ;  of  the  third  one,  in  general,  the 
only  integrals,  n,  187—201;  special 
case  of  the  third,  11,  198. 
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Non-regular  integrals  of  reduced  forms 

for  system  of  two  equations,  in,  69 — 

116 ;   for  system  of  any  number,  in, 

116—118. 
Non-regular    integrals   of    equation   of 

second    order  and    first    degree,    m, 

196. 
Normal  form,  for  a  system  of  equations, 

Weierstrass's,  n,  14. 
Normal  forms  of  systems  of  equations, 

n,  6,  14,  17. 

Osculants  in  theory  of  plane  curves, 
associated  with  equations  of  the 
second  order,  in,  227,  254 — 256, 
269—273. 

Painleve,  n,  47,  209,  211,  212,  217,  224, 
266,  270,  838,  338,  344,  m,  184,  276, 
312,  383. 

Painleve 's  theorem  on  fixity  of  essential 
singularities  of  a  single  equation  of 
first  order,  n,  211,  266 ;  examples,  n, 
218  ;  not  necessarily  valid  for  a  system 
of  equations,  n,  48,  219,  220. 

Parametric  branch-points  of  an  integral, 
n,  48. 

Parametric  branch-points,  equations 
having  integrals  that  are  devoid  of, 
Chapter  ix ;  Fuchs's  conditions,  n, 
285,  (see  equations  of  first  order, 
having  no  parametric  branch-points). 

Parametric  essential  singularity  of  in 
tegrals  of  a  system,  n,  48. 

Partial  differential  equations,  sets  of, 
characteristic  of  leading  aggregate  in 
homogeneous  integral  of  problem  of 
n  bodies,  in,  366,  378. 

Particular  solutions  of  equation  of  first 
order,  n,  257 ;  tests  for,  n,  261  ; 
examples,  11,  265. 

Particular  solution  of  equation  of  second 
order,  criterion  for,  in,  267. 

Particular  solutions  in  problem  of  n 
bodies,  m,  320,  321,  337. 

Phragmen,  n,  310. 

Picard,  n,  19,  40,  41,  45,  47,  60,  126, 
140,  212,  270,  292,  310,  338,  in,  8, 
9,  46,  276,  278,  301,  302,  304,  383, 
384. 

Picard 's  equations  of  second  order  with 
sub-uniform  integrals,  in,  279 — 285  ; 
further  conditions,  with  results,  in, 
292—303. 

Poincar6,  n,  27,  41,  126,  140,  149,  158, 
270,  292,  296,  333,  m,  8,  311,  312, 
343,  351,  384. 

Poincare' s  theorem  on  integrals  of 
equations  that  satisfy  Fuchs's  con 
ditions  as  to  fixity  of  branch-points, 
11,  295 ;  on  Bruns's  theorem  as  to 
problem  of  n  bodies,  m,  311,  312,  343, 
351,  384. 


Problem  of  n  bodies,  in,  312;  classical 
integrals  of,  m,  312,  314  ;  algebraic 
integrals  of,  Chapter  xvn ;  Bruns's 
theorem  on,  in,  383. 

Problem  of  three  bodies,  in,  351,  358, 
372  ;  Bruns's  theorem  in,  in,  383. 

Problem  of  two  bodies,  m,  316 ;  Bruns's 
theorem  does  not  apply,  m,  383. 

Puiseux  diagram,  generalised  into  space 
diagrams,  in,  23. 

Puiseux  diagram  used  to  determine 
leading  term  of  integral  for  equation 
of  first  order,  n,  91,  108,  116—118, 
121,  232,  236  ;  examples  of,  11,  124— 
139  ;  generalised,  m,  23,  138. 

Puiseux  diagram  used  for  equation  of 
the  second  order,  m,  209,  222,  232, 
234,  243. 

Quadratic  for  system  of  two  reduced 
forms,  critical,  (see  critical  quadratic). 

Raffy,  n,  325. 

Rational  sub-integrals  can  be  changed 
to  integrals  in  problem  of  n  bodies, 
in,  344. 

Eeal  integrals  alone  retained  in  problem 
of  n  bodies,  in,  343. 

Reduced  forms  of  equation  of  first  order 
in  vicinity  of  accidental  singularity 
of  second  kind  for  the  simplest  case, 
11,  98 — 104;  and  for  other  cases,  n, 
111—114,  115—120,  121;  general 
summary  of  results,  11,  122—124  ;  ex 
amples,  n,  124 — 139. 

Reduced  forms  of  equation  of  second 
degree  in  vicinity  of  accidental  singu 
larity  of  second  kind,  in,  214 ; 
integrals  of,  m,  215—222. 

Reduced  forms  of  system  of  two  equa 
tions  in  vicinity  of  double  accidental 
singularity  of  the  second  kind,  with 
examples,  in,  26—39 ;  integrals  of, 
Chapter  xii. 

Reduction  of  algebraic  integrals  to  in 
tegrals,  which  involve  no  arbitrary 
constants  and  are  polynomial  in  the 
variables,  m,  323  et  seq. 

Regular,  as  applied  to  functions  :  the 
term  defined,  11,  3  ; 

as  applied  to  the  solution  of 
linear  differential  equations,  11, 
73,  193,  m,  9. 

Regular  function  of  several  variables 
near  a  zero  value,  Weierstrass's 
theorem  on  form  of,  n,  19  ;  special 
case  of  two  variables,  11,  24,  50. 

Regular  integrals,  Cauchy's  theorem  as 
to  the  existence  of,  n,  26 ;  can  become 
mere  constants  in  a  particular  case, 
11,  31  ;  they  are  unique  as  regular 
integrals,  n,  33  ;  continuation  of,  n, 
42 ;  Fuchs's  theorem  to  determine 
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whether  they  are  the  only  integrals 
satisfying   initial   conditions,    n,    81, 
and  an  example,  n,  82. 
Regular  integral  possessed  by  equation 
in  first  typical  reduced  form,  n,  146, 

156,  171 ;   with  conditions  when  one 
particular  coefficient  is  a  whole  num 
ber,    n,     156,     170;    by    the    second 
typical  form,    n,   181 ;   by  the   third 
typical  form,  n,  187;  and  by  special 
case  of  the  third,  n,  198. 

Regular  integrals  of  reduced  forms  for 
system  of  two  equations,  in,  49 — 69 ; 
for  system  of  any  number,  in,  116. 

Regular  integrals  of  equation  of  second 
order  and  first  degree,  in,  184 — 196. 

Relation  between  singular  integrals  and 
complete  integrals,  for  a  single  equa 
tion,  n,  249;  for  a  system  of  two 
equations,  in,  166,  183. 

Riccati's  equation,  all  the  branch-points 
are  fixed,  not  parametric,  11,  271 — 
276,  307. 

Riemann  surface,  associated  with  Fuchs's 
conditions  that  equation  shall  be  de 
void  of  parametric  branch-points,  11, 
286,  296;  birational  transformation 
of,  11,  292;  for  binomial  equations, 
11,  297 ;  with  Briot  and  Bouquet's 
conditions  for  uniform  integrals,  n, 
317;  used  first  by  Clebsch,  n,  338; 
applied  to  determine  algebraic  inte 
grals  of  an  equation  of  first  order, 
11,  341. 

Riquier,  11,   40. 

Salmon,  n,  8,  287. 

Satisfy    differential    equations    in    the 

problem  of  n  bodies,  when  a  function 

is  said  to,  in,  321. 
Sauvage,  in,  8. 
Schwarz,   n,  333. 
Second  class  of  singular  solutions,  in, 

157,  163. 

Second  kind  of  accidental  singularity, 
(see  accidental  singularity). 

Second  order,  equation  of,  and  first  de 
gree,  Chapter  xiv;  existence-theorem 
for  regular  integrals  of,  in,  186 ; 
existence-theorems  for  regular  inte 
grals  of  particular  cases  of.  in,  187, 
193;  non-regular  integrals  of,  in,  196; 
in  vicinity  of  accidental  singularity 
of  first  kind,  in,  199—207  ;  in  vicinity 
of  accidental  singularity  of  second 
kind,  in,  208  et  seq.  ;  indeterminate 
case,  in,  222. 

Second  order,  equation  of,  and  degree 
higher  than  the  first,  Chapter  xv ; 
regular  integrals  of,  in,  229 ;  mul 
tiform  integrals  of,  in,  230,  242; 
interpreted  geometrically,  in,  245 ; 
singular  solution  of,  in,  247. 


Second  order  with  sub-uniform  integrals, 
equations  of,  in,  279 — 285;  further 
conditions  and  results,  in,  286 — 303. 

Second  order,  equations  compatible  with 
equation  of,  in,  306 — 310. 

Serret,  111,  159,  182,  183,  259. 

Simart,  11,  19,  in,  276. 

Single  equation  of  first  order,  (see  first 
order). 

Singular  solutions  of  equation  of  first 
order,  n,  224,  243,  257;  tests  for,  n, 
261 ;  examples,  n,  264. 

Singular  solutions  of  equation  of  second 
order  and  any  degree,  in,  247  ;  con 
dition  for,  in,  248  ;  class  of  equations 
which  necessarily  possess,  in,  253  ; 
can  be  of  two  kinds,  in,  253  ;  how  to 
construct  equations  which  possess,  in, 
255 ;  represent  osculants,  in,  254 — 
256  ;  how  analytically  connected  with 
primitive,  in,  262. 

Singular  solutions  of  system  of  equa 
tions,  in,  162  ;  of  equations  of  any 
order  and  any  degree,  in,  261. 

Singular  solutions  of  two  simultaneous 
equations,  in,  23,  148 ;  conditions 
necessary  and  sufficient  for,  in,  153 ; 
are  of  two  classes,  with  the  further 
conditions  for  the  second  class,  in, 
156 ;  how  related  analytically  to  the 
primitive,  in,  166,  183. 

Singularities  of  a  single  equation  of  first 
order,  11,  43 ;  of  a  function  of  more 
than  one  variable,  11,  49. 

Singularities  of  systems  of  equations, 
in,  1 ;  possibilities  among  the  various 
combinations  for  a  system  of  two 
equations,  in,  10;  integrals  in  vicinity 
of  simplest  among  the  combinations 
of,  in,  11 — 16 ;  form  of,  in  vicinity  of 
double  accidental  singularity  of  second 
kind,  in,  17—21. 

Skew  curves  in  space,  used  to  illustrate 
two  simultaneous  differential  equa 
tions,  in,  133—137. 

Solution  defined  for  problem  of  n  bodies, 
in,  319,  335  ;  composite  solution,  in, 
320  ;  particular  solution,  in,  320,  321. 

Solutions,  singular,  (see  singular  solu 
tions). 

Space  diagrams,  as  generalisation  of 
Puiseux  diagrams,  used  for  system  of 
two  equations,  in,  23,  138. 

Sub-integrals,  in,  314,  319,  336,  341  et 
seq. ;  when  rational,  can  be  changed 
to  integrals,  in,  344  et  seq. ;  when 
irrational,  are  complex,  in,  351  et  seq. 

Sub-regular  integral,  in  ordinary  linear 
differential  equations,  11,  73,  193. 

Sub-uniform  integrals,  equations  of 
second  order  with,  in,  278—285; 
further  conditions,  with  results,  in, 
286—303. 
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System  of  equations,  not  of  first  degree, 
integrals  of,  Chapter  xin ;  singular 
solutions  of,  in,  148 — 164 ;  singu 
larities  of,  (see  accidental  singularity, 
essential  singularity). 

Thome,  n,  73. 

Three  bodies,  problem  of,  (see  problem 
of  three  bodies). 

Two  bodies,  problem  of,  (see  problem  of 
two  bodies). 

Typical  form  for  a  system  of  equations, 
where  the  functions  are  regular,  n,  17. 

Typical  forms  of  system  of  equations 
near  accidental  singularity,  (see  re 
duced  forms). 

Typical  reduced  forms  of  equations,  in 
vicinity  of  accidental  singularity  of 
second  kind,  for  the  simplest  case,  n, 
98 — 104  ;  for  other  cases,  n,  111 — 
114,  115 — 120,  121 ;  general  summary 
of  results,  n,  122 — 124 ;  examples,  n, 
124—139. 

Typical  reduced  forms  of  single  equation 
in  the  vicinity  of  an  accidental  singu 
larity  of  second  kind ;  integrals  of  the 
first,  in  various  cases,  n,  141 — 178 ; 
regular  integral  of  the  second,  n,  178; 
non-regular  integrals  of  the  second, 


n,  181 ;  integrals  (if  any)  of  the  third 
are  in  general  non-regular,  n,  187 — 
201 ;  integrals  of  the  remaining  typi 
cal  forms  are  in  general  non-regular, 
n,  201 ; 

Summary  of  results  for  integrals 
of,  in  all  cases,  n,  207. 

Uniform  integrals,  equations  of  the  first 
order  with,  Chapter  x ;  Briot  and 
Bouquet's  conditions  for,  n,  323 ;  how 
obtainable,  n,  317  ;  belong  to  one  of 
three  classes,  n,  318. 

Unique  determination  of  regular  in 
tegrals,  ii,  38  ;  Jordan's  proof  of,  for 
a  system,  n,  35 ;  fundamental  as 
sumption  used  in  proof,  11,  45  ; 
uniqueness  of  such  integrals  as  af 
fected  by  point  of  indeterminateness, 
n,  81. 

Wallenberg,  n,  270,  296,  307,  308,  309, 
in,  276,  304,  305,  306. 

Weierstrass,  11,  3,  14,  15,  19,  41,  42,  49, 
83,  in,  9 ;  theorem  on  form  of  a 
regular  function  near  a  zero  value,  n, 
19,  with  special  case  of  two  variables, 
n,  24,  42 ;  applied  to  transform  dif 
ferential  equations,  11,  50. 
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